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INTRODUCTION

IN CALCULUS, DIFFERENTIATING COMPLEX FUNCTIONS CAN SOMETIMES BE CHALLENGING, ESPECIALLY WHEN THE FUNCTIONS
INVOLVE PRODUCTS, POWERS, AND TRIGONOMETRIC EXPRESSIONS. LOGARITHMIC DIFFERENTIATION IS A POWERFUL TECHNIQUE
THAT SIMPLIFIES THE DIFFERENTIATION PROCESS FOR SUCH FUNCTIONS. THIS ARTICLE AIMS TO GUIDE YOU THROUGH THE
PROCESS OF FINDING THE DERIVATIVE OF THE GIVEN FUNCTIONS USING LOG DIFFERENTIATION, AS WELL AS DETERMINING THE
TANGENT LINE AT A SPECIFIC POINT ON THE CURVE.

UNDERSTANDING LOGARITHMIC DIFFERENTIATION

WHAT IS LOGARITHMIC DIFFERENTIATION?

LOGARITHMIC DIFFERENTIATION INVOLVES TAKING THE NATURAL LOGARITHM (LN) OF BOTH SIDES OF AN EQUATION TO SIMPLIFY
THE DIFFERENTIATION OF FUNCTIONS THAT ARE COMPLICATED PRODUCTS, QUOTIENTS, OR POWERS. THIS TECHNIQUE LEVERAGES
PROPERTIES OF LOGARITHMS:

-LN(AB) = LN A +LNB
-N(A/B) =LNA-LNB

-n(A™B) =B LN A

By APPLYING LN, DIFFERENTIATION BECOMES MORE MANAGEABLE, ESPECIALLY WHEN THE ORIGINAL FUNCTION INVOLVES
EXPONENTS AND PRODUCTS.

WHEN TO Use LOGARITHMIC DIFFERENTIATION

LOG DIFFERENTIATION IS PARTICULARLY USEFUL WHEN:
- THE FUNCTION INVOLVES PRODUCTS OF FUNCTIONS.

- THE FUNCTION HAS VARIABLES RAISED TO VARIABLE POWERS.
- THE FUNCTION IS A COMPOSITE OF MULTIPLE FUNCTIONS WITH POWERS AND PRODUCTS.

PART A: FIND Y UsING LoG DIFFEReNTIATION FOR (X*3) TANX =Y



S1ep 1: WRITE THE EQUATION

GIVEN:

\[
x"3\TANX = v

\]

Our GoaL Is To FIND \(\Frac{pYXDx3\).

STEP 2: APPLY NATURAL LOGARITHM TO BOTH SIDES

\[
\LN Y = \en (X3 \TAN X)

\]

USING THE PROPERTIES OF LOGARITHMS:

\[
\LN Y = \Ln X3 + \Ln \TAN X

\]
\l

\LN Y = 3 \Ln x + \Ln \TAN X

\]

STeP 3: DIFFERENTIATE BOTH SIDES WITH RESPECT TO X

APPLYING DIFFERENTIATION:

\[
\rrAC{ 1}{ ¥} \rrac{py}{ox} = 3 \cooT \rrac{ 13}{x3 + \rrac{1}{\TAaN X} \cooT \sEc"2 X

\]

RECALL THAT:

\[
\rrac{p}{ox3 \Ln x = \rrac{ 13}{x}
\]

AND

\l

\rrAac{p}{ox3 \Ln \TaN x = \rrac{ 13{\TAN X} \cooT \sec"2 x

\]

Step 4: SoLve For \(\rrac{oy}{ox3\)

MULTIPLY BOTH SIDES BY Y:

\l

\rrac{pyY}{ox3 = v \LerT( \rrAac{33}{x} + \rrac{\sec"2 x3}{\TAN X} \RIGHT)

\]



RecaLt THAT \( 'y = x"*3 \tan x \), so:

\[
\BOXED{
\rrac{oY}{box} = x*3 \1an x \LerT( \rrAC{3}{x} + \rrac{\sec"2 x3{\TAN x} \riGHT)

}
\]

STEP 5: SIMPLIFY THE DERIVATIVE

SIMPLIFY THE EXPRESSION INSIDE THE PARENTHESES:

\[
\FRAC{33}{x]} + \Frrac{\sec”"2 x}{\Tan x3

\]

NOTE THAT:

\[
\rrac{\sec”"2 x3{\7an x3} = \rrac{\sec"2 x3}{\rrac{\sin x}{\cos x}} = \rrac{\sec”2 x \cpoT \cos x}{\siNn x} =
\rrAC{\sec”2 x \cos x}{\sin x3

\]

Since \(\sec x = \rrac{ 1}{\cos x}\), THen:

\[
\sec"2 x = \rrac{13}{\cos"2 x}
\]

So,

\l

\rrAcC{\sec”2 x \cos x}{\sin x} = \rrac{\rrAc{ 13}{\cos”2 x} \cpoT \cos x}{\sin x} = \rrac{\rrac{ 1}{\cos

x33H\sin x3 = \rrac{ 1}{\cos x \sin x}

\]

PUTTING IT ALL TOGETHER:

\[

\rrac{oy}box} = x*3 \1an x \LerT( \rrAC{3}{x} + \Frrac{1}{\siNn x \cos x} \RIGHT)
\]

PART B: FiIND THE DERIVATIVE oF \( ¥ = (\sIN x)*5 \TiMes 4 \)

STEP 1: SIMPLIFY THE FUNCTION

GIVEN:

\[
v =4 (\sinx)"5
\]



THE CONSTANT 4 CAN BE FACTORED OUT:

\[
vy = 4 \1imes (\sin x)™5

\]

STEP 2: USE THE CHAIN RULE

DIFFERENTIATING:

\l

\rrac{oY}bx} = 4 \1iMes 5 (\sin x)"4 \TiMes \cos x

\]

BECAUSE:

\[
\rrAc{p}ox3 (\sin x)"5 = 5 (\sin x)*4 \TiMes \Frac{p}{px} \sin x = 5 (\siNn x)*4 \TiMes \cos x

\]

STeP 3: FINAL DERIVATIVE EXPRESSION

\l

\BOXED{

\rrac{oy}{bx} = 20 (\sin x)*4 \cos x
}

\]

PART C: FINDING THE EQUATION OF THE T ANGENT LINE TO THE CURVE

SUPPOSE WE WANT TO FIND THE TANGENT LINE AT A SPECIFIC POINT \( X = x_0 \) on THe curve \( ¥ = (\sin x)*5 \TIMes

4\).

STeP 1: FIND THE POINT ON THE CURVE

CaLcutATE\(Y \) AT \(x=x_0\):
\[

vy 0=4(Qsinx_0)"5
\]

STEP 2: FIND THE SLOPE OF THE TANGENT LINE

USING THE DERIVATIVE OBTAINED EARLIER:

\l



M = \rrac{pY}{px} \BIGG|_{x =x_0} =20 (\sinx_0)"4 \cos x_0O
\]

STer 3: WRITE THE EQUATION OF THE TANGENT LINE

USING THE POINT-SLOPE FORM:

\[
Y-y 0=m(X-x_0)
\]

\WHICH BECOMES:

\[
Y -4 (\sinx_0)"5=20 (\sinx_0)"4 \cos x_ 0(X-x_0)
\]

THIS IS THE EQUATION OF THE TANGENT LINE TO THE CURVE AT \( x = x_0\).

SUMMARY AND KEY T AKEAWAYS

® | OGARITHMIC DIFFERENTIATION IS A POWERFUL TOOL FOR DIFFERENTIATING FUNCTIONS INVOLVING PRODUCTS AND
POWERS.

o APPLYING NATURAL LOGARITHMS SIMPLIFIES COMPLEX DERIVATIVES, ESPECIALLY WHEN DEALING WITH FUNCTIONS LIKE \(
x 3 \1an x \) or \( (\sin )5 \).

e ALWAYS DIFFERENTIATE CAREFULLY, LEVERAGING PROPERTIES OF LOGARITHMS AND THE CHAIN RULE.

® FINDING THE TANGENT LINE INVOLVES CALCULATING THE DERIVATIVE AT A POINT AND USING THE POINT-SLOPE FORM OF
A LINE.

CONCLUSION

MASTERING THE TECHNIQUE OF LOG DIFFERENTIATION ENHANCES YOUR ABILITY TO HANDLE COMPLEX DERIVATIVES EFFICIENTLY.
BY UNDERSTANDING THE PROCESS OUTLINED ABOVE, YOU CAN CONFIDENTLY DIFFERENTIATE FUNCTIONS INVOLVING PRODUCTS,
POWERS, AND TRIGONOMETRIC FUNCTIONS. ADDITIONALLY, APPLYING THESE DERIVATIVES TO FIND TANGENT LINES PROVIDES
VALUABLE INSIGHTS INTO THE BEHAVIOR OF CURVES, ESSENTIAL IN BOTH THEORETICAL AND APPLIED CALCULUS CONTEXTS.
\W/HETHER DEALING WITH ACADEMIC PROBLEMS OR REAL-\WORLD APPLICATIONS, THESE TOOLS ARE FUNDAMENTAL FOR ADVANCED
MATHEMATICAL ANALYSIS.



FREQUENTLY ASkeD QUESTIONS

How DO YOU FIND THE DERIVATIVE OF Y = (XA3) TAN X USING LOGARITHMIC
DIFFERENTIATION?

T AKE NATURAL LOGS ON BOTH SIDES: LN Y = LN(x"3) + LN(TAN X). DIFFereNTIATE IMPLICITLY: (1/Y) DY/DX = 3/x + sec”2
X [ TAN X. THEN, MULTIPLY BOTH SIDES BY Y TO FIND DY/DX.

W/HAT IS THE STEP-BY-STEP PROCESS OF APPLYING LOGARITHMIC DIFFERENTIATION TO
y = (x*3) TAN %P

1. TAKE LN OF BOTH SIDES: LN Y = 3 LN X + LN TAN X. 2. DIFFEReNTIATE IMPLICITLY: (1/v) oy/px = (3/x) + (sec™2 x /
TAN X). 3. SoLVE For DY/px: DY/bx = ¥ [(3/x) + (sec™2 x [ TAN X)]. 4. SUBSTITUTE Y BACK AS (X" 3) TAN X.

How CAN LOGARITHMIC DIFFERENTIATION HELP DIFFERENTIATE Y = (SIN X)AS 4p

REWRITE AS ¥ = 4 (SIN X)™5. TAKE LN BOTH SIDES: LN Y = LN 4 + 5 LN sIN . DIFFEreNTIATE: (1/Y) DY/DX =0 + 5 coT x.
MULTIPLY BOTH SIDES BY Y: DY/DX =Y 5 coT x = 4 (siNnx)"5 5 coT x.

How DO YOU FIND THE DERIVATIVE OF Y = (SIN X)A5 4 USING LOGARITHMIC
DIFFERENTIATION?

ExPress As ¥ = 4 (sINx)"5. TAKE NATURAL LOGS: LN Y = LN 4 + 5 LN sIN x. DiFFereNTIATE: (1/v) bY/ox = 0 + 5 coT x.
THEN, DY/DX =Y 5 coT x = 4 (sINx)"5 5 coT x.

\WHAT IS THE DERIVATIVE OF Y = (XAS) TAN X AFTER APPLYING LOGARITHMIC
DIFFERENTIATION?

THe DERIVATIVE IS DY/DX = (X*3) Tan x [ (3/%) + sec™2 x / TAN X ]. SIMPLIFY To GeT bY/px = (X*3) [ Tan x (3/%) +
sec”2 x ].

How DO YOU FIND THE SLOPE OF THE TANGENT LINE TO Y = (XA3) TAN X AT A POINT
USING LOGARITHMIC DIFFERENTIATION?

DIFFERENTIATE Y USING LOG DIFFERENTIATION TO FIND DY/DX. EVALUATE DY/DX AT THE GIVEN X-VALUE. THEN, USE THE POINT-
SLOPE FORM: Y - Y, =M (X - X;), WHERE M = DY/DX AT THAT POINT.

CAN LOGARITHMIC DIFFERENTIATION BE USED FOR Y = (SIN X)*5 4? How?

Yes. REWRITE AS ¥ = 4 (SIN X)"5. TAKE NATURAL LOGS: LN Y = LN 4 + 5 LN SIN X. DIFFERENTIATE BOTH SIDES TO FIND
DY/DX, THEN SUBSTITUTE BACK Y TO GET THE DERIVATIVE.

\WHAT ARE THE BENEFITS OF USING LOGARITHMIC DIFFERENTIATION IN THESE TYPES OF
FUNCTIONS?

IT SIMPLIFIES THE DIFFERENTIATION OF PRODUCTS, QUOTIENTS, AND POWERS, ESPECIALLY WHEN FUNCTIONS INVOLVE VARIABLES
RAISED TO POWERS OR MULTIPLIED TOGETHER, MAKING THE PROCESS MORE MANAGEABLE.

\WHAT IS THE DERIVATIVE OF THE TANGENT LINE TO THE CURVE Y = (XA3) TAN X AT A



SPECIFIC POINT?

FIRST, FIND DY/DX USING LOGARITHMIC DIFFERENTIATION. THEN, SUBSTITUTE THE X-VALUE INTO DY/DX TO GET THE SLOPE. USE
POINT-SLOPE FORM WITH THE POINT COORDINATES TO WRITE THE TANGENT LINE EQUATION.

ADDITIONAL RESOURCES

FIND Y UsING LoG DIFFERENTIATION: A Deep DIVE INTO DerIVATIVES OoF COMPLEX FUNCTIONS

IN THE REALM OF CALCULUS, DIFFERENTIATION TECHNIQUES ARE FOUNDATIONAL TOOLS ENABLING US TO ANALYZE THE BEHAVIOR
OF FUNCTIONS, DETERMINE SLOPES OF TANGENT LINES, AND UNDERSTAND RATES OF CHANGE. AMONG THESE METHODS,
LOGARITHMIC DIFFERENTIATION STANDS OUT AS A POWERFUL TECHNIQUE, PARTICULARLY WHEN DEALING WITH FUNCTIONS
INVOLVING EXPONENTS, PRODUCTS, OR QUOTIENTS THAT ARE OTHERWISE CUMBERSOME TO DIFFERENTIATE DIRECTLY. THis
ARTICLE EXPLORES THE APPLICATION OF LOGARITHMIC DIFFERENTIATION TO TWO INTRIGUING FUNCTIONS, DELVES INTO THEIR
DERIVATIVES, AND DISCUSSES HOW TO FIND TANGENT LINES TO THEIR CURVES.

INTRODUCTION TO LOGARITHMIC DIFFERENTIATION

LOGARITHMIC DIFFERENTIATION LEVERAGES THE PROPERTIES OF LOGARITHMS TO SIMPLIFY THE DIFFERENTIATION PROCESS OF
COMPLEX FUNCTIONS. |T IS ESPECIALLY USEFUL WHEN:

- THE FUNCTION IS A PRODUCT OR QUOTIENT OF MULTIPLE FUNCTIONS.
- THE FUNCTION INVOLVES VARIABLES RAISED TO VARIABLE POWERS.
- DIRECT DIFFERENTIATION LEADS TO UNWIELDY EXPRESSIONS.

BAsic ProceDURE oF LoG DIFFERENTIATION:

1. T AKE THE NATURAL LOGARITHM OF BOTH SIDES OF THE FUNCTION \( Y = F(x) \): \(C \un v = \en F(x) V).
2. SIMPLIFY THE RIGHT SIDE USING LOGARITHMIC PROPERTIES:

-\(\en(aB) =\tn A+ \ins \)

-\(\en(a/e) =\va-\ne \)

-\(\enas=B\na )

3. DIFFERENTIATE IMPLICITLY WITH ResPeCT To \( x \):

-\C\rrAac{13}{v]} \rrac{oY}{px} = \) DERIVATIVE OF THE RIGHT SIDE.

4. SoLve For \( \rrac{oy}{px} \):

- \(\rrac{ov}{ox} = v \TiMes \) (DERIVATIVE OF THE RIGHT SIDE).

THIS TECHNIQUE TRANSFORMS COMPLICATED DERIVATIVES INTO MANAGEABLE EXPRESSIONS, MAKING IT INVALUABLE FOR
FUNCTIONS WITH COMPLEX EXPONENTS OR COMPOSITIONS.

PART 1: DIFFEReNTIATING \( ¥ = (X*3) \TAN x \) UsING LOGARITHMIC
DIFFERENTIATION

UNDERSTANDING THE FUNCTION

THE FUNCTION:



\[v=("3) \Tanx \]
Is A PRODUCT of Two FUNCTIONS: \( X3 \) anD \( \TAN X \). DIRECT DIFFERENTIATION USING THE PRODUCT RULE YIELDS:

\[
\rrac{oy}bx} = 3x"2 \TaN x + x"3 \sec"2 x

\]

HO\X/EVERI WHEN THE FUNCTIONS INVOLVED BECOME MORE COMPLEX, OR WHEN GENERALIZING FOR DIFFERENT EXPONENTS,
LOGARITHMIC DIFFERENTIATION OFFERS A CLEANER APPROACH.

APPLYING LOGARITHMIC DIFFERENTIATION

1. TAKE THE NATURAL LOGARITHM:

\[
\LN Y =\ (X3 \TAN X)

\]

2. USE LOGARITHMIC PROPERTIES:

\[
AN Y =\ X3 + \en \TAaN X = 3 \Ln x + \Ln \TAN X

\]

3. DIFFERENTIATE BOTH SIDES IMPLICITLY:

\l

\rrRAC{ 13{¥]} \rrac{py}{ox} = 3 \1iMes \rrac{ 13{x3} + \rrAc{ 13{\TAN x} \TiMeS \SEC"2 X

\]

NOTE THAT:

\[
\rrac{p}{ox3 \Ln x = \rrac{ 13}{x}
\]

AND

\l

\rrAC{D}Dx3 \Ln \TAN X = \rrAC{ 1}{\TAN X3 \TIMES \SEC"2 X

\]

4. SoLve For \( \rrac{ov}{ox} \):

\l

\rrAac{oY}{box} = v \LerT( \rrAC{33{x} + \rrAac{\sec"2 x}{\TAN X} \RIGHT)

\]

RecaLL THAT \( ¥ = x"3 \TAN x \), SO PLUGGING BACK:

\[
\BOXED{
\rrAac{oY}{bx} = x*3 \Tan x \LerT( \rrAC{3}{x} + \rrac{\sec"2 x3{\TAN x} \riGHT)

}
\]



THIS SIMPLIFIES TO:

\[
\rrAac{oY}{bx} = x*3 \Tan x \TiMes \FRAC{3}{x} + x*3 \TAN x \TiMes \rrac{\sec"2 x}{\TAN x}

\]

WHICH FURTHER SIMPLIFIES TO:

\[
\rrac{py}{ox} = 3x"2 \1an x + x*3 \sec"2 x

\]

REMARKABLY/ THE DERIVATIVES OBTAINED VIA LOGARITHMIC DIFFERENTIATION MATCH THOSE DERIVED DIRECTLY USING THE
PRODUCT RULE, CONFIRMING THE METHOD'S VALIDITY.

PART 2: DIFFERENTIATING \( ¥ = (\sIN X)*5 x*4 \) UsING LOGARITHMIC
DIFFERENTIATION

UNDERSTANDING THE FUNCTION

THE SECOND FUNCTION:

\[
vy = (\sinx)"5 x™4
\]

IS A PRODUCT OF TWO FUNCTIONS, WITH ONE BEING A POWER OF \( \siN x \). THe presence oF \( (\sin x)*5 \) mMAkeS
DIRECT DIFFERENTIATION MORE COMPLEX, ESPECIALLY WHEN CONSIDERING THE CHAIN RULE.

APPLYING LOGARITHMIC DIFFERENTIATION

1. TAKE THE NATURAL LOGARITHM:

\[
AN Y = \en (\sinx)™5 + \un x4

\]

2. SIMPLIFY:

\[
\LN Y = 5 \en \siNx + 4 \Ln x

\]

3. DIFFERENTIATE BOTH SIDES:

\l

\rrAC{ 13{¥} \rrac{oy}pox} = 5 \1iMes \rrac{ 13}{\sin x3} \TiMes \cos x + 4 \Times \rrac{13}{x}

\]

HerE, WE'VE USED:



\l

\rrac{p}{ox3 \Ln \sin x = \rrac{\cos x}{\sin x} = \coT x

\]

4. SoLving For \( \rrac{oyXbox3} \):

\[
\rrAac{oY}{bx} = v \LerT( 5 \coT x + \rrac{4}{x3 \rIGHT)

\]

RecaLL THAT \( v = (\sin x)*5 x4 \), so:

\l

\Boxen{

\rrAc{pY}{bx} = (\sin x)™5 x4 \LerT( 5 \coT x + \Frrac{43}{x]} \rIGHT)
}

\]

THIS EXPRESSION PROVIDES THE DERIVATIVE OF THE FUNCTION, SIMPLIFYING THE DIFFERENTIATION PROCESS ESPECIALLY FOR
FUNCTIONS INVOLVING POWERS OF TRIGONOMETRIC FUNCTIONS.

PART 3: FINDING THE EQUATION OF THE T ANGENT LINE TO THE CURVE

HAVING FOUND THE DERIVATIVES, A NATURAL PROGRESSION IS TO DETERMINE THE TANGENT LINE AT A SPECIFIC POINT \( X =
x_0\). THe TANGENT LINE AT \( x_0 \) IS GIVEN BY:

\[
v = v(x_0) + \LerT. \rrac{pY}{ox} \riGHT| {x =x_0} (x-x_0)

\]
\WHERE:

-\(v(x_0) \) 1s THe FUNCTION VALUE AT \( x_0\).
- \(\Lert. \rrAC{DYHDx} \RIGHT|_{x = x_0} \) IS THE DERIVATIVE EVALUATED AT \( x_0 \).

PROCEDURE TO FIND THE TANGENT LINE:
1. CHoose A PoINT \( x_0 \) BASED ON THE CONTEXT OR SPECIFIC PROBLEM.
2. CompuTE \( Y(x_0) \) USING THE ORIGINAL FUNCTION.

3. CompuTe \( \rrac{pY}{ox3 \) AT \(x_0\).
4. PLUG INTO THE TANGENT LINE FORMULA.

ConcrusioN: THE Power AND UTILITY oF LOGARITHMIC DIFFERENTIATION

LOGARITHMIC DIFFERENTIATION SERVES AS AN ESSENTIAL TECHNIQUE IN THE CALCULUS TOOLKIT FOR HANDLING COMPLEX
FUNCTIONS. ITS ABILITY TO CONVERT MULTIPLICATION INTO ADDITION, POWERS INTO PRODUCTS, AND QUOTIENTS INTO
DIFFERENCES SIMPLIFIES THE DIFFERENTIATION PROCESS SIGNIFICANTLY.

IN THE CONTEXT OF THE FUNCTIONS ANALYZED:



- For \( ¥ = (x"3) \TAN x \), THE METHOD CONFIRMS THE DERIVATIVE OBTAINED VIA THE PRODUCT RULE AND OFFERS A
STREAMLINED APPROACH FOR MORE COMPLICATED VARIANTS.

-For \( ¥ = (\siN x)"*5 x*4 \), IT SIMPLIFIES DIFFERENTIATING A PRODUCT INVOLVING A POWER OF A TRIGONOMETRIC
FUNCTION, WHICH WOULD OTHERW/ISE REQUIRE MORE INTRICATE CHAIN AND PRODUCT RULE APPLICATIONS.

IMPLICATIONS FOR PRACTITIONERS AND STUDENTS: MASTERY OF LOGARITHMIC DIFFERENTIATION ENHANCES PROBLEM-SOLVING
EFFICIENCY, ESPECIALLY IN ADVANCED CALCULUS, DIFFERENTIAL EQUATIONS, AND REAL-WORLD APPLICATIONS INVOLVING
EXPONENTIAL GROWTH, DECAY, OR OSCILLATORY PHENOMENA.

FINAL REMARKS

UNDERST ANDING HOW TO FIND \( Y \) USING LOG DIFFERENTIATION NOT ONLY DEEPENS COMPREHENSION OF DERIVATIVE RULES
BUT ALSO BROADENS THE SCOPE OF FUNCTIONS THAT CAN BE TACKLED SYSTEMATICALLY. WHETHER ANALYZING THE SLOPE OF
A CURVE OR DERIVING TANGENT LINES, THIS TECHNIQUE PROVES INDISPENSABLE IN BOTH ACADEMIC AND APPLIED MATHEMATICS.
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