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Understanding the behavior of functions of multiple variables is a fundamental aspect of multivariable
calculus. When analyzing the function Z = f(x, y), one of the key steps involves identifying and
classifying its critical points. These are points where the gradient of the function, Vf(x, y), is zero or
undefined. Proper classification—determining whether these points are local maxima, local minima, or
saddle points—provides critical insights into the function’s topology and optimization potential. The
second derivative test, also known as the second partial derivative test, is a powerful tool in this
classification process. This article delves into the application of the second derivative test, outlining
when and how to use it effectively to classify critical points of Z = f(x, y).

Understanding Critical Points of Z = f(x, y)

Before applying the second derivative test, it's essential to understand what critical points are and
how they relate to the function’s behavior.

What are Critical Points?

Critical points occur at points (xo, Yo) where the first partial derivatives of the function vanish:
e f X(Xo, yo) =0

e f y(Xo, yo) =0

These points are candidates for local maxima, minima, or saddle points. However, not all critical
points are maxima or minima—they can also be saddle points, where the function exhibits a change
in concavity without reaching a maximum or minimum.

Finding Critical Points

The process involves:
1. Calculating the first partial derivatives f x and f y.
2. Solving the system of equations f x =0and f y = 0.

3. ldentifying the solutions (xo, yo) as critical points.



The Second Derivative Test: An Overview

Once critical points are identified, the second derivative test helps classify their nature. This test
evaluates the second derivatives of the function to determine the local behavior around those points.

Prerequisites for the Second Derivative Test

- The function must be twice continuously differentiable in the neighborhood of the critical point.
- The critical point must be identified where the first derivatives vanish.

The Discriminant D

The core of the second derivative test involves computing the discriminant D at each critical point:
\[

D =f {xx}(x 0,y 0)\timesf {yy}(x 0,y 0)-(f {xy}(x 0,y 0))"2

\]

where:

- f_{xx} is the second partial derivative with respect to x,

-f_{yy} is the second partial derivative with respect toy,

-f {xy} (or f_{yx}) is the mixed second partial derivative.

Applying the Second Derivative Test

The classification depends on the values of f {xx}, f {yy}, and D at each critical point.

Step-by-Step Procedure

1. Compute the first partial derivatives, set them to zero, and solve for critical points.

2. Calculate the second partial derivatives at each critical point:

o f {xx}(x 0,y 0)
o f {yy}(x_0,y_0)

o f_{xy}x_0,y_0)



3. Compute the discriminant D for each critical point.

4. Classify the critical point based on the values of D, f_{xx}, and f_{yy} using the following
criteria:

Classification Criteria

eD>0:
o If f {xx}(x 0,y 0) > 0, then (xo, yo) is a local minimum.

o If f {xx}(x 0,y 0) <0, then (xo, yo) is a local maximum.

eD<O:
The critical point is a saddle point.

D=0:
The test is inconclusive; further analysis is required.

Examples lllustrating the Second Derivative Test

Example 1: Classifying a Critical Point as a Minimum
Suppose f(x, y) = Xx~2 + y™2.

1. First derivatives:
o f x =2x

ofy=2y

2. Critical point at (0, 0):

s f x(0,0) =0



o fy(0,0)=0

3. Second derivatives:
of {xx} =2
of {yy} =2

of {xy} =0

4. Discriminant:

\[
D=(2)(2)-(0)"2=4>0

\]

5. Since D > 0 and f_{xx} > 0, the critical point at (0, 0) is a local minimum.

Example 2: Classifying a Saddle Point

Let’s analyze f(x, y) = x*~2 - y"2.
1. First derivatives:
o f x =2x

ofy=-2y

2. Critical point at (0, 0):
ofx(0,0)=0

o fy(0,0)=0

3. Second derivatives:
of {xx} =2
of {yy}=-2

of {xy}=0



4. Discriminant:
\[
D=(2)(-2)-(0)"2=-4<0
\]

5. Since D < 0, the critical point at (0, 0) is a saddle point.

Limitations and When The Test Is Inconclusive

While the second derivative test is straightforward and effective, there are scenarios where it cannot
provide a definitive classification.

Inconclusive Cases

- When D = 0, the test does not indicate whether the critical point is a maximum, minimum, or saddle.
- In such cases, additional methods such as analyzing higher-order derivatives or employing
alternative techniques like the directional second derivative test are necessary.

Alternative Approaches

- Higher-Order Derivative Tests: Examine third or higher derivatives for more insight.
- Direct Graphical Analysis: Visualize the function locally to observe behavior.
- Constraint-based Methods: Use Lagrange multipliers if constraints are involved.

Summary and Best Practices

Applying the second derivative test to classify critical points of Z = f(x, y) is an essential skill in
multivariable calculus, particularly in optimization problems and understanding the topology of
functions.
Best practices include:

1. Always verify that the critical point satisfies the conditions (first derivatives zero).

2. Ensure the function is twice differentiable in the neighborhood of the critical point.

3. Calculate all relevant second derivatives accurately.



4. Use the discriminant D to determine the nature of the critical point, applying the established
criteria.

5. If D = 0, seek alternative methods to classify the point.

By mastering these steps, students and professionals can confidently analyze the critical points of
functions of two variables, gaining deeper insights into their behavior and optimizing functions
effectively.

In conclusion, the second derivative test is a vital tool for classifying critical points in multivariable
calculus. When applied correctly, it simplifies the process of distinguishing between local maxima,
minima, and saddle

Frequently Asked Questions

What is the primary purpose of the second derivative test in
classifying critical points of a function z = f(x, y)?

The second derivative test helps determine whether a critical point is a local maximum, local
minimum, or a saddle point by analyzing the signs of the second derivatives at that point.

How do you compute the second derivative test for a function
of two variables?

Calculate the second partial derivatives f xx, f yy, and the mixed partial f xy at the critical point, then
evaluate the discriminant D = f xx f yy - (f xy)”2. The value of D and f_xx determine the nature of
the critical point.

What are the conditions for classifying a critical point as a
local minimum using the second derivative test?

If D> 0andf xx > 0 at the critical point, then the point is a local minimum.

When does the second derivative test become inconclusive in
classifying critical points?

The test is inconclusive when D < 0, meaning the second derivatives do not definitively indicate a
maximum or minimum, and further analysis is required.

Can the second derivative test be applied to functions with



saddle points? How does it help identify them?

Yes, the second derivative test can identify saddle points when D < 0, indicating that the critical point
is neither a max nor a min but a saddle point where the surface curves upward in one direction and
downward in another.

Additional Resources
Use The Second Derivative Test (if Necessary) To Classify The Critical Points Of Z = f(x, y)

When analyzing the behavior of a multivariable function, understanding the nature of its critical points
is essential. Whether these points correspond to local maxima, local minima, or saddle points
provides valuable insight into the function's overall shape and the phenomena it models. One of the
most effective methods for classifying critical points of a function \( Z = f(x, y) \) is the second
derivative test, which, when necessary, offers a systematic approach for making these distinctions.
This guide will walk you through the reasoning, calculations, and interpretations behind using the
second derivative test to classify critical points of functions of two variables.

Understanding Critical Points and Their Importance

Before diving into the second derivative test, it's crucial to understand what critical points are and
why their classification matters.

What Are Critical Points?
A critical point of a function \( f(x, y) \) occurs where the gradient vector is zero:

\[
\nabla f(x, y) = \left( \frac{\partial f} {\partial x}, \frac{\partial f} {\partial y} \right) = (0, 0)
\]

At these points, the function’s rate of change in all directions is zero, indicating potential peaks,
valleys, or saddle points. However, not every critical point is a maximum or minimum; some are
saddle points where the function changes concavity.

Why Classify Critical Points?

Classifying critical points helps determine the local behavior of the function:

- Local maximum: The function attains a higher value than all nearby points.

- Local minimum: The function attains a lower value than all nearby points.

- Saddle point: The point is neither a maximum nor a minimum; the function curves upward in some

directions and downward in others.

Understanding these distinctions is vital in optimization, economic modeling, physical systems
analysis, and more.



The Second Derivative Test: An Overview

The second derivative test for functions of two variables involves examining the second-order partial
derivatives of \(f(x, y)\) at a critical point. It leverages the second derivative information to classify the
nature of the critical points.

The Discriminant \( D \)

The core of the second derivative test is the discriminant:

\[

D=f {xx}(x ¢,y c)\cdotf {yy}(x ¢,y c)-(f {xy}x c,yc)"2
\]

Where:

-\(f_{xx}\) is the second partial derivative with respect to \(x\).
-\(f_{yy}\) is the second partial derivative with respect to \( y \).
-\(f_{xy}\) (or\( f_{yx}\)) is the mixed second partial derivative.
The Classification Criteria
At a critical point \((x_c, y_c)\):
-If\(D > 0\)and \(f_{xx}(x_c, y_c) > 0)), then local minimum.
-If\(D > 0\)and \(f_{xx}(x_c, y_c) <0)), then local maximum.

(

(

)
)
-If\( D < 01), then the point is a saddle point.
-If\( D = 0)), the test is inconclusive, and further analysis is necessary.

Step-by-Step Procedure for Using the Second Derivative Test
1. Find Critical Points

- Compute the first-order partial derivatives \( f x\) and \(f_y\).
- Solve the system:

\[
\begin{cases}
f x(x,y) =0\
fy(x,y)=0
\end{cases}
\]

to find candidate critical points.
2. Calculate Second Partial Derivatives

- Determine \( f_{xx} \), \(f_{yy} \), and \( f_{xy}\) (or\(f_{yx}\)) at each critical point.



3. Compute the Discriminant \( D \)

- For each critical point, evaluate:

\[

D =f {xx} \cdot f {yy} - (f {xy})"2
\]

4. Classify Each Critical Point

- Use the criteria outlined above to classify each point based on the sign of \( D \) and the second
partial derivatives.

5. Address Inconclusive Cases
-If\( D = 0), the second derivative test does not provide a conclusive classification. In such cases,

alternative methods like analyzing higher-order derivatives or examining the function's behavior near
the critical point are necessary.

Practical Examples: Applying the Second Derivative Test

Let’s explore some concrete examples to illustrate the process.
Example 1: Function with a Local Minimum

Suppose \( f(x, y) = x~2 + y™2\).

- First derivatives:

\[

f x=2x,\quad f y =2y

\]

- Critical point:

\[

2x = 0 \Rightarrow x=0, \quad 2y=0 \Rightarrow y=0
\]

- Second derivatives:

\[

f {xx} =2,\quad f {yy} =2,\quadf {xy} =0
\]

- Discriminant:

\[

D=(2)(2)-(0)"2=4>0



\]

-Since\(D > 0\)and \(f_{xx} =2 > 0), the critical point at (0,0) is a local minimum.

Example 2: Function with a Saddle Point

Suppose \( f(x, y) = x~2 -y"~2\).

- Critical point:

\[

f x = 2x = 0 \Rightarrow x=0, \quad f_ y = -2y=0 \Rightarrow y=0
\]

- Second derivatives:

\[

f {xx} =2,\quad f {yy} =-2,\quad f {xy} =0
\]

- Discriminant:

\[

D=(2)(-2)-(0)"2=-4<0

\]

- Since \( D < 0), the critical point at (0,0) is a saddle point.

Example 3: Inconclusive Case

Suppose \(f(x, y) = x4 + y™4\).

- Critical point:

\[

f x = 4x”3 = 0 \Rightarrow x=0, \quad f_y=4y”~3=0 \Rightarrow y=0
\]

- Second derivatives:

\[

f {xx} =12x"2,\quad f {yy} = 12y~2,\quad f {xy} =0
\]

- At (0,0):

\[



D =(0)(0)-0"2=0
\]

- Since \( D=0), the second derivative test is inconclusive. Further analysis, perhaps examining
higher-order derivatives or the behavior of the function near (0,0), is necessary.

Limitations and Additional Considerations

While the second derivative test provides a powerful tool for classifying critical points, it has
limitations:

- Inconclusive Cases: When \( D = 0), the test does not give a definitive answer. Additional methods
are needed.

- Higher Dimensions: For functions of more than two variables, the analysis involves larger Hessian
matrices, and eigenvalue analysis becomes necessary.

- Boundary Points: The second derivative test applies to interior critical points; boundary points
require different approaches.

Summary: When and How to Use the Second Derivative Test

In conclusion, the second derivative test is a systematic method for classifying the nature of critical
points of a function \( Z = f(x, y) \). It involves:

- Identifying critical points via first derivatives.
- Calculating second derivatives and the discriminant \( D \).
- Applying the classification criteria based on signs of derivatives and \( D \).

If\( D > 0\), analyze \( f_{xx}\):

-\(f_{xx} > 0\): local minimum.
-\(f_{xx} < 0\): local maximum.

If\( D < 0\): saddle point.

If\( D = 0\): the test is inconclusive; further investigation is required.

Using the second derivative test effectively distinguishes between various critical points, providing
critical insights into the local behavior of multivariable functions. When applied carefully and in

conjunction with other analytical tools, it forms a cornerstone of multivariable calculus and
optimization analysis.

Final Tips for Applying the Second Derivative Test

- Always verify the critical points by solving the system of first derivatives.
- Carefully compute second derivatives, ensuring correctness.



- Interpret the discriminant \( D \) in context.
- Remember that inconclusive cases require additional analysis.
- Use graphical tools or higher-order derivatives when necessary.

By mastering this test, you gain a powerful method for dissecting the local structure of complex
functions and making informed conclusions about their behavior.
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