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multivariable calculus, enabling us to approximate complex functions with
polynomial expressions that are easier to analyze and compute. When dealing
with functions of two variables, such as F(x, y), Taylor’s formula provides a
systematic way to develop these approximations around a specific point—often
the origin—by leveraging derivatives of the function at that point. This
approach is especially valuable near the origin, where the behavior of the
function can be captured effectively through quadratic (second-order) and
cubic (third-order) polynomial approximations. These approximations serve as
powerful tools in various fields, including physics, engineering, and data
science, where understanding the local behavior of functions is essential.

---

Understanding Taylor's Formula for
Multivariable Functions

What is Taylor’s Formula in Two Variables?

Taylor’s formula for functions of two variables, F(x, y), extends the idea of
Taylor series from single-variable calculus. It expresses a function as an
infinite sum of terms involving derivatives evaluated at a point—often the
origin (0,0)—and powers of (x - a) and (y - b). When centered at the origin,
the formula simplifies to:

\[
F(x, y) \approx F(0, 0) + \nabla F(0, 0) \cdot \begin{bmatrix} x \\ y
\end{bmatrix} + \frac{1}{2} \begin{bmatrix} x & y \end{bmatrix} H_F(0, 0)
\begin{bmatrix} x \\ y \end{bmatrix} + \text{higher order terms}
\]

where:

- \( F(0, 0) \) is the function value at the origin,
- \( \nabla F(0, 0) \) is the gradient vector at the origin,
- \( H_F(0, 0) \) is the Hessian matrix at the origin.

This expansion provides a polynomial approximation of the function near the



origin, capturing its local behavior.

Why Use Taylor’s Formula for Approximations?

- Simplification: It replaces complex functions with polynomial forms.
- Local Analysis: It describes the function behavior near a specific point.
- Predictive Power: It helps estimate the function’s value at points close to
the expansion point.
- Analytical Insights: It reveals information about the function’s curvature
and critical points.

---

Steps to Find Quadratic and Cubic
Approximations Using Taylor’s Formula

1. Calculate the Function’s Value at the Origin

Begin by determining \( F(0,0) \). This is simply the value of the function
at the origin.

2. Compute First-Order Partial Derivatives

Calculate \( F_x(0,0) \) and \( F_y(0,0) \), the partial derivatives with
respect to x and y, evaluated at the origin. These form the components of the
gradient vector.

3. Compute Second-Order Partial Derivatives

Find all second derivatives: \( F_{xx}(0,0) \), \( F_{xy}(0,0) \), and \(
F_{yy}(0,0) \). These form the Hessian matrix:

\[
H_F(0, 0) = \begin{bmatrix}
F_{xx}(0, 0) & F_{xy}(0, 0) \\
F_{xy}(0, 0) & F_{yy}(0, 0)
\end{bmatrix}
\]



4. (Optional) Compute Third-Order Partial
Derivatives for Cubic Approximation

Calculate all third derivatives such as \( F_{xxx} \), \( F_{xxy} \), \(
F_{xyy} \), and \( F_{yyy} \) evaluated at the origin. These are necessary
for the cubic approximation.

5. Assemble the Approximations

- Quadratic Approximation:

\[
Q(x, y) = F(0, 0) + F_x(0, 0) x + F_y(0, 0) y + \frac{1}{2} \left( F_{xx}(0,
0) x^2 + 2 F_{xy}(0, 0) xy + F_{yy}(0, 0) y^2 \right)
\]

- Cubic Approximation:

\[
C(x, y) = Q(x, y) + \frac{1}{6} \left( F_{xxx}(0, 0) x^3 + 3 F_{xxy}(0, 0)
x^2 y + 3 F_{xyy}(0, 0) x y^2 + F_{yyy}(0, 0) y^3 \right)
\]

---

Practical Example of Finding Approximations

Suppose \( F(x, y) = e^{xy} \). To find the quadratic and cubic
approximations at the origin:

Step 1: Function value at the origin

\[
F(0, 0) = e^{0 \times 0} = 1
\]

Step 2: First derivatives

\[
F_x = y e^{xy} \quad \Rightarrow \quad F_x(0, 0) = 0
\]
\[



F_y = x e^{xy} \quad \Rightarrow \quad F_y(0, 0) = 0
\]

Step 3: Second derivatives

\[
F_{xx} = y^2 e^{xy} \quad \Rightarrow \quad 0
\]
\[
F_{yy} = x^2 e^{xy} \quad \Rightarrow \quad 0
\]
\[
F_{xy} = e^{xy} + xy e^{xy} \quad \Rightarrow \quad 1
\]

Step 4: Third derivatives (for cubic approximation)

Calculations lead to derivatives like \( F_{xxx} = y^3 e^{xy} \), which at
the origin are 0, and similar for others.

Step 5: Write the approximations

- Quadratic Approximation:

\[
Q(x, y) = 1 + 0 \times x + 0 \times y + \frac{1}{2} (0 \times x^2 + 2 \times
1 \times xy + 0 \times y^2) = 1 + xy
\]

- Cubic Approximation:

Since third derivatives at the origin are 0 in this case, the cubic
approximation reduces to the quadratic approximation.

---

Applications of Quadratic and Cubic
Approximations

Approximate functions using Taylor’s formula in various contexts:

- Optimization: Identifying local maxima, minima, and saddle points.



- Numerical Analysis: Estimating function values and derivatives.
- Physics: Modeling potential energy surfaces near equilibrium points.
- Economics: Linearizing complex models for analysis.
- Machine Learning: Developing local approximations in optimization
algorithms.

---

Key Points to Remember

- Taylor’s formula provides polynomial approximations of multivariable
functions near a point.
- The quadratic approximation includes up to second derivatives, capturing
curvature.
- The cubic approximation incorporates third derivatives, providing a more
refined local model.
- These approximations are valid near the expansion point, with accuracy
decreasing farther away.
- Computing derivatives at the origin is essential to build accurate
approximations.

---

Conclusion

Using Taylor’s formula for \( F(x, y) \) at the origin is a powerful method
for deriving quadratic and cubic approximations that reveal the local
behavior of functions in two variables. By systematically calculating the
necessary derivatives at the origin and assembling the polynomial terms, we
can approximate complex functions with simple expressions that facilitate
analysis, computation, and decision-making across various scientific and
engineering disciplines. Mastery of this technique enhances our ability to
analyze multivariable functions effectively, providing insights into their
structure and behavior near points of interest.

---
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Frequently Asked Questions



What is Taylor's formula for a function of two
variables at the origin?
Taylor's formula for a function F(x, y) at the origin approximates F near (0,
0) using partial derivatives: F(x, y) ≈ F(0, 0) + F_x(0, 0)x + F_y(0, 0)y +
(1/2)[F_xx(0, 0)x^2 + 2F_xy(0, 0)xy + F_yy(0, 0)y^2] + ... , where
derivatives are evaluated at (0, 0).

How do you use Taylor's formula to find quadratic
approximations of F near the origin?
To obtain the quadratic approximation, include terms up to second derivatives
in the Taylor expansion: F(x, y) ≈ F(0, 0) + F_x(0, 0)x + F_y(0, 0)y +
(1/2)[F_xx(0, 0)x^2 + 2F_xy(0, 0)xy + F_yy(0, 0)y^2].

What modifications are made to Taylor's formula to
derive cubic approximations near the origin?
For cubic approximations, include third-order derivatives in the Taylor
expansion: add terms involving F_xxx, F_xxy, F_xyy, and F_yyy evaluated at
(0, 0), multiplied by x^3, x^2 y, xy^2, and y^3 respectively.

Why is it important to evaluate derivatives at the
origin when using Taylor's formula for
approximations?
Evaluating derivatives at the origin ensures the approximations accurately
reflect the behavior of the function near (0, 0), providing the best local
quadratic or cubic estimate based on the function's local rates of change.

Can Taylor's formula be used for functions of more
than two variables, and how does this affect
approximations?
Yes, Taylor's formula extends to functions of multiple variables. The
approximation involves partial derivatives of higher order, increasing in
complexity, but the principle remains the same—using derivatives at the point
of expansion to approximate the function locally.

What are the practical applications of quadratic and
cubic Taylor approximations in multivariable
calculus?
These approximations are used for analyzing local behavior of functions,
optimizing functions (finding maxima/minima), solving differential equations
approximately, and in numerical methods like Newton's method for



multivariable systems.

How do you determine the accuracy of quadratic or
cubic approximations obtained via Taylor's formula?
The accuracy depends on how close the point (x, y) is to the origin; higher-
order terms neglected become smaller near the expansion point. Error
estimates can be obtained using remainder terms in Taylor's theorem, which
gauge the approximation's precision.

Additional Resources
Use Taylor's Formula For F(x,y) At The Origin To Find Quadratic And Cubic
Approximations Of F Near The

---

Introduction

In the realm of multivariable calculus, the ability to approximate functions
near a specific point is fundamental for both theoretical analysis and
practical applications. Taylor's formula offers a powerful tool to construct
polynomial approximations of functions based on their derivatives at a point,
often chosen as the origin for simplicity and symmetry. This article delves
into the detailed process of using Taylor's formula for a function \( F(x,y)
\) at the origin to derive quadratic and cubic approximations of \( F \) in
the vicinity of that point.

This exploration aims to provide a comprehensive understanding of the
methodology, the underlying mathematical principles, and the applications of
these approximations. Whether for advanced calculus, numerical analysis, or
applied mathematics, mastering Taylor expansions in multiple variables is
essential for precise function modeling and analysis.

---

The Foundations of Taylor's Formula in Multiple Variables

Background and Motivation

Taylor's theorem in single-variable calculus provides a polynomial that
approximates a smooth function near a point. Extending this concept to
functions of multiple variables, such as \( F(x,y) \), involves incorporating
partial derivatives with respect to each variable and their interactions. The
multivariable Taylor's theorem enables the approximation of \( F \) near a
point \( (x_0, y_0) \), commonly taken as \( (0,0) \), by a polynomial whose
coefficients are derivatives of \( F \) at that point.

Formal Statement



For a function \( F(x,y) \) that is sufficiently differentiable in a
neighborhood of \( (0,0) \), the Taylor expansion up to order \( n \) at the
origin is:

\[
F(x,y) = F(0,0) + \nabla F(0,0) \cdot (x,y) + \frac{1}{2!} \begin{bmatrix} x
& y \end{bmatrix} H_F(0,0) \begin{bmatrix} x \\ y \end{bmatrix} + \dots +
R_n(x,y)
\]

where:

- \( \nabla F(0,0) \) is the gradient vector at the origin,
- \( H_F(0,0) \) is the Hessian matrix at the origin,
- \( R_n(x,y) \) is the remainder term of order \( n+1 \).

Explicitly, the Taylor series expansion up to cubic order involves
derivatives up to third order.

---

Computing the Taylor Expansion at the Origin

Step 1: Evaluate Function and Derivatives at the Origin

To construct the polynomial approximations, the first step involves
calculating:

- \( F(0,0) \),
- First partial derivatives \( F_x(0,0) \), \( F_y(0,0) \),
- Second partial derivatives \( F_{xx}(0,0) \), \( F_{xy}(0,0) \), \(
F_{yy}(0,0) \),
- Third partial derivatives \( F_{xxx}(0,0) \), \( F_{xxy}(0,0) \), \(
F_{xyy}(0,0) \), \( F_{yyy}(0,0) \).

These derivatives can be obtained analytically if \( F \) is explicitly known
or through numerical differentiation techniques if the function is given
numerically or as data.

Step 2: Construct the Quadratic Approximation

The quadratic approximation \( Q(x,y) \) of \( F \) near the origin is:

\[
Q(x,y) = F(0,0) + F_x(0,0) x + F_y(0,0) y + \frac{1}{2} \left[ F_{xx}(0,0)
x^2 + 2 F_{xy}(0,0) xy + F_{yy}(0,0) y^2 \right]
\]

This polynomial captures the behavior of \( F \) up to second order near \(
(0,0) \).



Step 3: Construct the Cubic Approximation

Extending to third order, the cubic approximation \( C(x,y) \) includes third
derivatives:

\[
\begin{aligned}
C(x,y) =\ & F(0,0) + F_x(0,0) x + F_y(0,0) y \\
& + \frac{1}{2} \left[ F_{xx}(0,0) x^2 + 2 F_{xy}(0,0) xy + F_{yy}(0,0) y^2
\right] \\
& + \frac{1}{6} \left[ F_{xxx}(0,0) x^3 + 3 F_{xxy}(0,0) x^2 y + 3
F_{xyy}(0,0) x y^2 + F_{yyy}(0,0) y^3 \right]
\end{aligned}
\]

This offers an even finer approximation, capturing curvature and torsion
effects of \( F \) near the origin.

---

Practical Application: Step-by-Step Example

Suppose we are given a function:

\[
F(x,y) = e^{xy} \sin(x + y)
\]

The goal is to find quadratic and cubic approximations of \( F \) near \(
(0,0) \).

Step 1: Compute \( F(0,0) \)

\[
F(0,0) = e^{0} \sin(0) = 1 \times 0 = 0
\]

Step 2: Derivatives at the origin

- First derivatives:

\[
F_x = e^{xy} y \sin(x + y) + e^{xy} \cos(x + y)
\]

\[
F_y = e^{xy} x \sin(x + y) + e^{xy} \cos(x + y)
\]

At \( (0,0) \):



\[
F_x(0,0) = 0 + 1 \times 1 = 1
\]
\[
F_y(0,0) = 0 + 1 \times 1 = 1
\]

- Second derivatives:

Calculating \( F_{xx} \), \( F_{xy} \), \( F_{yy} \) at \( (0,0) \):

\[
F_{xx}(0,0) = \frac{\partial}{\partial x} F_x \big|_{(0,0)}
\]
Similarly for others. These involve differentiating \( F_x \) and \( F_y \),
evaluating at zero.

Assuming the derivatives are computed (details omitted here for brevity),
suppose:

\[
F_{xx}(0,0) = 0, \quad F_{xy}(0,0) = 1, \quad F_{yy}(0,0) = 0
\]

- Third derivatives follow similarly.

Step 3: Write the quadratic approximation

\[
Q(x,y) = 0 + 1 \times x + 1 \times y + \frac{1}{2} [ 0 \times x^2 + 2 \times
1 \times xy + 0 \times y^2 ] = x + y + xy
\]

Step 4: Write the cubic approximation

Including third derivatives, suppose:

\[
F_{xxx}(0,0) = 0,\quad F_{xxy}(0,0) = 0,\quad F_{xyy}(0,0) = 0,\quad
F_{yyy}(0,0) = 0
\]

then the cubic approximation simplifies to:

\[
C(x,y) = xy + \text{(higher order terms involving third derivatives)}
\]

which, in this hypothetical example, reduces to the quadratic approximation
as the third derivatives are zero.



---

Significance and Applications

Function Analysis and Modeling

Taylor approximations are instrumental in examining the local behavior of
functions—identifying critical points, saddle points, or inflection points—by
analyzing derivatives encoded in the polynomial approximations.

Numerical Methods and Computations

In numerical analysis, these polynomial approximations facilitate the
development of algorithms for function evaluation, root-finding, and
optimization, especially when the exact form of the function is complex or
computationally expensive to evaluate directly.

Engineering and Physical Sciences

Physics, engineering, and economics often rely on local linearization and
quadratic/tangent approximations to simplify complex models, enabling
engineers and scientists to analyze system stability, response, and
sensitivity.

---

Limitations and Considerations

While Taylor's polynomial provides valuable local approximations, its
accuracy diminishes as one moves further from the expansion point, especially
in the presence of singularities or non-smooth behavior. Moreover, the
calculation of higher-order derivatives can be challenging or impractical for
complicated functions, necessitating numerical differentiation or alternative
approximation methods such as Padé approximants.

---

Conclusion

Using Taylor's formula for \( F(x,y) \) at the origin to find quadratic and
cubic approximations is a fundamental technique in multivariable calculus,
offering insight into the local geometry and behavior of functions. The
process involves computing derivatives at the expansion point, constructing
polynomial expressions that encapsulate the function's behavior up to desired
orders, and applying these approximations in analysis and computational
contexts.

Mastery of this methodology enhances one's ability to analyze complex
functions, facilitate numerical computations, and develop models that
accurately reflect real-world phenomena
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