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Understanding the nature of graphs is fundamental in various fields such as
computer science, mathematics, network theory, and combinatorics. A common
question that arises among students and researchers alike is whether two
different graphs—specifically non-isomorphic graphs—can share certain
properties, such as having the same number of vertices and edges. This
inquiry delves into the core of graph theory, revealing insights about graph
equivalence, structure, and classification. In this article, we explore the
possibility of two different (non-isomorphic) graphs possessing the same
number of vertices and edges, along with the implications, examples, and
significance of such occurrences.

---

Understanding Graph Isomorphism and Basic
Terminology

Before addressing the core question, it is essential to clarify some
fundamental concepts in graph theory.

What Is a Graph?
A graph \( G = (V, E) \) consists of:
- A set of vertices \( V \) (also called nodes).
- A set of edges \( E \), which are pairs of vertices representing
connections.

Graphs can be:
- Directed or undirected: Edges have a direction or not.
- Simple or multigraphs: Edges are unique and do not connect a vertex to
itself in simple graphs.

What Is Graph Isomorphism?
Two graphs \( G = (V, E) \) and \( G' = (V', E') \) are isomorphic if there
exists a bijection \( f: V \rightarrow V' \) such that:
- For every pair \( u, v \in V \), \( (u, v) \in E \) if and only if \(
(f(u), f(v)) \in E' \).

In simple terms, two isomorphic graphs have the same structure, but their
vertices may be labeled differently. They are essentially the same graph
drawn differently.

---



Can Two Non-Isomorphic Graphs Have the Same
Number of Vertices and Edges?

This question addresses a fundamental aspect of graph classification: whether
different structures can share identical basic parameters.

Yes, It Is Absolutely Possible
The short answer is yes—non-isomorphic graphs can have:
- The same number of vertices.
- The same number of edges.

In fact, this phenomenon is quite common, especially as the number of
vertices increases.

Why Is This Possible?
The core reason lies in the fact that the number of vertices and edges alone
do not uniquely identify a graph's structure. These parameters are called
graph invariants, but they are not complete invariants. Therefore, two graphs
can have identical invariants yet differ structurally.

---

Examples Demonstrating Non-Isomorphic Graphs
with the Same Number of Vertices and Edges

To understand this phenomenon better, let's examine concrete examples with
small graphs.

Example 1: Two Graphs with 4 Vertices and 3 Edges
Consider the following:

- Graph A: A path graph \( P_4 \) with vertices \( V = \{v_1, v_2, v_3, v_4\}
\) connected as:
\( v_1 - v_2 - v_3 - v_4 \).

- Graph B: A star graph \( S_4 \) with a central vertex \( v_1 \) connected
to all others:
\( v_1 \) connected to \( v_2, v_3, v_4 \).

Both graphs have:
- Number of vertices: 4.
- Number of edges: 3.

Are they isomorphic?
No. In Graph A, the vertices form a linear path, while in Graph B, one vertex
is connected to all others, creating a star-like structure. Their degree
sequences differ:
- Graph A: degrees are \( [1, 2, 2, 1] \).



- Graph B: degrees are \( [3, 1, 1, 1] \).

Since degree sequences are invariants under isomorphism, and they differ,
these graphs are not isomorphic.

---

Example 2: Two Graphs with 5 Vertices and 5 Edges
Consider:

- Graph C: A cycle \( C_5 \), with vertices connected in a circle.
- Graph D: A graph with a triangle \( K_3 \) and two isolated edges attached
at different vertices.

Both have:
- Number of vertices: 5.
- Number of edges: 5.

Are they isomorphic?
No. The cycle \( C_5 \) is regular with degree 2 for each vertex, while the
other graph has vertices with degrees 2 and 1, leading to different degree
sequences and structures.

Implication: Despite sharing the same basic parameters, the graphs are
structurally distinct, illustrating that having the same number of vertices
and edges does not imply isomorphism.

---

Graph Invariants and Their Limitations

The existence of non-isomorphic graphs with identical parameters underscores
the importance and limitations of graph invariants.

Common Graph Invariants
These are properties that remain unchanged under graph isomorphism:
- Number of vertices (\( |V| \))
- Number of edges (\( |E| \))
- Degree sequence
- Degree distribution
- Number of connected components
- Diameter and radius
- Clustering coefficient
- Spectral properties (eigenvalues of adjacency or Laplacian matrices)

Limitations of Invariants
While invariants help classify and distinguish graphs, they are not always
sufficient:
- Different graphs can share the same invariants.
- For example, many non-isomorphic graphs can have the same degree sequence.



This limitation leads to the famous graph isomorphism problem—determining
whether two graphs are isomorphic based on their invariants and structure.

---

Implications in Graph Theory and Applications

Understanding that non-isomorphic graphs can share the same number of
vertices and edges has profound implications:

Graph Classification and Recognition
- In graph databases and pattern recognition, relying solely on simple
parameters like vertex and edge counts is insufficient.
- More sophisticated invariants or algorithms are necessary to distinguish
graphs.

Network Topology Analysis
- In analyzing networks (social, biological, technological), different
underlying structures can produce similar basic metrics.
- Recognizing non-isomorphic structures with identical parameters helps avoid
misclassification.

Algorithmic Challenges
- The graph isomorphism problem is computationally challenging—no polynomial-
time algorithm is known for all cases.
- Recognizing non-isomorphic graphs with identical parameters underscores the
need for advanced algorithms.

Graph Enumeration
- When enumerating graphs with given parameters, multiple non-isomorphic
graphs often appear.
- Understanding this diversity is essential for combinatorial enumeration and
probabilistic analysis.

---

Additional Considerations and Advanced Topics

The discussion extends into more complex territory, including:

Automorphism Groups
- The automorphism group of a graph describes its symmetries.
- Two non-isomorphic graphs can have different automorphism groups, even if
they share the same number of vertices and edges.



Graph Reconstruction Conjecture
- Investigates whether a graph can be reconstructed uniquely from its
collection of vertex-deleted subgraphs.
- Highlights the complexities of graph invariants and structure.

Graph Generation and Random Graphs
- Random graph models (e.g., Erdős–Rényi \( G(n, p) \)) often produce
multiple non-isomorphic graphs with identical parameters.
- Studying these helps understand typical properties and diversity among
graphs.

---

Summary and Conclusion

In summary, it is definitively possible for two different, non-isomorphic
graphs to have the same number of vertices and edges. This phenomenon
exemplifies the richness and complexity of graph theory, emphasizing that
simple parameters like vertex and edge counts are insufficient to fully
describe a graph's structure. Distinguishing non-isomorphic graphs requires
analyzing more detailed invariants, such as degree sequences, spectral
properties, and connectivity patterns.

Understanding these nuances is crucial in various applications, from network
analysis to algorithm design, and underscores the ongoing challenges in graph
classification and recognition. As research advances, developing more
comprehensive invariants and efficient algorithms continues to be a vital
area in graph theory, aiming to better understand the intricate universe of
graphs sharing common basic parameters yet differing fundamentally in
structure.

---
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Frequently Asked Questions

Can two non-isomorphic graphs have the same number of
vertices and edges?

Yes, it is possible for two non-isomorphic graphs to have the same number of
vertices and edges. They differ in their structure, but share the same basic
counts.

What distinguishes two non-isomorphic graphs with



identical vertex and edge counts?

They differ in their connectivity or arrangement of edges, meaning their
structure cannot be mapped onto each other through any relabeling of
vertices.

Are there known examples of non-isomorphic graphs
with the same number of vertices and edges?

Yes, many such examples exist, especially for graphs with more vertices,
illustrating that identical counts do not guarantee isomorphism.

How can we determine whether two graphs with the same
number of vertices are non-isomorphic?

By examining invariants such as degree sequences, eigenvalues, and other
graph properties, or by attempting to find an explicit isomorphism between
them.

Does having the same number of vertices and edges
imply two graphs are isomorphic?

No, identical counts do not imply isomorphism. Two graphs can share the same
number of vertices and edges but still have different structures.

What tools or algorithms are used to identify non-
isomorphic graphs with identical counts?

Graph invariants, canonical labeling algorithms, and computational tools like
NAUTY or Bliss are used to test for graph isomorphism and distinguish non-
isomorphic graphs.

Why is the problem of identifying non-isomorphic
graphs with the same number of vertices and edges
important in graph theory?

It helps in understanding the diversity of graph structures and is
fundamental in areas like chemistry, network analysis, and combinatorics
where different arrangements can have similar basic properties.

Can the concept of graph isomorphism help in solving
real-world problems involving different network
structures?

Yes, recognizing non-isomorphic graphs with similar parameters allows us to
distinguish between different network configurations, which is crucial in
chemistry, biology, computer networks, and social sciences.



Additional Resources
Is It Possible For Two Different (non-isomorphic) Graphs To Have The Same
Number Of Vertices And The Same Number Of Edges?
This intriguing question touches on a fundamental aspect of graph theory:
understanding the relationships and differences between graphs that share
certain properties. Specifically, it asks whether two graphs can be non-
isomorphic—meaning they are structurally different—yet have identical counts
of vertices and edges. Exploring this question sheds light on the complexity
of graph structures, their classification, and the challenges involved in
graph isomorphism detection.

---

Understanding the Basics: Graphs and Isomorphism

Before delving into the core question, it’s essential to clarify some
foundational concepts:

What Is a Graph?

A graph is a collection of vertices (also called nodes) connected by edges
(or links). Graphs are used to model relationships and structures across
numerous disciplines, including computer science, biology, social sciences,
and more.

Types of Graphs

- Simple Graphs: No multiple edges between two vertices and no loops (edges
connecting a vertex to itself).
- Multigraphs: May contain multiple edges between the same pair of vertices.
- Directed Graphs (Digraphs): Edges have a direction.
- Undirected Graphs: Edges have no direction.

In this discussion, we'll focus primarily on simple, undirected graphs unless
otherwise specified.

Graph Isomorphism

Two graphs \( G = (V, E) \) and \( G' = (V', E') \) are said to be isomorphic
if there exists a bijective function \( f: V \to V' \) such that any two
vertices \( u, v \in V \) are connected by an edge if and only if \( f(u) \)
and \( f(v) \) are connected by an edge in \( G' \).

In simpler terms, the graphs are structurally the same, just with different
labels for vertices. When two graphs are not isomorphic, they are non-
isomorphic, indicating that they have fundamentally different structures.

---

The Core Question: Same Number of Vertices and Edges, Yet Non-Isomorphic?

Can Two Non-Isomorphic Graphs Have the Same Number of Vertices and Edges?

The short answer is yes. It is entirely possible for two graphs to have the
same number of vertices and edges but differ structurally, making them non-
isomorphic.

This phenomenon is central to the complexity of graph classification and the



study of graph invariants (properties that remain unchanged under
isomorphism). Having the same number of vertices and edges is a necessary
condition for isomorphism but not sufficient to guarantee it.

---

Why Is This Possible? Exploring the Underlying Principles

Graph Invariants and Their Limitations

Graph invariants are properties that remain unchanged under isomorphism.
Examples include:

- Number of vertices (order)
- Number of edges (size)
- Degree sequence
- Degree distribution
- Number of connected components
- Presence of cycles of certain lengths

However, these invariants are often insufficient to distinguish all non-
isomorphic graphs. In particular, graphs can share the same order, size,
degree sequence, and other invariants yet still have different structures.

The Concept of Degree Sequences

The degree sequence of a graph is a list of its vertices' degrees (number of
edges incident to each vertex), usually sorted in non-increasing order.

- Example: Two graphs with vertices having degrees [3, 3, 2, 2] and [3, 3, 2,
2] are degree sequence isomorphic, but the actual graphs might not be
isomorphic if their arrangements differ.

- Limitation: Different graphs can share the same degree sequence but have
different structures. These are called degree sequence cospectral graphs.

Constructing Non-Isomorphic Graphs with the Same Number of Vertices and Edges

By carefully altering the connections between vertices while maintaining the
same degree sequence and overall number of edges, one can create pairs (or
sets) of non-isomorphic graphs that look quite different structurally.

---

Concrete Examples and Illustrations

Example 1: Two Non-Isomorphic Graphs with 4 Vertices and 3 Edges

Graph A:

- Vertices: V = {A, B, C, D}
- Edges: {A-B, B-C, C-D}

Graph B:

- Vertices: V = {A, B, C, D}
- Edges: {A-B, A-C, A-D}

Both graphs have:



- 4 vertices
- 3 edges

Are they isomorphic?
No. Their structures differ:

- Graph A is a path of length 3.
- Graph B is a star centered at A.

They are clearly not isomorphic because their degree sequences differ:

- Graph A: degrees [1, 2, 2, 1]
- Graph B: degrees [3, 1, 1, 1]

Thus, they are non-isomorphic, yet share the same number of vertices and
edges.

Example 2: Two Non-Isomorphic Graphs with 5 Vertices and 6 Edges

Graph C:

- Vertices: V = {A, B, C, D, E}
- Edges: {A-B, B-C, C-D, D-E, E-A, A-C}

Graph D:

- Vertices: V = {A, B, C, D, E}
- Edges: {A-B, B-C, C-D, D-E, E-A, B-D}

Both have:

- 5 vertices
- 6 edges

Yet, they are not isomorphic because their degree sequences are different:

- Graph C: degrees [2, 2, 3, 2, 2]
- Graph D: degrees [2, 3, 3, 2, 2]

Further structural differences can be observed, such as the presence of
different cycles and connectivity patterns.

---

The Formal Perspective: Graph Isomorphism Problem

Challenges in Distinguishing Non-Isomorphic Graphs

Detecting whether two graphs are isomorphic is a non-trivial problem. Known
as the graph isomorphism problem, it has a unique position in computational
complexity:

- It's in NP (nondeterministic polynomial time).
- It is not known whether the problem is NP-complete or P (solvable in
polynomial time).

Algorithms and Techniques

- Brute-force algorithms: Check all possible vertex mappings—feasible only



for small graphs.
- Canonical labeling algorithms: Assign a unique label or code to each graph
for easier comparison.
- Graph invariants: Use properties like degree sequences, eigenvalues, and
subgraph counts to prune possibilities.

Even with sophisticated algorithms, some non-isomorphic graphs can be
challenging to distinguish, especially as the number of vertices increases.

---

Implications and Applications

In Graph Theory and Combinatorics

- Demonstrating that graphs with identical basic parameters can differ
significantly underscores the richness of graph structures.
- It motivates the pursuit of more refined invariants and tools for graph
classification.

In Computer Science and Network Analysis

- Recognizing whether two network structures are fundamentally different is
crucial in pattern recognition, chemistry (molecular graphs), social network
analysis, and more.
- The existence of non-isomorphic graphs with the same number of vertices and
edges complicates tasks like graph matching and network anonymization.

In Chemistry and Biology

- Molecules modeled as graphs (chemical graphs) can have different structures
but the same number of atoms and bonds—these are isomers in chemistry.
- Understanding such differences is vital for drug design and molecular
identification.

---

Conclusion: The Richness of Graph Structures

In summary, it is entirely possible for two different (non-isomorphic) graphs
to have the same number of vertices and the same number of edges. This fact
highlights the depth and complexity inherent in graph theory, illustrating
that basic parameters like size and edge count do not suffice to fully
characterize a graph's structure. Recognizing and understanding these
differences is essential across various scientific and mathematical fields,
driving ongoing research into more powerful invariants and algorithms for
graph analysis.

The exploration of such graphs not only deepens theoretical understanding but
also enhances practical applications, from designing robust networks to
discovering new molecules. As graph theory continues to evolve, the challenge
remains: how can we develop tools to reliably distinguish and classify the
myriad of possible graph structures beyond just counting their vertices and
edges?
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