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Understanding how functions transform is a fundamental concept in algebra and
graph theory. When analyzing the function \( f(x) = \frac{l}{x} \), students
and mathematicians alike are often interested in how various modifications
impact its graph. One such transformation involves adding a constant to the
function, resulting in a new function \( g(x) = \frac{1}{x} + 17 \). This
article explores in detail the effects of this transformation on the graph of
\( £(x) \), providing insights into the underlying principles, visual
changes, and practical applications.

Overview of the Original Function \( f£(x) =

\frac{1}{x} \)

Before delving into the transformation, it is essential to understand the
characteristics of the base function:

- Type of Function: Rational function

— Domain: All real numbers except \( x = 0 \)
— Range: All real numbers except \( y = 0 \)
- Asymptotes:

- Vertical asymptote at \( x = 0 \)
- Horizontal asymptote at \( y = 0
— Graph Features:

— Hyperbolic shape with two branches

— One branch in Quadrant I (where \( x > 0, y > 0 \))

— One branch in Quadrant III (where \( x < 0, yv < 0 \))

— The branches approach the asymptotes but never touch them

\)

This function exhibits symmetry about the origin, characterized as origin
symmetric or odd function, satisfying \( f(-x) = -f(x) \).

Impact of Vertical Shifts: Transformation to \(
g(x) = \frac{l}{x} + 17 \)

Transforming \( f(x) = \frac{l}{x} \) into \( g(x) = \frac{l}{x} + 17 \)
involves adding a constant, which results in a vertical shift of the entire
graph.

What Does a Vertical Shift Do?

A vertical shift involves moving the graph up or down along the y-axis



without changing its shape or other properties. When a constant \( k \) is
added to a function \( f£(x) \), the new function becomes:

\

g(x) = £(x) + k

\1]

In our case, \( k = 17 \). This means every point on the original graph of \ (

f(x) \) is moved 17 units upward.

Visualizing the Transformation

- The original hyperbola of \( f(x) = \frac{1}{x} \) has asymptotes at:

- Vertical: \( x = 0 \)

- Horizontal: \(y = 0 \)

— The new graph of \( g(x) = \frac{l1l}{x} + 17 \) will have asymptotes at:

- Vertical: \( x = 0 \) (unchanged, since the transformation does not affect

x—-values)
— Horizontal: \( y = 17 \) (shifted upward 17 units from \( y=0 \))

- Every point \( (x, y) \) on \( f(x) \) corresponds to a point \( (x, y +
17) \) on \( g(x) \). For example:

— When \( x =1 \):

\ [

£(1) = 1/1 = 1 \\
g(l) =1 + 17 = 18
\]

- When \( x = -1 \):
\ [

f(-1) = -1 \\

g(-1) = -1 + 17 = 16
\1

Graphical Properties of the Transformed
Function \( g(x) \)

Understanding the properties of the transformed graph helps in visualizing
and analyzing its behavior.

Asymptotic Behavior

— Vertical asymptote remains at \( x=0 \). The graph approaches this line
from both sides but never touches or crosses it.

- Horizontal asymptote shifts from \( y=0 \) to \( y=17 \). The graph
approaches this line as \( x \to \pm \infty \).



Shape and Symmetry

— The hyperbolic shape remains unchanged; only its position shifts
vertically.

— The origin symmetry of the original graph is preserved, but now with
respect to the line \( y=17 \) rather than \( y=0 \). The graph is symmetric
about the point \( (0,17) \), which acts as a new center of symmetry.

Key Points and Behavior

- For large positive \( x \),
- For large negative \( x \), \( g(x) \to 17 \) from below.
- Near \( x=0"+ \), \( g(x) \to +\infty \).
- Near \( x=0"= \), \( g(x) \to -\infty \).

\( g(x) \to 17 \) from above.

Implications of the Transformation on the Graph

The vertical shift impacts several aspects of the graph:

e Position: The entire graph moves upward by 17 units.

e Asymptotes: The horizontal asymptote is now at \( y=17 \). The vertical
asymptote remains at \( x=0 \).

e Symmetry: The graph retains its hyperbolic shape and symmetry about the
origin, but relative to the new asymptote at \( y=17 \).

e Function values: For each \( x \neqg 0 \), the function value increases
by 17 compared to the original \( \frac{l}{x} \).

Real-World Applications of Vertical Shifts in
Graphs

Understanding how functions shift vertically is vital in various fields:

— Economics: Modeling cost functions where fixed costs are added.

— Physics: Adjusting potential energy graphs for different reference points.
— Biology: Representing population models with baseline levels.

— Engineering: Signal processing where baseline shifts occur.

Summary of Key Points

— The transformation \( g(x) = \frac{l}{x} + 17 \) results in a vertical
translation of the original hyperbola.

- The vertical asymptote at \( x=0 \) remains unchanged.

- The horizontal asymptote shifts from \( y=0 \) to \( y=17 \).



— The graph maintains its hyperbolic shape and symmetry about the origin, now
reflected around the line \( y=17 \).

— Every point on the original graph is shifted upward by 17 units, affecting
the function's values without changing the domain or the shape.

Visual Summary: Comparing \( £(x) \) and \ (
g(x) \)

| Feature | \( £(x) = \frac{1}{x} \) | \( g(x) = \frac{l}{x} + 17 \) |
|-—— |————— = |——
____________ |

Vertical asymptote | \( x=0 \) | \( x=0 \) |

Horizontal asymptote | \( y=0 \) | \( y=17 \) |

Symmetry | About origin | About \( (0,17) \) |

|

|

| Shape | Hyperbola | Hyperbola (shifted upward) |

|

| Function values | \( \frac{1}{x} \) | \( \frac{l}{x} + 17 \) |

Conclusion

Transformations like vertical shifts are fundamental in understanding how
functions behave and how their graphs change under different modifications.
In the case of \( f(x) = \frac{l}{x} \), adding a constant \( 17 \) results
in a straightforward upward translation of the entire hyperbolic graph. This
shift affects the asymptotes, the location of key points, and the overall
appearance, but preserves the fundamental shape and symmetry of the original
function.

By mastering these concepts, students and professionals can better analyze
and interpret various mathematical models, leading to deeper insights in
science, engineering, economics, and beyond.

Frequently Asked Questions

How does adding a constant to the function f(x) = 1/x
affect its graph?

Adding a constant shifts the graph vertically. In the case of g(x) = 1/x +
17, the entire graph of 1/x shifts upward by 17 units.

What is the specific transformation applied to the
graph of f(x) = 1/x to obtain g(x) = 1/x + 177

The transformation is a vertical translation upward by 17 units.

Does adding 17 to the function change its asymptotes?
If so, how?

No, the vertical asymptote at x = 0 remains the same because the



transformation is purely vertical. The horizontal asymptote shifts from y = 0
toy = 17.

How does the domain and range of the graph change
after the transformation?

The domain remains all real numbers except x = 0. The range shifts from y # 0
toy # 17, reflecting the vertical translation.

Is the shape of the graph of g(x) = 1/x + 17
different from that of f(x) = 1/x?

No, the shape remains the same; only the entire graph is shifted vertically
upward by 17 units.

What is the effect of the transformation on the
intercepts of the graph?

The graph no longer passes through the origin. Instead, it intersects the
line y = 17 at x approaching infinity, but it has no x-intercept since 1/x +
17 = 0 for any real x.

How can understanding this transformation help in
graphing similar functions?

Recognizing that adding a constant results in a vertical shift allows for
quick graphing of functions by shifting the basic graph vertically,
simplifying the process of understanding complex transformations.

Additional Resources

Understanding the Effect on the Graph of \(f(x) = \frac{l}{x}\) When
Transformed to \(g(x) = \frac{l}{x} + 17\)

Transformations of functions are fundamental concepts in algebra and calculus
that reveal how altering the function's formula impacts its graph. Among the
most intriguing functions to analyze are rational functions, especially the
reciprocal function \(f(x) = \frac{l}{x}\). When this basic hyperbola is
shifted vertically, it exemplifies core principles of graph transformations,
providing insights into how functions behave under modifications.

In this detailed exploration, we will analyze the transformation from \ (f (x)
= \frac{1}{x}\) to \(g(x) = \frac{1}{x} + 17\), focusing on the geometric and
algebraic effects on the graph, domain and range considerations, asymptotic
behavior, and implications for understanding function transformations
broadly.

Overview of the Base Function \ (f(x) =



\frac{1}{x}\)

Before delving into the transformation, it is essential to understand the
characteristics of the original function:

- Type of Function: Rational function, specifically a hyperbola.

— Domain: All real numbers except \(x=0\) (since division by zero is
undefined) . Formally, \(x \in \mathbb{R} \setminus \{O0\}\).

- Range: All real numbers except \(y=0\). That is, \(y \in \mathbb{R}
\setminus \{0\}\).

— Asymptotes:

- Vertical asymptote at \(x=0\): as \(x \to 0"{+}\), \(f(x) \to +\infty\); as
N (x \to 0"{-}\), \(f(x) \to -\infty\).

- Horizontal asymptote at \(y=0\): as \(x \to \pm \infty\), \(f(x) \to 0\).
- Graph Behavior:

— In Quadrant I: \(x > 0, y > 0\), approaching infinity near \ (x=0"{+}\) and
approaching 0 as \(x \to +\infty\).

- In Quadrant III: \(x < 0, y < 0\), approaching negative infinity near

\ (x=0"{-}\) and approaching 0 from below as \(x \to -\infty\).

This hyperbola is symmetric with respect to the origin, reflecting the odd
symmetry property \(f(-x) = —-f(x)\).

Visualizing the Transformation: From \ (f(x)\)
to \(g(x) = \frac{1l}{x} + 17\)

The transformed function \(g(x) = \frac{1l}{x} + 17\) can be viewed as the
original hyperbola shifted vertically upward by 17 units. This type of
transformation is a vertical translation.

What is a Vertical Translation?

A vertical translation involves adding a constant \(k\) to a function
\(f(x)\), resulting in a new function \(f(x) + k\). The effects are:

- The entire graph shifts upward if \(k > 0\).
- The entire graph shifts downward if \(k < 0\).

In this case, the addition of 17 shifts the graph of \(f(x)\) 17 units
upward.

Impact on Asymptotes

- Vertical Asymptote:

— Remains at \(x=0\), because the transformation does not alter the domain or
the behavior near \ (x=0\).

- The vertical asymptote's position depends solely on the denominator in the
original function, which remains unchanged.

— Horizontal Asymptote:



— Changes from \ (y=0\) in \(f(x)\) to \(y=17\) in \(g(x)\).
— The reason for this is:

\ [

\lim_{x \to \pm \infty} g(x) = \lim_{x \to \pm \infty} \left( \frac{1}{x} +
17 \right) = 0 + 17 = 17

\1

— Thus, the horizontal asymptote shifts from \ (y=0\) to \(y=17\).

Graphical Implications

— The branch of the hyperbola in Quadrant I, which previously approached the
horizontal asymptote at \(y=0\), now approaches \(y=17\) from above as \ (x
\to +\infty\).

- The branch in Quadrant III, which approached \ (y=0\) from below, now
approaches \ (y=17\) from below.

- The vertical asymptote at \(x=0\) remains unchanged, but the entire
hyperbola is lifted upwards, maintaining the same shape but shifted
vertically.

Mathematical Consequences of the Transformation

Domain and Range

— Domain:

— Remains the same: \(x \in \mathbb{R} \setminus \{0\}\).

— Range:

— Changes from all real numbers except 0 to all real numbers except 17:

\
v \in \mathbb{R} \setminus \{17\}
\1]

— Because the horizontal asymptote at \(y=17\) 1is approached but never
reached, the range excludes \ (y=17\).

Algebraic Behavior

— The transformation modifies the output values but does not affect the
domain constraints or the reciprocal structure.

— The function's behavior near the asymptote remains similar, but the entire
graph is shifted vertically.

Effect on Critical Points and Symmetry



— The original function \(f(x) = \frac{l1}{x}\) has no critical points where
the derivative is zero because the derivative is:

H
bel
Il

—\frac{1l}{x"2}

which is never zero.

- Similarly, for \(g(x)\):

—\frac{1l}{x"2}

Q
x
I

unchanged, so no critical points are introduced or eliminated due to the
vertical shift.

- The odd symmetry of \(f(x)\) (i.e., \(f(-x) = -f(x)\)) does not hold for
\ (g (x)\) because of the added constant:

\
g(-x) = \frac{1l}{-x} + 17 = -\frac{l1}{x} + 17 \neq -g(x)
\

unless \ (17=0\), which it isn't, so the symmetry about the origin is broken.

Graphical Illustration and Interpretation

Original Graph \ (f(x) = \frac{1}{x}\)

- Hyperbola with asymptotes at \(x=0\) and \ (y=0\).

- Approaches these asymptotes as \(x \to 0"{\pm}\) and \(x \to \pm \infty\).
— Quadrant I: \(x > 0, y > 0\).

- Quadrant III: \(x < 0, y < 0\).

Transformed Graph \(g(x) = \frac{l}{x} + 17\)

— The hyperbola is shifted upward by 17 units.

- Horizontal asymptote moves from \ (y=0\) to \(y=17\).

- The hyperbola now approaches \(y=17\) as \(x \to \pm \infty\).

- The vertical asymptote at \ (x=0\) remains unchanged.

— The graph's shape is preserved, but its position on the coordinate plane is
elevated.

Visual Summary

| Aspect | Original \ (f(x)=\frac{l}{x}\) | Transformed
\(g(x)=\frac{l}{x}+17\) |



| - | -—— |-——
Vertical asymptote | \(x=0\) | \(x=0\) |

|

| Horizontal asymptote | \(y=0\) | \(y=17\) |

| Domain | \ (\mathbb{R}\setminus\{0\}\) | \(\mathbb{R}\setminus\{0\}\) |
| Range | \ (\mathbb{R}\setminus\{0\}\) | \(\mathbb{R}\setminus\{17\}\) |
|

Symmetry | Odd function | Not symmetric about origin |

Broader Implications of Vertical Shifts in
Graphs
Vertical translations are among the most straightforward transformations, yet

they profoundly influence the geometric and algebraic understanding of
functions.

Key Points to Remember:

— Asymptote Behavior: Vertical shifts alter the horizontal asymptote but
leave vertical asymptotes unaffected.

- Range Adjustment: The entire range shifts accordingly, excluding the new
horizontal asymptote
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