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Understanding the volume of a box and how to express it mathematically is fundamental in various
fields, including mathematics, engineering, and architecture. In particular, the function V(x) = X - 3x
- 10x provides insight into the relationship between a variable 'x' and the resulting volume. This

article explores how the volume of a box can be modeled using this expression, how to interpret it as
the product of three factors, and the practical applications of such mathematical representations.

Understanding the Volume Function V(x) = X - 3x - 10x

Breaking Down the Expression

The provided expression, V(x) = X - 3x - 10x, appears to be a linear combination involving the
variable x and a constant X. However, there seems to be a typographical inconsistency, as the
expression simplifies to V(x) = X - 13x. For the purpose of this discussion, we will assume that the
intended expression is:

V(x) =X-13x

or perhaps more accurately, that the volume is a quadratic function involving these terms.
Alternatively, perhaps the original intended expression was more complex, such as:

V) =x"3-3x"2-10x

which is common in volume problems involving rectangular prisms or boxes with varying
dimensions.

Note: For a comprehensive understanding, we will consider the more typical polynomial form:
V(x) =x"3-3x"2-10x

This form reflects the volume of a box where the dimensions depend on the variable x, and the
polynomial accounts for how the volume changes as x varies.



Interpreting the Function

In the context of a box:

- The variable x could represent a dimension such as length, width, or height.
- The polynomial V(x) models how the volume changes based on that dimension.

By analyzing this function, we can identify:
- The domain where the volume makes sense (dimensions are positive and feasible).
- Critical points where the volume reaches maximum or minimum.

- The roots of the function, which correspond to dimensions where the volume is zero (the box
effectively collapses).

Expressing the Volume as a Product of Three Factors

Factorization of the Polynomial

Expressing V(x) as a product of three factors provides a clearer understanding of its roots and the
behavior of the volume function. For the polynomial:

V(x) =x"3-3x"2-10x

we can factor out the common term x:

V() =x(x"2-3x-10)

Next, factor the quadratic:

x~2-3x-10

Find two numbers that multiply to -10 and add to -3:
- Factors of -10: (5, -2), (-5, 2), (10, -1), (-10, 1)

The pair that sums to -3 is 2 and -5:
Xx™2-3x-10=(x+ 2)(x-5)

Thus, the complete factorization is:

V) =x(x + 2)(x-5H)

This expression as a product of three factors reveals the roots of the volume function:

-x=0



In the context of physical dimensions, negative values like -2 are not feasible, so the relevant domain
for x is x = 0, with the maximum volume occurring at some point within this range.

Implications of the Factorization

- The roots x = 0 and x = 5 indicate the points where the volume is zero. When x = 0, one dimension
collapses, resulting in zero volume. When x = 5, the volume also reaches zero, perhaps indicating
the maximum feasible dimension or a boundary.

- The critical point at x = 5 can be investigated further to find the maximum volume.

Applications of the Volume Function in Real-World
Scenarios

Designing Boxes and Containers

Understanding how the volume varies with dimensions is essential when designing boxes, storage
units, or containers. By modeling the volume as a polynomial, designers can determine optimal
dimensions that maximize capacity while minimizing material costs.

Manufacturing and Material Optimization

Manufacturers can use the polynomial model to identify the most efficient size for a box that
maximizes volume without exceeding material constraints.

Mathematical Optimization

The polynomial factorization allows for the application of calculus techniques to find maximum and
minimum points:

- First derivative V'(x) helps determine critical points.
- Second derivative V'"(x) indicates concavity and whether the critical points are maxima or minima.

Calculating the Critical Points and Maximum Volume



Derivative of V(x)

Given V(x) =x73-3x"2-10x
The derivative is:

V'(x) = 3x™2-6x- 10

Set V'(x) = 0 to find critical points:
3x"2-6x-10=0

Divide through by 1:
3x"2-6x-10=0

Use quadratic formula:
x=[6+V(36-43(-10))]/(23)
x =[6 + V(36 +120)]/6

x =[6 £ V156]/6

x =[6 +2v39]/6

Simplify:

x=[3+v39]/3

Approximate V39 = 6.245

So,

x = (3 + 6.245)/3 = 3.081

or

X = (3-6.245)/3 = -1.081

Since negative dimensions are not feasible, the relevant critical point is at x = 3.081.

Determining the Maximum Volume

- Evaluate V(x) at x = 3.081 to find the maximum volume.
- Confirm the nature of the critical point using the second derivative:

V'(x) =6x-6



Atx = 3.081,
V"(3.081) = 6(3.081) - 6 = 18.486 - 6 = 12.486 > 0

Since V'"(x) > 0, the critical point is a minimum. Therefore, the maximum volume occurs at the
boundary x = 5 or x approaching the feasible limits.

Atx = 5:

V(5) =125-75-50=0

At x = 3.081:

V(3.081) = (3.081)"3 - 3(3.081)~2 - 10(3.081)

Calculate:

(3.081)"3 = 29.23

(3.081)"2 = 9.49

So,

V(3.081) = 29.23 - 39.49 - 30.81 = 29.23 - 28.47 - 30.81 = -30.05

Negative volume is not feasible, indicating need to re-express constraints or check the physical
domain.

Note: The analysis indicates that maximum feasible volume occurs within the domain where the
volume function is positive, likely near the critical point but bounded by physical constraints.

Conclusion: The Significance of Modeling Volume as a
Polynomial

Expressing the volume of a box as a polynomial function and factoring it into the product of three
factors provides valuable insights:

- It reveals the roots of the function, indicating dimensions where the volume drops to zero.
- It helps identify critical points where the volume reaches maximum or minimum.
- It facilitates the application of calculus for optimization, essential in design and manufacturing.

Understanding these mathematical principles enables engineers, architects, and designers to
optimize their projects, ensuring maximum efficiency and functionality.



Summary of Key Points

- The volume function V(x) can be expressed as a polynomial, such as V(x) = x~3 - 3x~2 - 10x.

- Factoring this polynomial into the product of three factors helps identify roots and critical points.

- The roots indicate the dimensions at which the volume is zero, guiding feasible design parameters.
- Calculus techniques determine where the volume is maximized within the physical constraints.

- Practical applications include designing optimal boxes, maximizing storage capacity, and material
efficiency.

By mastering these mathematical concepts, professionals can make informed decisions that enhance
the functionality and efficiency of their designs.

Frequently Asked Questions

What is the correct expression for the volume V(x) of a box in
cubic feet as given in the problem?

The volume V(x) can be expressed as V(x) = x3 - 3x - 10x.

How can the volume function V(x) be factored into the product
of three factors?

First, combine like terms to get V(x) = x3 - 13x, then factor out x: V(x) = x(x2 - 13), and further factor
if possible.

What are the roots of the volume function V(x) = x(x2 - 13)?

The roots are x = 0 and x = +v13, which are the values of x where the volume is zero.

Why is it important to find the roots of the volume function in
the context of a box?

The roots indicate the dimensions at which the volume of the box is zero, helping to determine
feasible dimensions for a physical box.

How do you interpret the fact that V(x) can be written as a
product of three factors?

Expressing V(x) as a product of three factors helps identify critical points, potential maximum or
minimum volumes, and simplifies solving for specific dimensions.

What role does the factorization of V(x) play in optimizing the



volume of the box?

Factorization helps analyze the function's critical points and enables the use of calculus techniques
to find the dimensions that maximize the box’s volume.

Additional Resources

The Volume Of A Box In Cubic Feet Can Be Expressed As V(x) = X - 3x - 10x Or As The Product Of
Three: An In-Depth Analysis

In the realm of geometry and algebra, understanding the relationships between dimensions and
volume is fundamental. One intriguing expression that often appears in mathematical modeling and
practical applications is the volume of a box described as a polynomial function of a variable, such as
\( V(x) = x - 3x - 10x\), which can be further factored into the product of three factors. This article
explores the origins, interpretations, and implications of such an expression, providing an
investigative perspective into how algebraic formulations underpin the geometric properties of
three-dimensional objects.

Understanding the Basic Expression: Deciphering \( V(x) = x - 3x - 10x\)

At first glance, the expression \( V(x) = x - 3x - 10x \) appears to be a straightforward algebraic sum.
However, upon closer inspection, it warrants clarification to understand its true meaning in the
context of volume.

Simplification of the Polynomial
Let’s simplify the given expression:
\[

V(x) =x-3x-10x

\]

Combine like terms:

\[
V() =(x-3x-10x) = (1x - 3x - 10x) = (-12x%)
\]

Thus, the volume function simplifies to:

\[
V(x) = -12x
\]

This simplification reveals that the volume is directly proportional to \( x \), with a negative
coefficient, which raises questions about the physical interpretation, as volume cannot be negative.



Interpreting the Polynomial: From Algebra to Geometry

Given that the simplified form is linear, it suggests that the initial expression may have been
misrepresented or that the original problem involved more complex factors. The phrase "or as the
product of three" hints at the possibility that the true volume function involves a cubic polynomial,
such as:

\[
V(x) = x(a-x)(b -x)
\]

which, when expanded, results in a cubic polynomial representing the volume of a box with
dimensions dependent on \( x \).

Reconstructing the Volume Function: From Polynomial to Geometric Dimensions
1. The General Form of Box Volume
The volume of a rectangular box (or cuboid) is given by:

\[
V = \text{length} \times \text{width} \times \text{height}
\]

Suppose the dimensions are functions of \( x \), such as:

- Length: \( x\)

- Width: \(a -x\)

- Height: \( b - x\)

where \( a\) and \( b \) are constants determined by the problem constraints.

The volume function becomes:

\[
Vx)=x(@-x) (b-x)
\]

This cubic polynomial neatly expresses the volume as the product of three linear factors, aligning
with the phrase "as the product of three."

2. Expanding the Cubic Polynomial

Let's expand \( V(x) =x(a-x) (b-x)\):

Vx)=x[(@)b)-ax-bx+x"2]=x(ab-ax-bx+x72)
\]



Distribute \( x \):

\[
Vx)=abx-ax™2-bx"2+x"3
\]

Rearranged:
Vx)=x"3-(a+b)x"2+abx
\]

This cubic polynomial explicitly models how the volume depends on \( x\), with the parameters \( a )
and \( b \) representing the maximum dimensions of the box.

Practical Implications and Applications

Understanding how the volume function can be expressed as the product of three factors is
fundamental in various fields, from manufacturing to optimization problems.

1. Optimization of Box Dimensions
Suppose a manufacturer needs to design a box with a fixed surface area or volume constraints. The

cubic polynomial form allows for the determination of the optimal \( x \) that maximizes or minimizes
the volume:

- Maximum Volume: Find the critical points by taking the derivative \( V'(x) \), set to zero, and
solving for \( x ).

- Physical Constraints: Ensure the dimensions \( x\), \(a - x\), and \( b - x\) are positive, which
restricts the feasible domain.

2. Engineering Design and Material Optimization
In engineering, knowing how volume varies with changing parameters enables efficient material use

and structural design. For example, in packaging, optimizing the dimensions to maximize volume
while minimizing material cost involves understanding the polynomial relationships.

Deep Dive: Analyzing the Polynomial’s Roots and Critical Points
1. Roots of the Polynomial

Setting \( V(x) = 0\):

\[

x(a-x)(b-x)=0
\]



Solutions:

\[
x=0,\quadx =a,\quadx=Db
\]

These roots correspond to the physical limits where the box's dimensions collapse to zero, meaning
the volume is zero at these points.

2. Critical Points and Maximum Volume

To find the maximum, differentiate:

Vx)=x"3-(a+b)x™2+abx
\]

\[
V'(x) =3x"2-2(a+b)x+ab
\]

Set\(V'(x) =0\):

\[
3x™2-2(a+b)x+ab=0
\]

Use quadratic formula:

\[
x = \frac{2(a + b) \pm \sqrt{ [2(a + b)]"2-12ab } }{6}
\]

Simplify discriminant:
\[

4(a+Db)"2-12ab

\]

Analysis of these roots yields the critical points where volume is maximized or minimized, providing
valuable insights for design optimization.

Case Study: Practical Example with Specific Parameters
Suppose \(a =10\) and \( b = 15). The volume function:

\[
V(x) =x (10 -x)(15 -x)
\]



Expanded:

\[
V(x) =x73-(10 + 15) x*2 + (10)(15) x =x"3-25x"2 + 150 x
\]

Derive:

\[
V'(x) = 3x"2-50x + 150
\]

Set to zero:

\[
3x~2-50x+150=0

\]

Discriminant:

\[
(-50)"2 - 4 \times 3 \times 150 = 2500 - 1800 = 700
\]

Roots:

\[
x = \frac{50 \pm \sqrt{700} } {6} \approx \frac{50 \pm 26.46} {6}
\]

Calculations:

-\( x \approx \frac{50 + 26.46}{6} \approx \frac{76.46}{6} \approx 12.74)
-\( x \approx \frac{50 - 26.46} {6} \approx \frac{23.54} {6} \approx 3.92 )

Since \( x \) must be within \( 0 < x < 10), only \( x \approx 3.92) is feasible for a maximum
volume.

Broader Context and Educational Significance

This analysis illustrates how algebraic expressions, particularly cubic polynomials expressed as
products of linear factors, serve as powerful tools in modeling geometric phenomena. Understanding
the roots and critical points of such functions enables mathematicians, engineers, and designers to
optimize structures and solve real-world problems.

Furthermore, this approach highlights the importance of:

- Polynomial factorization in simplifying complex expressions
- Critical point analysis for optimization



- The relationship between algebraic expressions and geometric properties

Conclusion

The phrase "The volume of a box in cubic feet can be expressed as \( V(x) = x - 3x - 10x\) or as the
product of three" underscores a vital conceptual link: that the volume function, often polynomial in
nature, can be factored into multiple linear components representing dimensions. While the initial
simplified form appears linear or even negative, the more accurate and meaningful interpretation
involves a cubic polynomial derived from the product of three linear factors, each corresponding to a
dimension of the box.

This investigation reveals how algebraic factorization not only simplifies complex expressions but
also provides deep insights into geometric structures and optimization strategies. As such,
understanding and analyzing these polynomial forms remain essential in mathematical education
and practical engineering applications, bridging the gap between abstract mathematics and tangible
real-world design.

In summary:

- The volume function of a box can be modeled as a cubic polynomial expressed as the product of
three linear factors.

- Simplification and expansion of these factors aid in understanding the geometric constraints and
optimization.

- Critical point analysis guides the design process for maximum volume.

- The algebraic structure informs practical decisions in manufacturing, packaging, and engineering.

By exploring these relationships, we deepen our appreciation for the power of algebra in describing
and solving real-world spatial problems.
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