Use The Method Of Cylindrical Shells
To Find The Volume V Of The Solid
Obtained By Rotating The Region

Use The Method Of Cylindrical Shells To Find The Volume V Of The Solid
Obtained By Rotating The Region is a fundamental technique in calculus for
calculating the volume of solids of revolution. When dealing with problems
involving the rotation of a region around an axis, the method of cylindrical
shells provides an efficient and often simpler alternative to the disk/washer
method, especially when the region is described better in terms of the
variable perpendicular to the axis of rotation. This article explores the
concept thoroughly, offering detailed explanations, step-by-step procedures,
and practical examples to help students and professionals master this
important calculus technique.

Understanding the Method Of Cylindrical Shells

What Is The Method Of Cylindrical Shells?

The method of cylindrical shells is a technique used to find the volume of a
solid of revolution by integrating the volume of many thin cylindrical shells
that compose the solid. Instead of slicing the region into disks or washers
perpendicular to the axis of rotation, this method involves slicing the
region into vertical or horizontal strips and revolving each strip around an
axis to form a shell.

Key idea:

Imagine wrapping each infinitesimal strip of the region around the axis of
rotation, creating a hollow cylindrical shell. The total volume of the solid
is then obtained by integrating the volume contributions of all these shells.

Why Use The Method Of Cylindrical Shells?

The method is particularly advantageous when:

- The region's boundaries are more easily expressed as functions of the
variable perpendicular to the axis of rotation.

- The axis of rotation is parallel to the boundary lines, simplifying the
integral setup.

- The disk/washer method becomes complicated due to the shape of the region
or the axis of rotation.

Advantages include:
- Simplification of the integral setup.
- Better handling of regions with complicated boundaries.



- Flexibility when rotating around vertical or horizontal axes.

Step-by-Step Procedure To Find Volume Using
Cylindrical Shells

Step 1: Identify the region and axis of rotation

- Clearly define the region in the xy-plane.

- Determine whether the region is bounded by functions y = f(x) or x = g(y).
- Decide the axis of rotation (e.g., x-axis, y-axis, or any
vertical/horizontal line).

Step 2: Choose the variable of integration

- Decide whether to integrate with respect to x or y based on the orientation
of the region and axis.

- Typically, if rotating around a vertical line, it's easier to integrate
with respect to x; for horizontal lines, integrate with respect to vy.

Step 3: Determine the radius and height of each
shell

- For each shell, the radius is the distance from the axis of rotation to the
shell.
- The height is determined by the boundary functions defining the region.

Step 4: Write the volume of a typical shell

The volume of each shell is given by:

\ [

dV = 2\pi \times (\text{radius}) \times (\text{height}) \times
(\text{thickness})

\1]

where the thickness is an infinitesimal change in the variable of integration
(dx or dy).

Step 5: Set up and evaluate the integral

- Integrate the shell volume expression over the bounds that cover the
region.

- Sum all shells to find the total volume:

\ [

V = \int {a}"{b} 2\pi \times (\text{radius}) \times (\text{height}) \, dx



\1]
or
\ [
V = \int {c}™{d} 2\pi \times (\text{radius}) \times (\text{height}) \, dy
\1]

Practical Example: Calculating Volume Using
Cylindrical Shells

Problem Statement

Find the volume of the solid obtained by rotating the region bounded by the
curves \(y = x*2 \) and \( y = 4 \), around the y-axis.

Step 1: Visualize the region

- The region is bounded above by \( y = 4 \) and below by \( y = x*2 \).
- The region extends horizontally from \( x = -2 \) to \( x = 2 \) because at
Ny =41\), \( x=\pm2\).

Step 2: Choose the variable of integration

- Since rotating around the y-axis (a vertical line), it's easier to
integrate with respect to x.

Step 3: Find the radii and heights of shells

- Radius: For a shell at a given x, the distance from the y-axis is \( r =
Ix[ \).

- Height: The height of each shell corresponds to the difference in y-values,
which is \( y {top} - y {bottom} =4 - x*2 \).

Step 4: Write the volume element

- The infinitesimal volume of a shell:

;6 = 2\pi r \times \text{height} \times dx = 2\pi |x]| (4 - x"2) dx

T]Because the region is symmetric about the y-axis, we can compute from 0 to
2 and double the result:

>[= 2 \times \int {0}"{2} 2\pi x (4 - x"2) dx

;1 directly integrate from -2 to 2:



\ [
Vo= \int {-2}7{2} 2\pi |x| (4 - x*2) dx
\1

Step 5: Compute the integral

- Due to symmetry, focus on \( x \ge 0 \):

\ [

V = 2 \times \int {0}7{2} 2\pi x (4 - x"2) dx = 4\pi \int {0}"{2} x (4 - x°2)
dx

T]Simplify the integral:

b[z 4\pi \int_{0}"{2} (4x - x"3) dx

T]Integrate term-by-term:

§[= A\pi \left[ 2x*2 - \frac{x"4}{4} \right] 0~{2}
T]Evaluate at bounds:

\ [

V = 4\pi \left[ 2 \times 272 - \frac{274}{4} \right] = 4\pi \left[ 2 \times 4
- \frac{16}{4} \right] = 4\pi (8 - 4) = 4\pi \times 4 = 16\pi
\1]

Final answer:

\ [
\boxed{

V = 16\pi
}

\1

This example highlights how the method of cylindrical shells simplifies the
calculation by converting the problem into an integral over x, leveraging
symmetry, and directly using the shell formula.

Additional Tips For Applying The Method Of
Cylindrical Shells

- Always visualize the region and axis of rotation before setting up the
integral.

- Check whether integrating with respect to x or y simplifies the process.
- Be aware of the symmetry in the region to reduce computational effort.

- Carefully determine the limits of integration based on the region's
boundaries.

- When the region is bounded by multiple curves, express the height and



radius in terms of the variable of integration.

Common Applications Of The Method Of
Cylindrical Shells

- Calculating volumes of solids generated by rotating regions around axes
parallel to the coordinate axes.

- Solving problems involving rotational volumes in engineering and physical
sciences.

- Analyzing the shape and volume of objects in manufacturing and design.

Conclusion

The method of cylindrical shells is a powerful and versatile technique in
integral calculus for finding volumes of solids of revolution. By focusing on
cylindrical shells created by revolving a region around an axis, it provides
an alternative to the disk/washer method that can be more straightforward
depending on the shape of the region and the axis of rotation. Mastery of
this technique involves understanding the geometric interpretation, carefully
setting up the integral, and performing accurate calculations. With practice
and proper visualization, the method of shells becomes an invaluable tool in
the calculus toolkit for solving a wide range of volume problems efficiently
and accurately.
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Frequently Asked Questions

What is the method of cylindrical shells used for in



calculating volumes?

The method of cylindrical shells is used to find the volume of a solid of
revolution by integrating the lateral surface areas of cylindrical shells
formed when a region is revolved around an axis.

How do you set up the integral for the volume using
the cylindrical shells method?

To set up the integral, identify the region's bounds, determine the radius
and height of each shell, and then integrate the product of 2m times the
radius and height over the interval of interest.

What are the key steps to apply the cylindrical
shells method for a given region?

The key steps include: 1) Sketching the region and the axis of rotation, 2)
Expressing the radius and height of shells as functions of the variable of
integration, 3) Setting up and evaluating the integral for volume.

When should you prefer the shells method over the
disk or washer method?

The shells method is preferable when the region is more easily described in
terms of horizontal slices or when revolving around a vertical axis,
especially if the washer method leads to complicated integrals.

Can the shells method be used for rotation around
any axis?

Yes, the shells method can be adapted for rotations around vertical or
horizontal axes, but the setup of the integral varies depending on the axis
of revolution.

What is the formula for the volume using cylindrical
shells when rotating around the y-axis?

V = [ {a}*{b} 2m x h(x) dx, where x is the radius from the y-axis to the
shell, and h(x) is the height of the shell.

How do you determine the limits of integration when
using shells?

The limits of integration are determined by the bounds of the region in the
variable you're integrating with respect to, often derived from the x- or y-
coordinates of the region.



What are common mistakes to avoid when applying the
shells method?

Common mistakes include incorrectly identifying the radius and height of
shells, mixing up variables of integration, and not adjusting the limits of
integration properly for the region.

Can the method of cylindrical shells be combined
with other methods for complex regions?

Yes, for complex regions, the shells method can be combined with other
techniques like washers or slices to simplify the volume calculation,
especially when the region's shape varies significantly.

Additional Resources

Use The Method Of Cylindrical Shells To Find The Volume V O0f The Solid
Obtained By Rotating The Region is a powerful technique in calculus for
determining the volume of a solid formed when a region in the plane is
revolved around an axis. This method is particularly advantageous when
dealing with regions that are better described in terms of horizontal or
vertical slices, especially when the disk or washer methods become
cumbersome. Understanding how to effectively apply the method of cylindrical
shells can deepen your grasp of volume calculations and expand your problem-
solving toolkit in integral calculus.

Introduction to the Method of Cylindrical Shells

In calculus, calculating the volume of a solid of revolution typically
involves slicing the region into smaller parts and summing their individual
contributions. There are primarily two methods:

- Disk/Washer Method: Good for regions where cross-sections perpendicular to
the axis of rotation are disks or washers.

- Cylindrical Shells Method: Often more convenient when the slices are
parallel to the axis of rotation and the region's description aligns
naturally with cylindrical shells.

The method of cylindrical shells involves imagining the solid as composed of

hollow cylinders (or shells), each with a certain radius, height, and
thickness, and summing their volumes.

When to Use The Method O0f Cylindrical Shells



The cylindrical shells method shines in specific scenarios, especially when:

- The region is bounded by curves that are functions of x, making vertical
slices more natural.

- The axis of revolution is vertical, such as the y-axis.

- The region's description makes the shell method simpler compared to the
disk/washer method.

Advantages include:

- Simplifies integrals when the region's boundaries are functions of x (or vy,
if rotating around a horizontal axis).

- Avoids complex algebra associated with washers when the region is not
easily expressed as disks.

Step-by-Step Guide to Applying The Method Of Cylindrical Shells
1. Understand the Region and Axis of Rotation
Begin by carefully visualizing the region you are revolving. Clarify:

- The boundaries of the region (curves, lines).
- The axis of rotation (vertical or horizontal).

Example:
Suppose the region is bounded by y = x*2 and y = 4, between x = 0 and x = 2,
rotated around the y-axis.

2. Set Up the Shells

Imagine slicing the region into vertical strips (if rotating around a
vertical axis). Each strip:

- Has a small width dx.
- Forms a cylindrical shell when revolved around the axis.

Determine:

- The radius of each shell: distance from the shell to the axis of rotation.
- The height of each shell: the length of the region in the direction
perpendicular to the axis.

3. Express the Shell Variables

- Radius (r): The distance from the shell to the axis of rotation.

- Height (h): The length of the strip in the direction perpendicular to the
axis.

- Thickness (dy or dx): The width of the shell, which becomes the
differential element in the integral.



4. Write the Volume Element
The volume of each shell is approximately:

\[ dV = 2\pi \times (\text{radius}) \times (\text{height}) \times
(\text{thickness}) \]

In terms of variables:

\[ dV = 2\pi r h \, dx \quad \text{or} \quad dV = 2\pi r h \, dy \]
depending on the orientation.

5. Integrate Over the Region

Set the limits of integration based on the bounds of the region. Sum all
shell volumes:

\[ V = \int {a}~{b} 2\pi r h \, dx \quad \text{(or)} \quad V = \int {c}"{d}
2\pi r h \, dy \]

Practical Example: Volume of a Revolved Region
Let's apply the method to a concrete example for clarity.
Example Problem:

Find the volume of the solid obtained by rotating the region bounded by y =
X2, y =4, and x = 0, around the y-axis.

Step 1: Visualize and Boundaries

- The region is between x=0 and x=2 (since x"2=4 at x=2).
- y varies from x™2 up to 4.

- Axis of rotation: y-axis (x=0).

Step 2: Choose the Shell Method

Since the region is bounded by x, and we're rotating around the y-axis, the
shell method naturally involves vertical slices at x.

Step 3: Set Up the Shells
- For a small x, the shell:
- Radius: \( r = x \) (distance from y-axis).

- Height: \( h y {top} - y {bottom} =4 - x"2 \).
- Thickness: \( dx \).



Step 4: Write the Volume Integral

\[V

\int {x=0}"{x=2} 2\pi \times x \times (4 - x7*2) \, dx \]
Step 5: Compute the Integral

\ [
V = 2\pi \int 072 x (4 - x72) \, dx
\1]
\ [
V = 2\pi \int 072 (4x - x"3) \, dx
\1]

Calculate the integral:

\ [

V = 2\pi \left[ 2x72 - \frac{x™4}{4} \right] 072
\1

Plug in the bounds:

\ [

V = 2\pi \left( 2 \times 272 - \frac{274}{4} \right) = 2\pi \left( 2 \times 4
- \frac{16}{4} \right) = 2\pi (8 - 4) = 2\pi \times 4 = 8\pi

\1

Answer: The volume \( V = 8\pi \).

Common Variations and Tips

Rotating Around Horizontal Axes

When rotating around a horizontal line (like y=constant), the method adjusts:
- Use horizontal slices with thickness dy.

- Radius: horizontal distance to the axis.

- Height: length of the region in x.

Regions Bounded by Curves of Different Types

If the region's boundaries are more complex, consider:

- Splitting the region into parts where functions are monotonic.
- Setting up separate integrals for each part.

When to Prefer Shells Over Disks

Use shells when:



- The slices are parallel to the axis of rotation.
- The region's description as functions of x (for y-axis rotation) or y (for
x-axis rotation) simplifies the integral.

Summary and Best Practices

- Visualize the region carefully before choosing the method.

- Identify the axis of rotation to determine whether shells or disks are more
convenient.

- For shells, set up the integral using the radius and height corresponding
to the shells.

- Always determine the correct limits of integration based on the region.

- Simplify integrals by choosing the variable (x or y) that leads to easier
algebra.

Final Thoughts

The method of cylindrical shells is an elegant and versatile technique for
calculating volumes of solids of revolution. It leverages the geometric
intuition of hollow cylinders, making it especially useful when the region's
boundaries are better expressed as functions of x or y, and when the axis of
rotation lends itself to this approach. Mastery of this method involves
practice with a variety of problems, careful visualization, and precise
integral setup. With this understanding, you'll be able to confidently tackle
complex volume calculation problems in calculus.

Happy calculating!
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