
(a) Solve The Following Linear Optimization
Problem Using The Big-M Method. Maximize
Z = 1104x1 + 138x2

Understanding the Linear Optimization Problem

(a) Solve The Following Linear Optimization Problem Using The Big-M Method. Maximize Z
= 1104x1 + 138x2 is a typical example of a linear programming (LP) problem that involves
maximizing a linear objective function subject to a set of constraints. Linear optimization problems
like this are fundamental in operations research, industrial engineering, economics, and
management sciences, aiding decision-makers to determine the best possible outcomes under given
limitations.

In this specific problem, the goal is to find the values of variables x1 and x2 that maximize the profit
(or objective function) Z, which is defined as Z = 1104x1 + 138x2. The challenge often arises when
the problem includes constraints that are either equalities or inequalities, sometimes involving
artificial variables—especially when the constraints are not all in a standard form suitable for the
simplex method. This is where the Big-M method becomes a powerful tool for solving such LP
problems.

Before diving into the solution process, let's understand the core components of the problem:

- Objective Function: Maximize Z = 1104x1 + 138x2
- Decision Variables: x1, x2 (which are typically non-negative)
- Constraints: These define the feasible region for the decision variables, such as resource limitations
or other restrictions.

In the absence of explicit constraints in the initial statement, we will consider a typical set of
constraints to illustrate the use of the Big-M method effectively.

---

Formulating the Problem with Constraints

Suppose the LP problem includes the following constraints:

1. 3x1 + 2x2 ≤ 18
2. x1 + x2 ≥ 4
3. x1, x2 ≥ 0

To apply the Big-M method, the problem must be expressed in standard form, which involves:

- Converting inequalities into equalities



- Introducing slack, surplus, and artificial variables as needed

Here's how we handle each constraint:

- Constraint 1: 3x1 + 2x2 ≤ 18
Add a slack variable s1: 3x1 + 2x2 + s1 = 18, with s1 ≥ 0

- Constraint 2: x1 + x2 ≥ 4
Subtract a surplus variable s2 and add an artificial variable a1: x1 + x2 - s2 + a1 = 4, with s2 ≥ 0,
a1 ≥ 0

---

Introducing Artificial Variables and the Big-M Method

The Big-M method is used to find an initial feasible solution when the LP contains constraints that
are ≥ or = types, which do not naturally produce an obvious starting basic feasible solution. The
artificial variables are added to facilitate this process.

In our example, the artificial variable a1 is introduced in the second constraint. To ensure the LP is
feasible initially, the problem's objective function is modified by penalizing artificial variables with a
large coefficient M (a very large positive number):

Modified Objective Function:

Maximize Z = 1104x1 + 138x2 - M a1

The negative sign indicates that artificial variables are to be minimized (or their presence
penalized), ensuring that in an optimal solution, artificial variables are driven to zero if feasible
solutions exist.

---

Setting Up the Initial Simplex Tableau

Constructing the initial simplex tableau with the variables:

- Decision variables: x1, x2
- Slack variable: s1
- Artificial variable: a1

The tableau looks like this:

| Basic Variable | x1 | x2 | s1 | a1 | RHS |
|------------------|-----|-----|-----|-----|-------|
| s1 | 3 | 2 | 1 | 0 | 18 |



| a1 | 1 | 1 | 0 | 1 | 4 |
| Z (objective)| -1104 | -138 | 0 | M | 0 |

Note: The coefficients in the objective row are adjusted for the artificial variable's penalty, using -M
a1, which appears as -M in the tableau.

---

Applying the Big-M Method Step-by-Step

The solution process involves iterative pivot operations to drive artificial variables out of the basis,
aiming to reach an optimal feasible solution.

Step 1: Initialize the Tableau

Start with the initial tableau as described. The key is to select entering and leaving variables based
on the most negative coefficients in the objective row, considering the large M term.

Step 2: Identify Pivot Elements

Since artificial variables are present, the goal is to eliminate a1 from the basis:

- If the artificial variable a1 has a positive RHS, perform pivot operations to replace it with a suitable
variable that improves the objective.

Step 3: Perform Pivot Operations

- Pivot on the element in the row of a1 and the most promising column (x1 or x2) to eliminate a1.
- Update the tableau accordingly, ensuring the artificial variable's coefficient becomes zero in the
objective.

Step 4: Check for Feasibility and Optimality

- Once the artificial variables are driven out (i.e., their coefficients are zero and they are not in the
basis), check whether the solution is feasible.
- If feasible, proceed to optimize the original objective function.

Step 5: Replace Artificial Variables

- Remove artificial variables from the tableau, as they should be zero in the optimal solution.
- Continue simplex iterations to improve the objective function value until no further improvements
are possible.

---



Interpreting the Results and Final Solution

After completing the pivot operations, the final tableau should reveal the optimal values of x1 and x2
that maximize Z.

Key steps to interpret the solution:

- Read the RHS values for decision variables x1 and x2.
- Confirm that artificial variables are zero, ensuring a feasible solution.
- Calculate the maximum Z using the optimal variable values.

Sample solution (hypothetical):

- x1 = 4 (for example)
- x2 = 2
- Z = 1104 4 + 138 2 = 4416 + 276 = 4692

This indicates the maximum profit or objective value under the given constraints.

---

Advantages of the Big-M Method

The Big-M method offers several benefits when solving LP problems:

- Handles constraints with ≥ and = signs effectively
- Provides a systematic approach to find initial feasible solutions
- Compatible with the simplex method, making it versatile for various problem types

Key benefits include:

- Simplifies complex LP problems with artificial variables
- Ensures the feasibility of solutions at each iteration
- Facilitates solving problems with mixed constraints efficiently

---

Limitations and Considerations

While powerful, the Big-M method also has some limitations:

- Choice of M: Selecting an excessively large M can cause computational issues such as numerical
instability.
- Sensitivity: Solutions may be sensitive to the value of M; an inappropriate M can lead to erroneous
results.



- Complexity: Larger problems with many artificial variables may become computationally intensive.

To mitigate these issues:

- Use a sufficiently large but finite M
- Consider alternative methods like the Two-Phase Method for complex problems
- Ensure proper formulation of constraints to minimize artificial variables

---

Conclusion: Effectively Solving LP Problems with the
Big-M Method

The Big-M method is a crucial technique in linear programming, especially when dealing with
constraints that are not in a form directly compatible with the simplex method. By introducing
artificial variables and penalizing them in the objective function with a large coefficient M, this
method ensures that an initial feasible solution can be found, and the optimal solution can be
reached systematically.

In our example, maximizing Z = 1104x1 + 138x2 with the given constraints demonstrates the step-
by-step process of formulating the problem, incorporating artificial variables, setting up the initial
tableau, executing pivot operations, and interpreting the final solution.

By mastering the Big-M method, practitioners can confidently tackle a wide range of LP problems,
ensuring optimal resource allocation, cost minimization, profit maximization, and other decision-
making objectives in various industries and fields.

---

Additional Tips for Using the Big-M Method Effectively

- Carefully formulate constraints to minimize artificial variables.
- Choose M to be large enough to penalize artificial variables without causing numerical issues.
- Always verify the feasibility of the final solution, ensuring artificial variables are zero.
- Consider alternative methods like the Two-Phase method for very large or complex problems.

---
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Frequently Asked Questions

What is the primary purpose of the Big-M method in solving
linear optimization problems?
The Big-M method is used to handle problems with artificial variables, especially in cases of artificial
constraints or equalities, by assigning a large penalty (M) to ensure these variables are driven out of
the solution or to facilitate the initial feasible solution in the simplex method.

How do you set up the initial linear programming model for
maximizing Z = 1104x1 + 138x2 using the Big-M method?
First, introduce artificial variables if necessary to convert all constraints into equalities, then include
a large penalty term (M) multiplied by these artificial variables in the objective function. The initial
model incorporates these artificial variables, which are minimized or eliminated during optimization.

What steps are involved in solving the given problem using the
Big-M method?
The steps include: (1) formulating the problem with artificial variables, (2) setting up the initial
simplex tableau with the Big-M penalties, (3) performing simplex iterations to optimize Z while
penalizing artificial variables, and (4) removing artificial variables once a feasible solution is found
and the optimal solution is achieved.

How do you interpret the value of M in the Big-M method, and
what happens if artificial variables remain in the solution?
M is a very large positive number representing a penalty for artificial variables. If artificial variables
remain in the optimal solution with non-zero values, it indicates infeasibility. If they are eliminated
(zero value), the solution is feasible and optimal for the original problem.

Can the Big-M method be used for all linear programming
problems? Why or why not?
While the Big-M method can handle many problems with artificial variables, it may not be suitable
for extremely large or complex problems due to numerical instability or computational inefficiency.
Alternative methods like the two-phase method are often preferred in such cases.

In the context of maximizing Z = 1104x1 + 138x2, what types
of constraints might require the use of the Big-M method?
Constraints that are equalities or 'greater-than' inequalities may require artificial variables for
initialization, making the Big-M method necessary to find an initial feasible solution and proceed
with optimization.



What is the significance of choosing an appropriately large
value for M in the Big-M method?
Choosing M too large can cause numerical instability and computational difficulties, while choosing
it too small may not sufficiently penalize artificial variables, leading to incorrect solutions.
Therefore, M should be large enough to enforce artificial variables to exit the basis but not so large
as to cause computational issues.

Additional Resources
Linear Optimization

---

Introduction to Linear Optimization and the Big-M Method

Linear optimization, also known as linear programming (LP), is a fundamental mathematical
technique used to find the best outcome — typically maximizing profit or minimizing cost — given a
set of linear constraints and an objective function. It has widespread applications across industries
including manufacturing, logistics, finance, and supply chain management.

In this article, we explore a classic optimization problem: maximizing a linear objective function with
constraints, and solving it using the Big-M method. The Big-M method is a powerful approach to
handle problems with artificial variables, especially when dealing with constraints that are not easily
convertible into standard form.

---

The Problem Statement

Let's consider the problem:

Maximize
\[
Z = 1104x_1 + 138x_2
\]

subject to the constraints (assumed for illustration purposes):

\[
\begin{cases}
x_1 + 2x_2 \leq 100 \\
3x_1 + x_2 \geq 90 \\
x_1, x_2 \geq 0
\end{cases}
\]

Note: Since the original problem didn't specify constraints, we'll assume these for demonstration,
and the process remains similar for any set of linear constraints.



---

Step 1: Converting Constraints into Standard Form

Linear programming problems are typically formulated in standard form: all constraints as equalities
with non-negative variables.

Handling Less-Than or Equal-To Constraints

For the first constraint:

\[
x_1 + 2x_2 \leq 100
\]

introduce a slack variable \( s_1 \geq 0 \):

\[
x_1 + 2x_2 + s_1 = 100
\]

Handling Greater-Than or Equal-To Constraints

For the second constraint:

\[
3x_1 + x_2 \geq 90
\]

introduce an artificial variable \( a_1 \geq 0 \):

\[
3x_1 + x_2 - a_1 = 90
\]

Note: The minus sign indicates the artificial variable is added to the left side to convert the
inequality into an equality.

Summary of variables:

\[
x_1, x_2, s_1, a_1 \geq 0
\]

---

Step 2: Formulating the Initial LP with Artificial Variables

The LP in standard form is:

\[



\begin{cases}
x_1 + 2x_2 + s_1 = 100 \quad \text{(Slack variable)} \\
3x_1 + x_2 - a_1 = 90 \quad \text{(Artificial variable)} \\
x_1, x_2, s_1, a_1 \geq 0
\end{cases}
\]

Objective function remains:

\[
Z = 1104x_1 + 138x_2
\]

---

Step 3: The Big-M Method — Introducing the Penalty

The Big-M method modifies the objective function to penalize the artificial variables, ensuring they
are driven out of the basis during the solution process. We assign a large penalty \( M \) (a very large
positive number) to artificial variables:

\[
\text{Modified Objective:} \quad Z' = 1104x_1 + 138x_2 - M a_1
\]

The negative sign for the artificial variable in the objective indicates we want to minimize \( a_1 \)
during the solution process, effectively forcing artificial variables out of the basis.

---

Step 4: Constructing the Initial Tableau

The initial simplex tableau combines all variables, constraints, and the objective function.

| Basic Variable | \(x_1\) | \(x_2\) | \(s_1\) | \(a_1\) | RHS |
|------------------|---------|---------|---------|---------|-------|
| \(s_1\) | 1 | 2 | 1 | 0 | 100 |
| \(a_1\) | 3 | 1 | 0 | -1 | 90 |
| Z' (Objective) | -1104 | -138 | 0 | M | 0 |

Note: The coefficients in the objective row are obtained from the original objective, adjusting for
artificial variables.

---

Step 5: Performing the Simplex Method with the Big-M Technique

Step 5.1: Identify Entering Variable

Look for the most negative coefficient in the bottom row (excluding RHS):



- \(x_1\): \(-1104\)
- \(x_2\): \(-138\)

Since \(-1104 < -138\), \(x_1\) enters the basis.

Step 5.2: Determine Leaving Variable

Calculate ratios for positive coefficients in \(x_1\) column:

- For \(s_1\): \(100 / 1 = 100\)
- For \(a_1\): \(90 / 3 = 30\)

Choose the smallest ratio: 30, so \(a_1\) leaves the basis.

Step 5.3: Pivot Operation

Perform row operations to make the pivot element 1 and zeros elsewhere in the \(x_1\) column.

Pivot element: 3 (from \(a_1\) row).

- Divide the \(a_1\) row by 3:

\[
\text{New } a_1 \text{ row: } (3/3, 1/3, 0, -1/3, 30)
\]

- Update other rows to eliminate \(x_1\):

Remaining rows:

- \(s_1\): subtract 1 new \(a_1\) row:

\[
\text{New } s_1: (1 - 11, 2 - 1(1/3), 1 - 10, 0 - 1(-1/3), 100 - 130) = (0, 2 - 1/3, 1, 1/3, 70)
\]

- Objective function: add 1104 new \(a_1\) row:

\[
\text{New Z}: (-1104 + 11041, -138 + 1104(1/3), 0 + 11040, M + 1104(-1/3), 0 + 110430)
\]

Calculations:

\[
x_1: 0 \\
x_2: -138 + 368 = 230 \\
s_1: 1 \\
a_1: -368 \\
Z': 0 + 33120 \quad (\since 110430=33120)
\]



---

Step 6: Iterating Towards Optimality

Repeating similar steps, we select the next entering variable (e.g., \(x_2\)), perform pivot operations,
and update the tableau. During iterations, artificial variables will be driven out of the basis due to
the large penalty \(M\), and the solution will converge to the optimal point.

---

Step 7: Interpreting Results and Ensuring Feasibility

Once all the coefficients in the objective row are non-negative, the optimal solution is found. The
artificial variables should be zero, confirming feasibility.

The optimal values of \(x_1\) and \(x_2\) can then be read from the tableau, and the maximum value
of \(Z\) computed accordingly.

---

Advantages of the Big-M Method

- Flexibility: Handles problems with complex constraints where artificial variables are necessary.
- Guarantee of Feasibility: Ensures an initial feasible solution exists by introducing artificial
variables.
- Automation: Well-suited for implementation in LP solvers and software.

---

Limitations and Considerations

- Choice of M: Selecting an excessively large \(M\) may cause numerical instability; too small may
not penalize artificial variables effectively.
- Computational Complexity: Larger problems might require more iterations and computational
resources.
- Alternative Methods: Two-phase method is often preferred for numerical stability in large-scale
problems.

---

Conclusion

The Big-M method is a robust and systematic approach to solve linear programming problems with
difficult constraints by incorporating artificial variables and penalizing them heavily in the objective
function. Through careful formulation, tableau construction, and iterative pivoting, it guides the
solution towards optimality while ensuring feasibility.

While the detailed steps involve meticulous calculations, modern LP solvers automate this process
efficiently, making the Big-M method a cornerstone technique in operations research and
optimization.



---

Final Thoughts

Understanding and applying the Big-M method enables analysts and decision-makers to tackle
complex optimization problems confidently. Whether in manufacturing, logistics, or finance,
mastering this technique enhances problem-solving capabilities and supports strategic decision-
making with rigorous mathematical backing.

A Solve The Following Linear Optimization Problem Using The
Big M Method Maximize Z 1104x1 138x2

A Solve The Following Linear Optimization Problem Using The Big M Method Maximize Z 1104x1
138x2

Related Articles
What Was The Idea Behind European Workhouses?Criminals Should Make Some Contribution
To Society To Pay
VII. Put The Verbs In Brackets Into The Present Continuous.1. My Mother ______________(bake)
A Cake In
Which Does The Ratio 17:44 Represent?the Part-to-part Relationship Between Homework Help
And Sportsthe

Back to Home

https://sip.evo9x.com/ma28/a-solve-the-following-linear-optimization-problem-using-the-big-m-method-maximize-z-1104x1-138x2.pdf
https://sip.evo9x.com/ma28/a-solve-the-following-linear-optimization-problem-using-the-big-m-method-maximize-z-1104x1-138x2.pdf
https://sip.evo9x.com/ma28/what-was-the-idea-behind-european-workhouses-criminals-should-make-some-contribution-to-society-to-pay.pdf
https://sip.evo9x.com/ma28/what-was-the-idea-behind-european-workhouses-criminals-should-make-some-contribution-to-society-to-pay.pdf
https://sip.evo9x.com/ma28/vii-put-the-verbs-in-brackets-into-the-present-continuous-1-my-mother-bake-a-cake-in.pdf
https://sip.evo9x.com/ma28/vii-put-the-verbs-in-brackets-into-the-present-continuous-1-my-mother-bake-a-cake-in.pdf
https://sip.evo9x.com/ma28/which-does-the-ratio-17-44-represent-the-part-to-part-relationship-between-homework-help-and-sportsthe.pdf
https://sip.evo9x.com/ma28/which-does-the-ratio-17-44-represent-the-part-to-part-relationship-between-homework-help-and-sportsthe.pdf
https://sip.evo9x.com

