
A Bin Contains 5 Red Balls And 9 Blue Balls.
The Following Experiment Is Repeated
Several Times: Remove

Introduction
A bin contains 5 red balls and 9 blue balls. The following experiment is repeated several
times: remove a ball at random from the bin, observe its color, and then replace it back
into the bin. This process is known as sampling with replacement. This seemingly simple
experiment provides a rich context to explore fundamental concepts in probability,
combinatorics, and statistical inference. In this article, we will examine the process in
detail, analyze the probabilities involved, and discuss various implications and
applications of such experiments.

Understanding the Basic Setup

The Composition of the Bin

Total number of balls: 14 (5 red + 9 blue)

Number of red balls: 5

Number of blue balls: 9

The Sampling Process

Draw a ball randomly from the bin.1.

Observe the color of the drawn ball.2.

Replace the ball back into the bin, maintaining the original composition.3.

Repeat the process multiple times.4.

Key Assumptions

The ball is drawn at random, with each ball having an equal probability.



The ball is replaced after each draw, so the composition remains unchanged.

The process is independent across repetitions.

Probability Analysis of a Single Draw

Calculating the Probabilities
Since the process involves replacement, each draw is independent, and the probabilities remain
constant throughout the experiment. The probability of drawing a red or blue ball can be calculated
as:

Probability of drawing a red ball (P(R)): \(\frac{5}{14}\)

Probability of drawing a blue ball (P(B)): \(\frac{9}{14}\)

Expected Outcomes
In a large number of repetitions, the relative frequencies of red and blue balls should approximate the
true probabilities due to the Law of Large Numbers. Specifically:

The expected number of red balls in \(n\) trials: \(\frac{5}{14} \times n\)

The expected number of blue balls in \(n\) trials: \(\frac{9}{14} \times n\)

Multiple Repetitions and Probability Distributions

Modeling the Number of Red Balls Drawn
Suppose the experiment is performed \(n\) times. The number of red balls observed follows a binomial
distribution:

The Binomial Distribution

Parameters:

Number of trials: \(n\)

Probability of success (red ball): \(p = \frac{5}{14}\)



The probability of observing exactly \(k\) red balls in \(n\) trials:

\[
P(X = k) = \binom{n}{k} \left(\frac{5}{14}\right)^k \left(\frac{9}{14}\right)^{n-k}
\]

Implications of the Binomial Model

Provides probabilities for all possible counts of red balls in \(n\) trials.1.

Enables computation of confidence intervals for the true proportion of red balls.2.

Serves as the basis for statistical inference about the population composition.3.

Expected Values and Variance

Expected Number of Red and Blue Balls

Expected red balls in \(n\) trials: \(E[X] = np = n \times \frac{5}{14}\)

Expected blue balls in \(n\) trials: \(E[n - X] = n - E[X] = n \times \frac{9}{14}\)

Variance and Standard Deviation
The variability of the number of red balls drawn is captured by the binomial variance:
\[
\operatorname{Var}(X) = np(1 - p) = n \times \frac{5}{14} \times \frac{9}{14}
\]
Standard deviation is the square root of the variance:
\[
\sigma = \sqrt{np(1 - p)}
\]

Interpretation

The larger the \(n\), the more the observed distribution approximates the true probabilities.

The variance indicates the spread of possible outcomes; smaller variance implies outcomes are
more concentrated around the mean.



Sampling with Replacement vs. Sampling without
Replacement

The Importance of Replacement
The described experiment assumes replacement, which simplifies analysis because each draw has the
same probability distribution. Without replacement, the probabilities change after each draw, leading
to a hypergeometric distribution.

Sampling Without Replacement

In this case, each draw affects the composition of the remaining balls.

The probability of drawing a red or blue ball changes dynamically.

The probability distribution is hypergeometric, characterized by the total number of balls and
the total number of red balls.

Comparison of the Two Models

Feature Sampling with
Replacement

Sampling without Replacement

Distribution Binomial Hypergeometric

Probabilities change after
each draw No Yes

Use cases Modeling repeated
independent trials

Modeling sampling without
replacement, e.g., lottery draws

Applications of the Experiment

Estimating Population Proportions
The experiment allows estimation of the proportion of red and blue balls in the bin. Repeated
sampling helps to construct confidence intervals for these proportions.



Quality Control and Reliability Testing
Similar sampling procedures are used in manufacturing to test products or components, assessing the
proportion of defective items.

Statistical Inference and Hypothesis Testing

Testing if the proportion of red balls is different from a specified value.

Using sample data to infer about the true composition of the bin.

Extensions and Variations

Changing the Probabilities
If the composition of the bin changes over time, or if balls are not replaced, the probabilities are no
longer constant, necessitating more complex models such as the hypergeometric or multinomial
distributions.

Multiple Colors and Complex Scenarios
Extending the experiment to more than two colors, or considering weighted probabilities, introduces
multinomial models and more sophisticated statistical techniques.

Real-World Examples

Drawing cards from a deck with replacement.

Quality inspection where items are sampled repeatedly with replacement.

Genetic sampling in biology, where alleles are sampled with replacement.

Conclusion
The simple act of repeatedly drawing balls from a bin with fixed composition illustrates fundamental
principles of probability and statistics. By understanding the underlying distributions, expectations,
and variances, one gains insight into how randomness operates in repeated experiments. Whether in
quality control, scientific research, or everyday decision-making, such models serve as essential tools
for interpreting uncertainty, designing experiments, and making informed inferences.



Frequently Asked Questions

What is the total number of balls in the bin?
There are 14 balls in total: 5 red balls and 9 blue balls.

If one ball is drawn at random, what is the probability it is
red?
The probability of drawing a red ball is 5/14.

What is the probability of drawing a blue ball in a single
draw?
The probability of drawing a blue ball is 9/14.

If the experiment involves removing a ball and not replacing
it, how does the probability change after each removal?
The probabilities change dynamically because the total number of balls decreases, and the counts of
each color change depending on previous outcomes.

What is the probability of drawing two red balls consecutively
without replacement?
The probability is (5/14) (4/13) = 20/182 = 10/91.

What is the probability of drawing at least one blue ball in
two draws without replacement?
It's 1 minus the probability of drawing no blue balls (i.e., both red), which is 1 - (5/14)(4/13) = 1 -
(20/182) = 162/182 = 81/91.

How does the probability of drawing a red ball change after
removing a blue ball?
The number of red balls remains the same, but the total number decreases by one, so the probability
of drawing a red ball increases to 5/13.

If the experiment is repeated multiple times with
replacement, how do the probabilities compare to without
replacement?
With replacement, the probabilities stay constant at 5/14 for red and 9/14 for blue each time, unlike



without replacement where probabilities change after each draw.

What is the expected number of red balls drawn in 10
independent draws with replacement?
The expected number is 10 (5/14) ≈ 3.57 red balls.

Additional Resources
A Bin Contains 5 Red Balls And 9 Blue Balls. The Following Experiment Is Repeated Several Times:
Remove

The scenario involving a bin containing a mixture of red and blue balls, with subsequent repeated
removal experiments, is a classic example often used in probability theory, statistics, and educational
demonstrations to illustrate fundamental concepts such as probability, randomness, and sampling.
This simple yet profound setup offers rich insights into how chance operates in practice and serves as
a foundation for understanding more complex stochastic processes. In this article, we will explore this
experiment in detail, analyze its features, discuss its implications, and evaluate its educational value
from multiple perspectives.

---

Understanding the Basic Setup

The Composition of the Bin

The experiment begins with a bin that contains a total of 14 balls, divided into two categories:

- Red Balls: 5
- Blue Balls: 9

This composition is essential because it determines the probabilities of drawing each type of ball in
any single draw. The ratio of red to blue balls influences the likelihoods and outcomes of the
experiment, making it a straightforward yet powerful example of non-uniform probability
distributions.

Nature of the Experiment

The experiment involves repeatedly performing the following steps:

- Drawing a ball from the bin (possibly with or without replacement, depending on the specific
variation).
- Recording the outcome (red or blue).



- Returning the ball to the bin or removing it permanently, again depending on the variation.

The core idea is to observe how the probabilities evolve over multiple trials, especially when the
composition of the bin changes after each draw. Different procedures—such as drawing with
replacement or without replacement—lead to different probabilistic behaviors, which are key to
understanding fundamental concepts in probability theory.

---

Types of Sampling Procedures and Their Implications

The nature of the sampling process significantly affects the outcomes and interpretations of the
experiment. Two primary types are considered:

Sampling With Replacement

In this variation, after each draw, the ball is returned to the bin. This means the composition remains
constant at 5 red and 9 blue balls throughout all trials.

Features:

- The probabilities remain constant in each trial.
- Each draw is independent of previous draws.
- The probability of drawing a red ball in any single trial is 5/14 (~35.7%).

Implications:

- The process models independent Bernoulli trials.
- The distribution of the number of red balls drawn over multiple trials follows a binomial distribution.
- Simplifies calculations and theoretical analysis.

Pros:

- Easier to analyze mathematically.
- Probabilities are stable, making it ideal for teaching basic probability concepts.

Cons:

- Less realistic in practical scenarios where the composition changes over time.
- May oversimplify real-world processes where resources or populations diminish.

Sampling Without Replacement

In this variation, after each draw, the ball is removed from the bin, reducing the total number of balls,
and altering the probabilities dynamically.



Features:

- Probabilities change after each draw.
- The draws are dependent events.
- Over multiple trials, the likelihood of drawing certain colors shifts with each removal.

Implications:

- The distribution of outcomes is described by hypergeometric probabilities.
- More reflective of real-world sampling where resources are finite.

Pros:

- Provides a more realistic model for various applications (e.g., card games, inventory sampling).
- Demonstrates dependence and conditional probabilities clearly.

Cons:

- More complex calculations.
- Less straightforward to analyze, especially as the number of draws increases.

---

Probability Analysis of the Experiment

The core mathematical interest in this experiment revolves around calculating the probabilities of
various outcomes, such as:

- The probability of drawing a red ball on a given trial.
- The probability of drawing a certain number of red balls over multiple trials.
- How probabilities evolve when sampling without replacement.

Probability of Drawing a Red Ball in a Single Draw

- With Replacement:
P(Red) = 5/14 ≈ 0.357

- Without Replacement:
Initially, P(Red) = 5/14.
After removing a ball, the probability adjusts based on the outcome of previous draws.

Multiple Draws and Expected Values

- Expected number of red balls in n draws (with replacement):
E = n (5/14)



- Variance and Distribution:
Follows binomial distribution with parameters n and p=5/14.

- Without replacement:
Expected number of red balls remains the same, but the variance decreases because of dependency
among draws.

Educational and Practical Significance

The simple setup of this experiment makes it a valuable teaching tool and a model for practical
applications.

Educational Features

- Demonstrates the difference between independent and dependent events.
- Illustrates concepts like probability, expectation, variance, and distributions.
- Provides a hands-on approach for students to grasp abstract concepts through simulation.

Pros:

- Easy to set up and understand.
- Visually demonstrates probability concepts.
- Versatile for classroom demonstrations and exercises.

Cons:

- Oversimplification may lead to misconceptions if not contextualized properly.
- Limited complexity might not challenge advanced students.

Practical Applications

- Quality control processes (sampling items from inventory).
- Card games and lotteries.
- Modeling biological processes like sampling populations.
- Risk assessment scenarios.

Advantages:

- Simple enough to be implemented in real-world scenarios.
- Adaptable to various contexts by changing parameters.

Limitations:

- Assumes perfect randomness, which may not hold in practical settings.
- Real-world sampling often involves additional complexities like biases.



---

Variations and Extensions of the Experiment

The basic experiment can be extended or modified to explore different phenomena:

Changing the Composition

- Adjusting the number of red and blue balls to see how probabilities shift.
- Introducing more colors or categories.

Altering the Sampling Method

- Combining with replacement and without replacement in a single experiment.
- Sampling in batches rather than one at a time.

Incorporating Additional Outcomes

- Assigning different weights or values to balls.
- Studying expected gains or losses over multiple trials.

Analyzing Large-Scale Versions

- Applying similar principles to large datasets.
- Using computer simulations to model complex scenarios.

---

Critical Evaluation and Limitations

While this experiment is illuminating, it has certain limitations:

Strengths:

- Clear illustration of fundamental probability principles.
- Easily reproducible and scalable for different levels of complexity.
- Supports both theoretical and empirical learning.

Weaknesses:



- Oversimplified assumptions may limit real-world applicability.
- Does not account for biases or non-random factors.
- Limited scope in demonstrating complex stochastic processes without modifications.

Potential Improvements:

- Incorporate real-world constraints or biases.
- Use digital simulations for larger or more complex scenarios.
- Combine with other experiments to explore advanced concepts like Markov chains.

---

Conclusion

The experiment involving a bin with 5 red and 9 blue balls, repeatedly sampled, serves as a
foundational model in probability and statistics. Its simplicity makes it an excellent educational tool,
providing clear insights into how probabilities behave under different sampling conditions. Whether
using sampling with replacement to demonstrate independence or without replacement to illustrate
dependence, this setup helps learners understand core concepts such as probability distributions,
expectation, and variance.

Moreover, its applicability extends beyond theoretical exercises to practical contexts like quality
control, resource sampling, and risk assessment. Despite its limitations, the flexibility and clarity of
this experiment make it a timeless example in the study of chance and randomness.

In future applications, integrating digital simulations, exploring more complex variations, and
addressing real-world biases can significantly enhance its educational and practical value. Overall, the
experiment’s enduring relevance underscores its importance as a pedagogical and analytical tool in
understanding the probabilistic nature of the world around us.
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