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Energies Of Neon In The Bcc And crystalline structures is a fundamental
problem in condensed matter physics and materials science. Understanding how
atoms interact within different crystal lattices provides insights into their
physical properties, stability, and behavior under various conditions. Neon,
a noble gas with unique atomic characteristics, presents an interesting case
for such calculations, especially when comparing its cohesive energies in
different lattice arrangements such as body-centered cubic (bcc) and face-
centered cubic (fcc) or other structures. This article aims to guide you
through the process of applying the Lennard-Jones potential to compute the
cohesive energy ratio of neon in bcc versus another structure, illustrating
the steps involved, the underlying principles, and the significance of the
calculation.

Understanding the Lennard-Jones Potential

What is the Lennard-Jones Potential?

The Lennard-Jones (LJ) potential is a mathematical model used to describe the
interaction between a pair of neutral atoms or molecules. It captures the
balance between attractive and repulsive forces that govern atomic
interactions, especially in noble gases like neon. The LJ potential is given
by:

Mathematical Expression: \( V(r) = 4\varepsilon \left[ \left(
\frac{\sigma}{r} \right)^{12} - \left( \frac{\sigma}{r} \right)^6
\right] \)

where:

- \( V(r) \) is the potential energy as a function of interatomic distance \(
r \),
- \( \varepsilon \) is the depth of the potential well (indicating bond
strength),
- \( \sigma \) is the finite distance at which the interatomic potential is
zero.

The first term \( (\sigma/r)^{12} \) models the short-range repulsive forces
caused by Pauli exclusion, while the second term \( (\sigma/r)^6 \) accounts
for the long-range attractive dispersion forces (van der Waals).



Relevance to Noble Gases like Neon

Noble gases such as neon are characterized by closed-shell electron
configurations, resulting in weak intermolecular forces primarily governed by
van der Waals interactions. The Lennard-Jones potential effectively models
these interactions, making it a valuable tool for calculating properties like
cohesive energy, melting points, and phase behavior.

Cohesive Energy and Its Significance

Defining Cohesive Energy

Cohesive energy is the amount of energy required to disassemble a solid into
its constituent free atoms, essentially measuring the strength of atomic
binding within a crystal. It is vital for understanding the stability,
melting point, and mechanical properties of materials.

Mathematically, cohesive energy per atom \( E_{coh} \) can be expressed as:

\( E_{coh} = \frac{1}{2} \sum_{j} V(r_{ij}) \)

where the sum runs over all neighboring atoms \( j \), and \( r_{ij} \) is
the distance between atoms \( i \) and \( j \).

Applying To Neon in Different Crystal Structures

Neon’s low atomic mass and weak intermolecular interactions make its cohesive
energy small compared to metals. Its atomic arrangement can adopt various
lattice structures; the most common are face-centered cubic (fcc), body-
centered cubic (bcc), and hexagonal close-packed (hcp). Calculating and
comparing the cohesive energies in these structures helps determine the most
stable arrangement under given conditions.

Calculating Cohesive Energy Using the Lennard-
Jones Potential

Step 1: Choose the Crystal Structure and Parameters

To determine the cohesive energy, select the crystal structure (e.g., bcc)
and obtain the Lennard-Jones parameters \( \varepsilon \) and \( \sigma \)
specific to neon. Typical values for neon are:

\( \varepsilon \approx 3.1 \times 10^{-3} \) eV



\( \sigma \approx 2.75 \) Å

Note: These values are approximate and derived from experimental data or
literature.

Step 2: Identify Neighbor Shells and Lattice Geometry

Each lattice structure has a set of neighbor shells characterized by their
distances from a reference atom. For a bcc lattice:

First neighbor distance: \( r_1 = \frac{\sqrt{3}}{2}a \)

Second neighbor distance: \( r_2 = a \)

Third neighbor distance: \( r_3 = \frac{\sqrt{11}}{2}a \)

where \( a \) is the lattice parameter.

Similarly, for the other structure (e.g., fcc), neighbor distances differ,
affecting the sum over interactions.

Step 3: Calculate the Lattice Sum of the Lennard-
Jones Potential

The cohesive energy per atom is obtained by summing the contributions from
all neighbor shells:

\[
E_{coh} = \frac{1}{2} \sum_{i} z_i V(r_i)
\]

where:

- \( z_i \) is the coordination number (number of neighbors in the \( i^{th}
\) shell),
- \( r_i \) is the interatomic distance for that shell.

The factor \( 1/2 \) avoids double-counting interactions.

For the bcc lattice:

Number of first neighbors: \( z_1 = 8 \)

Number of second neighbors: \( z_2 = 6 \)

Number of third neighbors: \( z_3 = 12 \)

Insert these into the sum:



\[
E_{coh}^{bcc} = \frac{1}{2} \left( z_1 V(r_1) + z_2 V(r_2) + z_3 V(r_3) +
\dots \right)
\]

In practice, summing over multiple shells yields a convergent value for the
cohesive energy.

Step 4: Simplify the Calculation Using the LJ
Potential Expression

Using the LJ formula:

\[
V(r_i) = 4 \varepsilon \left[ \left( \frac{\sigma}{r_i} \right)^{12} - \left(
\frac{\sigma}{r_i} \right)^6 \right]
\]

and substituting into the sum, we get:

\[
E_{coh}^{bcc} = 2 \varepsilon \sum_{i} z_i \left[
\left(\frac{\sigma}{r_i}\right)^{12} - \left(\frac{\sigma}{r_i}\right)^6
\right]
\]

The sum over multiple shells can be performed numerically, considering the
specific distances \( r_i \) relative to the lattice parameter \( a \).

Calculating the Ratio of Cohesive Energies in
Different Structures

Step 5: Repeat for the Other Structure (e.g., fcc)

Similarly, for fcc or other lattices, identify neighbor shells, their
distances, and coordination numbers. Compute the cohesive energy \(
E_{coh}^{other} \) using the same approach.

Step 6: Obtain the Ratio

Once you have the cohesive energies \( E_{coh}^{bcc} \) and \(
E_{coh}^{other} \):

\[
\boxed{
\text{Cohesive Energy Ratio} = \frac{E_{coh}^{bcc}}{E_{coh}^{other}}
}
\]



This ratio indicates the relative stability of neon in the bcc structure
compared to the other arrangement.

Implications and Practical Considerations

Interpreting the Ratio

- A ratio greater than 1 suggests that the bcc structure is more stable
energetically.
- A ratio less than 1 indicates the other structure is more stable.
- The actual stability depends on the specific atomic interactions and
external conditions such as temperature and pressure.

Limitations of the Lennard-Jones Model

While the Lennard-Jones potential provides a useful approximation, it has
limitations:

Neglects many-body interactions and polarization effects.

Assumes pairwise additivity, which may not be accurate at high
densities.

Parameters \( \varepsilon \) and \( \sigma \) are approximations and may
vary with environment.

Advanced methods, such as ab initio calculations or empirical potentials, can
refine these estimates.

Conclusion

Using the Lennard-Jones potential to calculate the cohesive energies of neon
in different crystal structures allows for an insightful comparison of their
relative stabilities. By identifying neighbor shells, summing the pairwise
interactions, and carefully considering the lattice geometries, scientists
can derive the ratio of cohesive energies for neon in bcc versus other
arrangements. This approach not only enhances our understanding of noble gas
solids but also exemplifies how theoretical models underpin the study of
condensed matter physics.

Understanding these ratios

Frequently Asked Questions



What is the Lennard-Jones potential and how is it
used to calculate cohesive energies?

The Lennard-Jones potential is a mathematical model describing the
interaction between a pair of neutral atoms or molecules, characterized by a
balance of attractive and repulsive forces. It is used to estimate cohesive
energies by summing these interactions over all atomic pairs in a crystal
lattice, allowing calculation of the total cohesive energy per atom.

How does the crystal structure of Neon influence the
calculation of cohesive energies using the Lennard-
Jones potential?

Neon typically forms a face-centered cubic (FCC) structure, but if
considering a hypothetical BCC structure, the atomic arrangement affects the
number of nearest neighbors and interatomic distances, which are key
parameters in summing the Lennard-Jones potential to determine cohesive
energies.

Why is calculating the ratio of cohesive energies
between BCC and FCC structures important for Neon?

Calculating this ratio helps understand which crystal structure is
energetically more favorable for Neon under different conditions, providing
insights into phase stability and potential structural transformations.

What parameters of the Lennard-Jones potential are
needed to compute the cohesive energy of Neon?

The key parameters are the depth of the potential well (ε) and the finite
distance at which the interatomic potential is zero (σ). These parameters,
along with atomic density and lattice geometry, are used to compute the
cohesive energy.

How does the coordination number in BCC compare to
FCC, and how does this affect cohesive energy
calculations?

The BCC structure has a coordination number of 8, whereas FCC has 12. A
higher coordination number generally leads to stronger cohesive interactions,
impacting the total cohesive energy computed via the Lennard-Jones potential.

What is the general method to derive the ratio of
cohesive energies for Neon in BCC versus other
structures using the Lennard-Jones potential?

The method involves calculating the sum of pairwise Lennard-Jones
interactions for each structure considering their specific neighbor distances
and coordination numbers, then dividing the total cohesive energy of the BCC
structure by that of the other (e.g., FCC) to obtain the ratio.



Are there any approximations or assumptions made when
using the Lennard-Jones potential for Neon’s cohesive
energy calculations?

Yes, common assumptions include treating atoms as isotropic spheres,
neglecting many-body interactions, and assuming pairwise additive potentials.
These simplifications may introduce errors but are useful for comparative and
qualitative analysis.

How does temperature influence the calculation of
cohesive energy ratios using the Lennard-Jones
potential?

The Lennard-Jones potential primarily models zero-temperature (ground state)
interactions. At finite temperatures, thermal vibrations and entropy effects
can alter the effective cohesive energy, but the ratio calculated at zero
Kelvin provides a baseline for structural stability comparisons.

Additional Resources
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---

Introduction

Understanding the cohesive energy of elements in different crystal lattices
is fundamental to materials science, condensed matter physics, and chemistry.
It provides insight into how atoms bind together, the stability of the
crystal structures, and the physical properties such as melting points and
mechanical strength. Neon, a noble gas, is typically observed in its gaseous
form under standard conditions; however, under high pressure or low
temperature, it can adopt solid phases with various lattice structures such
as face-centered cubic (fcc), body-centered cubic (bcc), or hexagonal close-
packed (hcp).

In this detailed analysis, we explore how to calculate and compare the
cohesive energies of neon in different crystal structures—specifically
focusing on the body-centered cubic (bcc) and close-packed structures—using
the Lennard-Jones (LJ) potential. The primary goal is to determine the ratio
of cohesive energies in these two phases, which helps elucidate their
relative stability and the influence of atomic interactions modeled by the LJ
potential.

---

The Lennard-Jones Potential: Fundamentals

The Lennard-Jones potential is a simple mathematical model that describes the
interaction between a pair of neutral atoms or molecules. It encapsulates two
competing effects:

- Attractive forces, predominantly van der Waals (dispersion) interactions,
which tend to pull atoms together.



- Repulsive forces, arising from Pauli exclusion principles when electron
clouds overlap, preventing atoms from collapsing into each other.

Mathematically, the LJ potential \( V(r) \) between two atoms separated by a
distance \( r \) is expressed as:

\[
V(r) = 4\varepsilon \left[ \left( \frac{\sigma}{r} \right)^{12} - \left(
\frac{\sigma}{r} \right)^6 \right]
\]

where:
- \( \varepsilon \) is the depth of the potential well, indicating the
strength of the attraction.
- \( \sigma \) is the finite distance at which the potential is zero; roughly
the distance where attractive and repulsive forces balance.

---

Applying the Lennard-Jones Potential to Crystalline Solids

In a crystal lattice, the total energy per atom—specifically, the cohesive
energy—is obtained by summing the pairwise LJ interactions over all
neighboring atoms.

Key steps in the process include:

1. Identify the lattice structure and lattice parameters.
2. Determine the coordination number and neighbor distances.
3. Sum the LJ potentials over all neighbors to find the total cohesive energy
per atom.
4. Express the total energy in terms of the lattice parameters and LJ
parameters.
5. Calculate the ratio of cohesive energies between different crystal
structures.

---

Neon and Its Crystal Structures

Neon, as a noble gas, exhibits weak interatomic interactions primarily
governed by van der Waals forces. Under standard conditions, neon exists as a
gas; however, at very low temperatures and high pressures, it solidifies.

The prevalent solid phase of neon at low temperatures is face-centered cubic
(fcc), but theoretical and experimental studies suggest that under certain
conditions, neon can adopt a body-centered cubic (bcc) structure or even more
complex phases.

Key considerations:
- Neon’s atomic size and weak interactions make the LJ potential an
appropriate approximation.
- The parameters \( \varepsilon \) and \( \sigma \) are specific to neon,
obtained from experimental data or ab initio calculations.

---

Structural Details of Bcc and Other Lattices



Body-Centered Cubic (bcc) structure:

- Coordination number: 8
- Nearest neighbor distance: \( r_1 \)
- Lattice parameter: \( a \)
- Neighbor positions: Located at positions such as \( (\pm a/2, \pm a/2, \pm
a/2) \)

Face-Centered Cubic (fcc) or other structures:

- Coordination number: 12
- Neighbor distances: Differ depending on the lattice parameter \( a \)

The difference in coordination numbers and neighbor distances significantly
influences the cohesive energies, which can be calculated by summing the LJ
potential over all neighbor shells.

---

Calculating Cohesive Energy Using the Lennard-Jones Potential

The general expression for the cohesive energy per atom \( E_{coh} \) in a
crystal lattice using the LJ potential is:

\[
E_{coh} = \frac{1}{2} \sum_{i} z_i V(r_i)
\]

where:
- \( z_i \) is the coordination number for the \( i^{th} \) neighbor shell.
- \( r_i \) is the distance to the \( i^{th} \) neighbor shell.
- The factor \( 1/2 \) accounts for double counting of pairs.

Procedure:

1. Identify the neighbor shells and their distances \( r_i \).
2. Calculate the potential \( V(r_i) \) for each shell.
3. Sum over multiple shells to account for the long-range nature of van der
Waals forces.
4. Express the total as a function of lattice parameters and LJ parameters.

---

Step-by-Step Calculation for Neon in Bcc

1. Determine the lattice parameter \( a \):

The nearest neighbor distance \( r_1 \) in a bcc lattice relates to the
lattice parameter as:

\[
r_1 = \frac{\sqrt{3}}{2} a
\]

The total cohesive energy per atom becomes a sum over multiple neighbor
shells, with distances scaled accordingly.

2. Neighbor shells and distances:



- First shell: 8 neighbors at \( r_1 = \frac{\sqrt{3}}{2} a \)
- Second shell: 6 neighbors at \( r_2 \), and so forth.

The distances to further neighbor shells can be expressed as multiples of \(
a \).

3. Expressing the total energy:

\[
E_{coh}^{bcc} = \frac{1}{2} \left[ 8 V(r_1) + 6 V(r_2) + \dots \right]
\]

with each \( V(r_i) \) calculated via the LJ potential.

---

Step-by-Step Calculation for Neon in Other Structures

For comparison, similar calculations are performed for the other lattice
symmetry—say, fcc—using its specific neighbor counts and distances.

---

Determining the Ratio of Cohesive Energies

Once the total cohesive energies \( E_{coh}^{bcc} \) and \( E_{coh}^{fcc} \)
are computed, the ratio is simply:

\[
\text{Ratio} = \frac{E_{coh}^{bcc}}{E_{coh}^{fcc}}
\]

This ratio indicates the relative stability of the two phases at zero
temperature, assuming the LJ potential accurately models the atomic
interactions.

---

Practical Considerations and Approximations

In actual calculations:

- Summation over neighbor shells: Due to the long-range nature of van der
Waals interactions, summing over multiple shells (up to 3-4 shells) generally
suffices to attain accurate estimates.
- Lattice parameter optimization: The lattice parameter \( a \) that
minimizes the energy is found by differentiating the total energy expression
with respect to \( a \) and setting it to zero.
- Parameter values for neon: \( \varepsilon \) and \( \sigma \) are typically
obtained from experimental data or quantum mechanical calculations. For neon,
approximate values are \( \varepsilon \approx 35 \text{ K} \) (or in energy
units) and \( \sigma \approx 2.75 \, \text{Å} \).

---

Numerical Example (Hypothetical)

Suppose, for neon:



- \( \varepsilon = 3.0 \times 10^{-21} \, \text{J} \)
- \( \sigma = 2.75 \, \text{Å} \)

and for a bcc lattice:

- \( a \) determined such that the total energy is minimized.

Calculations would involve:

1. Computing \( r_1 \) and subsequent neighbor distances.
2. Calculating \( V(r_i) \) for each neighbor shell.
3. Summing to find total cohesive energy.
4. Repeating for fcc.
5. Taking the ratio.

---

Significance of the Cohesive Energy Ratio

The ratio of cohesive energies provides insight into:

- Relative stability: The structure with the lower total energy per atom is
more stable.
- Phase transition tendencies: Changes in external conditions may favor one
structure over another based on energy differences.
- Material properties: Mechanical strength, melting points, and other
properties are influenced by these energy considerations.

---

Limitations and Advanced Considerations

While the Lennard-Jones potential offers a straightforward approach, it has
limitations:

- Lack of many-body effects: Real atomic interactions involve many-body
forces not captured by pairwise potentials.
- Quantum effects: Noble gases have weak interactions, and quantum effects
can influence phase behavior.
- Parameter accuracy: Precise values of \( \varepsilon \) and \( \sigma \)
are crucial for meaningful results.

More sophisticated models, such as ab initio calculations or many-body
potentials, can supplement or refine these estimates.

---

Conclusion

Using the Lennard-Jones potential to calculate the cohesive energies of neon
in different crystal structures allows for a comparative analysis of their
relative stabilities. By systematically summ
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