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Introduction

Imagine a simple scenario involving a bag filled with pens of various colors: one red pen,
four black pens, and three blue pens. This setup might seem straightforward, but it opens
the door to exploring interesting probability concepts, combinatorial analysis, and
practical applications in statistics and everyday decision-making. Whether you're a student
learning about probability theory or someone interested in understanding how
randomness works in real-life situations, examining this scenario can deepen your
comprehension of fundamental mathematical principles.

In this article, we will analyze the problem of randomly selecting two pens from the bag,
explore the different possible outcomes, calculate various probabilities, and discuss
related real-world applications. We aim to provide a comprehensive, SEO-optimized guide
that covers all essential aspects of this problem, making it informative and accessible for
learners and enthusiasts alike.

Understanding the Scenario
The Composition of the Bag

The bag contains:
-1 Red Pen

- 4 Black Pens

- 3 Blue Pens

Total number of pens:
\[1+4+3=8\]

When two pens are drawn from this collection without replacement (meaning once a pen
is drawn, it is not put back into the bag), several questions arise:

- What are the possible color combinations?

- What is the probability of each combination?

- How does the composition affect the likelihood of drawing certain colors?

Why Is This Important?



Studying this problem helps in:

- Understanding basic probability principles.

- Developing skills in combinatorics and counting methods.

- Applying these concepts to real-world scenarios like quality control, inventory
management, and decision-making processes.

Basic Probability Concepts Applied

Before diving into calculations, it's essential to understand some foundational probability
concepts that apply here.

Sample Space

The sample space refers to all possible outcomes when drawing two pens from the bag.
Since the order of drawing might matter depending on the question, outcomes can be:
- Ordered: considering the sequence in which pens are drawn.

- Unordered: considering only the combination of pens, regardless of order.

In most cases involving selecting items from a collection without replacement, the focus is
on combinations, i.e., the set of items drawn, regardless of order.

Favorable Outcomes

These are the outcomes that meet specific criteria, such as drawing a certain combination
of colors.

Probability Calculation
The probability of an event is given by:
\[ P(\text{event}) = \frac{\text{ Number of favorable outcomes} } {\text{Total number of

possible outcomes}} \]

In our case, calculating the total number of possible outcomes involves combinatorial
formulas.

Calculating the Total Number of Ways to Choose Two Pens
Combinatorial Approach

Since the pens are distinct only by color but are individual items, and the order doesn't
matter, the total number of ways to select two pens from eight is:

\[

\text{Total combinations} = \binom{8}{2} = \frac{8!}{2!(8-2)!} = \frac{8 \times 7}{2
\times 1} = 28

\]



This means there are 28 equally likely ways to pick any two pens from the bag.

Possible Color Combinations When Drawing Two Pens
Since the pens are distinguished only by color, the possible color combinations are:

1. Red & Black
2. Red & Blue

3. Black & Black
4. Black & Blue
5. Blue & Blue

Note that drawing two pens of the same color is possible only for black and blue, since
only one red pen exists.

Enumeration of Outcomes
Let's analyze each combination:

- Red & Black: One red and one black pen

- Red & Blue: One red and one blue pen

- Black & Black: Two black pens

- Black & Blue: One black and one blue pen
- Blue & Blue: Two blue pens

Calculating Probabilities for Each Combination
1. Red & Black

- Number of ways to choose 1 red pen: \(\binom{1}{1} = 1\)
- Number of ways to choose 1 black pen: \(\binom{4}{1} = 4\)

Total favorable outcomes:

\[
\text{Red & Black} =1 \times 4 =4

\]
Probability:
\[

P(\text{Red & Black}) = \frac{4}{28} = \frac{1}{7} \approx 14.29\%
\]

2. Red & Blue



- Red pen: \(\binom{1}{1} = 1\)
- Blue pens: \(\binom{3} {1} = 3\)

Total favorable outcomes:

\[

1 \times 3 =3
\]

Probability:

\[
P(\text{Red & Blue}) = \frac{3} {28} \approx 10.71\%

\]

3. Black & Black

- Number of ways to choose 2 black pens:

\[
\binom{4}{2} = \frac{4 \times 3}{2 \times 1} = 6
\]

Probability:
\[

P(\text{Black & Black}) = \frac{6} {28} = \frac{3} {14} \approx 21.43\%
\]

4. Black & Blue

- Black pens: \(\binom{4}{1} = 4\)
- Blue pens: \(\binom{3}{1} = 3\)

Total favorable outcomes:

\[
4 \times 3 =12
\]

Probability:
\[

P(\text{Black & Blue}) = \frac{12} {28} = \frac{3}{7} \approx 42.86\%
\]



5. Blue & Blue
- Number of ways to choose 2 blue pens:

\[
\binom{3}{2} = \frac{3 \times 2} {2 \times 1} = 3
\]

Probability:

\[
P(\text{Blue & Blue}) = \frac{3}{28} \approx 10.71\%

\]

Summary of Probabilities

| Combination | Number of Ways | Probability | Percentage |
| | | | |
| Red & Black | 4 | 4/28 = 1/7 | 14.29% |

| Red & Blue | 3| 3/28 | 10.71% |

| Black & Black | 6 | 6/28 = 3/14 | 21.43% |

| Black & Blue | 12 | 12/28 = 3/7 | 42.86% |

| Blue & Blue | 3| 3/28 | 10.71% |

These probabilities provide insight into which combinations are more likely when
randomly selecting two pens from the bag.

Additional Probabilities and Questions
Probability of Drawing at Least One Red Pen

Since there's only one red pen, the only way to draw a red pen is in the event of Red &
Black or Red & Blue combinations.

Total favorable outcomes:

\[
4 (\text{Red & Black}) + 3 (\text{Red & Blue}) =7

\]

Probability:

\[

P(\text{At least one red}) = \frac{7}{28} = \frac{1}{4} = 25\%
\]

Probability of Drawing Two Pens of Different Colors



This includes all combinations except Black & Black and Blue & Blue.

Total favorable outcomes:

\[

4 (\text{Red & Black}) + 3 (\text{Red & Blue}) + 12 (\text{Black & Blue}) = 19
\]

Probability:

\[

P(\text{Different colors}) = \frac{19} {28} \approx 67.86\%
\]

Real-World Applications of This Scenario

Understanding the probability of selecting certain items from a collection has numerous
practical applications:

Inventory Management

Businesses often need to predict the likelihood of picking specific products from stock,
aiding in quality control and stock rotation.

Quality Control

Random sampling of items (like pens, in this case) can help in quality assurance processes,
where the probability of selecting defective items informs inspection strategies.

Classroom and Educational Settings

Teachers use similar problems to teach students about probability, combinations, and
basic statistics.

Game Design and Probability-Based Games

Designers incorporate such probability calculations to balance game elements and ensure
fairness.

Decision-Making Strategies

Understanding odds helps in making informed choices, such as selecting items randomly
or evaluating risk in various scenarios.

Advanced Topics and Extensions

Conditional Probability



For example, what is the probability that the second pen is blue, given that the first pen
drawn was black? Exploring conditional probabilities adds depth to understanding
complex scenarios.

Expected Values

Calculating the expected number of pens of each color drawn over multiple trials can
inform predictions and strategic planning.

Variations of the Problem

- What if the pens were drawn with replacement?
- How does the

Frequently Asked Questions

What is the probability of selecting a red pen and a
black pen when two pens are randomly chosen from the
bag?

The probability of selecting a red pen first and then a black pen is (1/8) (4/7) = 4/56 =
1/14. Since the order doesn't matter, total probability is 2 (1/8) (4/7) = 8/56 = 1/7.

What is the probability of selecting two blue pens from
the bag?

Number of ways to choose 2 blue pens is C(3, 2) = 3. Total ways to choose any 2 pens
from 8 is C(8, 2) = 28. Therefore, probability is 3/28.

What is the chance of selecting exactly one red pen and
one blue pen?

Number of ways: red then blue = 1 3 = 3, blue thenred = 3 1 = 3, total = 6. Total
combinations: C(8, 2) = 28. Probability = 6/28 = 3/14.

What is the probability that both selected pens are
black?

Number of ways to select 2 black pens is C(4, 2) = 6. Total ways to select any 2 pens is 28.
So, probability = 6/28 = 3/14.

If two pens are randomly selected, what is the



probability that at least one is red?

Probability that no red pens are selected (both are from other colors): total non-red pens =
7, ways to pick 2 from these = C(7, 2) = 21. Total ways to pick any 2 pens = 28. So,
probability no red = 21/28 = 3/4. Therefore, probability at least one red = 1 - 3/4 = 1/4.

What is the probability that the two selected pens are of
different colors?

Calculate the probability for all same-color pairs and subtract from 1: same color pairs:
red-red (0, as only one red), black-black (C(4, 2)=6), blue-blue (3). Total same-color pairs
=0+ 6 + 3 = 9. Total pairs = 28. Probability of same color = 9/28. So, different colors =
1-9/28 = 19/28.

Additional Resources
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Introduction

Understanding probability and combinatorial concepts is fundamental in many fields, from
mathematics and statistics to real-world decision-making processes. The problem at hand
involves drawing two pens randomly from a bag containing a specific distribution of
colored pens: one red, four black, and three blue. This scenario offers a rich context to
explore various probability calculations, combinatorial reasoning, and interpretations of
outcomes.

In this comprehensive review, we will dissect the problem step-by-step, examining the
total possibilities, calculating various probabilities, understanding conditional
probabilities, and exploring related concepts such as expected values and real-world
applications. This deep dive aims to clarify the mechanics behind such problems and
develop a thorough understanding of the underlying principles.

The Composition of the Bag

Before diving into probability calculations, it is essential to understand precisely what the
bag contains.

- Red pens (R): 1
- Black pens (B): 4
- Blue pens (L): 3

Total pens (T): 1 +4 +3 =8



Knowing the total number of pens and their distribution sets the foundation for calculating
probabilities of various events involving the selection of two pens.

Total Number of Ways to Choose Two Pens

When selecting two pens from the bag without replacement, the total number of possible
combinations can be calculated using combinatorial principles.

- Number of ways to choose any 2 pens:

\[

\binom{8}{2} = \frac{8!}{2! \times (8-2)!} = \frac{8 \times 7} {2} = 28
\]

This total forms the denominator in probability calculations, representing all equally likely
outcomes.

Possible Color Combinations for the Two Selected Pens

Since the pens are distinguishable only by color (assuming indistinguishability within the
same color group), the possible color combinations are:

. Red-Red (R-R): Impossible here, because only one red pen exists.
. Red-Black (R-B):

. Red-Blue (R-L):

. Black-Black (B-B):

. Black-Blue (B-L):

. Blue-Blue (L-L):
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Note: Since only one red pen exists, selecting two red pens is impossible.

Calculating Probabilities for Each Color Combination

Let's now compute the probability for each feasible combination.
1. Probability of Selecting Red and Black (R-B)

- Number of ways to select 1 red and 1 black pen:

Since there is only 1 red pen, the number of ways to pick red is 1.
Number of ways to select 1 black pen: \(\binom{4}{1} = 4\).

- Total combinations for R-B:

\[



1 \times 4 =4
\]

- Probability:
\[

P(\text{R-B}) = \frac{4} {28} = \frac{1}{7} \approx 0.1429
\]

2. Probability of Selecting Red and Blue (R-L)
- Number of ways:

Red: 1 (only one red pen).

Blue: \(\binom{3}{1} = 3\).

Total for R-L:

\[

1 \times 3 =3

\]

- Probability:

\[

P(\text{R-L}) = \frac{3} {28} \approx 0.1071
\]

3. Probability of Selecting Two Black Pens (B-B)
- Number of ways:

Number of black pens: 4.

Number of ways to choose 2 black pens:

\[
\binom{4}{2} =6
\]

- Probability:
\[

P(\text{B-B}) = \frac{6} {28} = \frac{3}{14} \approx 0.2143
\]



4. Probability of Selecting Black and Blue (B-L)
- Number of ways:

Black: 4

Blue: 3

Number of combinations:

\[
4 \times 3 =12
\]

- Probability:
\[

P(\text{B-L}) = \frac{12} {28} = \frac{3}{7} \approx 0.4286
\]

5. Probability of Selecting Two Blue Pens (L-L)
- Number of ways:

Number of blue pens: 3.

Number of ways to select 2 blue pens:

\[
\binom{3}{2} =3
\]

- Probability:

\[
P(\text{L-L}) = \frac{3} {28} \approx 0.1071
\]

Summary of Probabilities

| Combination | Number of Ways | Probability |
| | | |

| R-R | O (impossible) | 0 |

| R-B | 4 | \(\frac{1}{7}\) (~14.29%) |

| R-L | 3 | \(\frac{3}{28} \) (~10.71%) |




| B-B | 6 | \(\frac{3}{14}\) (~21.43%) |
| B-L | 12 | \( \frac{3}{7}\) (~42.86%) |
| L-L | 3| \(\frac{3}{28}\) (~10.71%) |

The sum of these probabilities confirms they total 1 (or very close accounting for
rounding), demonstrating a proper probability distribution.

Expected Values and Probabilistic Insights
Understanding the expected outcomes provides further depth into the problem.
Expected Number of Pens of Each Color in a Random Draw

While the problem involves selecting exactly two pens, the expected number of pens of
each color can be analyzed via expected value calculations.

- Expected number of red pens in two picks:

Since only one red pen exists, the maximum is 1 if red is selected, 0 otherwise.
The probability of selecting red in a single pick is:

\[

\frac{1}{8}

\]

However, since two pens are selected, the expected number of red pens is:

\[

E(\text{Red}) = 2 \times P(\text{red in one draw}) = 2 \times \frac{1}{8} = \frac{1}{4}
= 0.25

\]

Note: This simplified calculation assumes independence, which isn't strictly accurate

without replacement, but it offers a rough estimate. Precise calculations involve
hypergeometric distributions.

Hypergeometric Distribution Application

The hypergeometric distribution models probabilities when sampling without replacement,
which fits our scenario perfectly.

Parameters:
- Population size \(N = 8))

- Number of successes in the population \(K\): for red pens, \(K = 1\)



- Sample size \(n = 2\)
- Number of successes in the sample \(k\)
Probability of selecting exactly \(k\) red pens:

\[

P(X=k) = \frac{\binom{K}{k} \binom{N - K}{n - k} }{\binom{N}{n}}
\]

Applying this:

- For \(k=0\):

\[

P(X=0) = \frac{\binom{1}{0} \binom{7}{2}}{\binom{8}{2}} = \frac{1 \times 21} {28}
= \frac{3}{4}

\]

- For \(k=1\):

\[

P(X=1) = \frac{\binom{1}{1} \binom{7}{1}}{\binom{8}{2}} = \frac{1 \times 7} {28} =
\frac{1}{4}

\]

- For \(k=2\):

\[

P(X=2) = \frac{\binom{1}{2} \binom{7}{0}}{\binom{8}{2}} =0

\]

This aligns with earlier observations that two red pens cannot be selected, reaffirming the
importance of combinatorial reasoning.

Conditional Probabilities and Event Dependencies

Understanding how the probability of one event affects another is crucial. For instance,
what is the probability that the second pen is blue, given that the first pen is black?

This is a conditional probability problem.
Suppose:

- First pen is black: probability

\[

P(\text{first black}) = \frac{4}{8} = \frac{1}{2}
\]



- Given the first pen was black, the remaining pens are:

- Total pens: 7

- Black pens remaining: 3

- Blue pens: 3 (unchanged, since first was black)

- Probability that second pen is blue given the first was black:
\[

P(\text{second blue} | \text{first black}) = \frac{3}{7}

\]

Similarly, the joint probability of first black and second blue:

\[
P(\text{first black and second blue}) = P(\text{first black}) \times P(\text{second blue} |\
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