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Which Distribution Is The Limit Of A Hypergeometric Distribution As The
Population Size Increases (and understanding this question requires a deep dive into
probability theory and statistical distributions. The hypergeometric distribution models the
probability of a certain number of successes in a sequence of draws without replacement
from a finite population. As the size of this population grows larger, the distribution's
behavior begins to resemble other well-known distributions. Identifying which distribution
serves as this limit is fundamental in probability theory, particularly in simplifying
complex calculations and understanding asymptotic behaviors. In this article, we will
explore the hypergeometric distribution, its characteristics, the conditions under which it
converges to other distributions, and the specific limit distribution as the population size
approaches infinity.

---

Understanding the Hypergeometric Distribution

Definition and Basic Properties

The hypergeometric distribution describes the probability of obtaining exactly \(k\)
successes in \(n\) draws from a finite population of size \(N\), containing \(K\) successes,
without replacement. Its probability mass function (PMF) is given by:

\[
P(X = k) = \frac{\binom{K}{k} \binom{N - K}{n - k}}{\binom{N}{n}}
\]

where:
- \(N\) = total population size
- \(K\) = total number of successes in the population
- \(n\) = number of draws
- \(k\) = number of successes in the sampled draws

This distribution is discrete and defined for \(k\) values satisfying:

\[
\max(0, n - N + K) \leq k \leq \min(n, K)
\]

The hypergeometric distribution is commonly used in quality control, ecological sampling,



and other scenarios where sampling is done without replacement.

Characteristics of the Hypergeometric Distribution

- Mean:

\[
\mathbb{E}[X] = n \frac{K}{N}
\]

- Variance:

\[
\operatorname{Var}(X) = n \frac{K}{N} \left(1 - \frac{K}{N}\right) \frac{N - n}{N - 1}
\]

- Shape: The distribution is symmetric or skewed depending on the parameters \(K, N, n\).

---

As the Population Size Increases: Intuition and
Mathematical Foundations

Why Investigate the Limit?

Studying the limit behavior of the hypergeometric distribution as \(N \rightarrow \infty\)
helps simplify real-world problems. When the population is very large relative to the
sample size, the dependency introduced by sampling without replacement diminishes,
making the hypergeometric distribution similar to the binomial distribution, which
assumes sampling with replacement.

Intuition Behind the Limit

- As \(N\) increases, the removal of a single item (success or failure) marginally affects the
composition of the remaining population.
- When \(N\) is very large, the probability of success in each draw remains approximately
constant.
- This leads to the hypergeometric distribution approaching a binomial distribution, which
models independent Bernoulli trials with fixed success probability.

---



The Binomial Distribution as the Limit of the
Hypergeometric Distribution

Convergence Conditions

The hypergeometric distribution converges to the binomial distribution under the
following conditions:

- \(N \rightarrow \infty\)
- The ratio \(\frac{K}{N} \rightarrow p\), where \(p\) is a fixed probability \(0 < p < 1\)
- The sample size \(n\) remains fixed or grows at a rate much slower than \(N\)

Under these conditions, the dependence introduced by sampling without replacement
becomes negligible.

Mathematical Explanation

When \(N\) becomes very large, the hypergeometric PMF simplifies:

\[
P(X = k) \approx \binom{n}{k} p^k (1 - p)^{n - k}
\]

which is the binomial PMF for \(X \sim \text{Binomial}(n, p)\).

This approximation becomes increasingly accurate as \(N \rightarrow \infty\), making the
binomial distribution the limit of the hypergeometric distribution under the specified
conditions.

---

Formal Theorem and Proof Sketch

Theorem Statement

As \(N \to \infty\) with \(\frac{K}{N} \to p\), the hypergeometric distribution \(X \sim
\text{Hypergeometric}(N, K, n)\) converges in distribution to a \(\text{Binomial}(n, p)\).



Sketch of Proof

- Starting from the hypergeometric PMF, express the probabilities in terms of ratios
involving \(K\) and \(N\).
- Use asymptotic approximations for combinatorial terms (e.g., Stirling's approximation).
- Show that as \(N \to \infty\), the hypergeometric PMF approaches the binomial PMF with
parameters \(n\) and \(p\).

This convergence is a classic example of a limiting distribution in probability theory,
illustrating how dependent sampling distributions can approximate independent Bernoulli
processes in large populations.

---

Implications and Practical Applications

Simplifying Calculations

Knowing that the hypergeometric distribution approaches the binomial distribution for
large \(N\) allows statisticians and researchers to:

- Use the binomial distribution as an approximation for hypergeometric probabilities,
simplifying calculations.
- Apply well-understood binomial properties for inference, hypothesis testing, and
confidence interval estimation.

Real-World Examples

- Quality Control: When inspecting a large batch of items, the probability of finding a
certain number of defective items can be approximated using the binomial distribution.
- Ecology and Environmental Science: Sampling large populations of organisms where the
exact hypergeometric calculation is computationally intensive.

Limitations and Considerations

- The approximation is most accurate when \(N\) is large relative to \(n\).
- For small or moderate populations, the hypergeometric distribution should be used
directly to account for the dependency between draws.
- If the success proportion \(K/N\) varies significantly or the sample size is a large fraction
of the population, more precise methods are necessary.

---



Summary and Conclusion

- The hypergeometric distribution models dependent sampling without replacement from a
finite population.
- As the population size \(N\) increases indefinitely, with the ratio \(K/N \to p\), the
hypergeometric distribution converges to the binomial distribution \( \text{Binomial}(n, p)
\).
- This convergence simplifies analysis in large-sample scenarios, allowing practitioners to
leverage the properties of the binomial distribution.
- Understanding this limit behavior is essential in statistical modeling, simulation, and
decision-making processes across various fields.

In summary, the binomial distribution is the natural and well-established limit of the
hypergeometric distribution as the population size tends to infinity, provided the
proportion of successes remains constant. Recognizing this relationship enables more
efficient and accessible statistical analysis in large-sample contexts.

---
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Frequently Asked Questions

As the population size increases, which distribution
does the hypergeometric distribution approach when
sampling without replacement?
It approaches the binomial distribution as the population size becomes very large relative
to the sample size.

Why does the hypergeometric distribution tend to the
binomial distribution with increasing population size?
Because the probability of success remains approximately constant when sampling without
replacement from a large population, making the hypergeometric resemble the binomial
distribution.

What conditions are necessary for the hypergeometric



distribution to approximate the binomial distribution?
When the population size is large, and the sample size is small relative to the population,
the hypergeometric distribution converges to the binomial distribution.

Can the hypergeometric distribution ever converge to
the Poisson distribution? If so, under what
circumstances?
Yes, when the number of successes in the population is large, and the probability of
success is small, the hypergeometric distribution can approximate the Poisson
distribution.

How does the hypergeometric distribution relate to the
binomial distribution as population size increases?
They become increasingly similar because the probability of success becomes nearly
constant across draws, mimicking the binomial process.

Is the convergence of hypergeometric to binomial
distribution uniform across all parameter values?
No, the convergence holds best when the population size is large compared to the sample
size, and the proportion of successes remains constant.

What practical implications does the limiting
distribution have for statistical inference?
It allows practitioners to use the simpler binomial approximation when dealing with large
populations, simplifying calculations and analyses.

How does the variance of the hypergeometric
distribution compare to that of the binomial as
population size increases?
The variance of the hypergeometric distribution approaches that of the binomial
distribution, reflecting similar variability under large population conditions.

Are there any limitations or caveats when using the
binomial distribution as an approximation for the
hypergeometric distribution?
Yes, if the population size is not sufficiently large or the sample constitutes a significant
portion of the population, the approximation may be inaccurate.
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Introduction

In the realm of probability and statistics, understanding the behavior of discrete
distributions under various limiting conditions offers profound insights into their practical
applications and theoretical underpinnings. Among these distributions, the
hypergeometric distribution stands out for its relevance in scenarios involving sampling
without replacement—common in quality control, ecological studies, and survey sampling.
A fundamental question arises: as the population size (denoted typically by \(N\)) becomes
extremely large, what distribution does the hypergeometric distribution approach? This
inquiry not only illuminates the interconnectedness of discrete distributions but also
simplifies complex probability calculations in large-sample regimes. In this article, we
explore this question in depth, dissecting the hypergeometric distribution, examining its
properties, and analyzing its limiting behavior as the population tends toward infinity.

---

Understanding the Hypergeometric Distribution

Definition and Context

The hypergeometric distribution models the probability of obtaining a specific number of
successes (say, \(k\)) in a fixed number of draws (\(n\)), drawn without replacement from a
finite population of size \(N\) that contains a certain number of successes (\(K\)). Formally,
it is expressed as:

\[
P(X = k) = \frac{\binom{K}{k} \binom{N-K}{n-k}}{\binom{N}{n}}
\]

where:

- \(N\): Total population size
- \(K\): Total number of success states in the population
- \(n\): Number of draws (sample size)
- \(k\): Number of observed successes in the sample

This distribution is discrete, defined only for \(k\) such that \(0 \leq k \leq \min(K, n)\).



Key Properties

- Mean: \(\mathbb{E}[X] = n \frac{K}{N}\)
- Variance: \(\operatorname{Var}(X) = n \frac{K}{N} \left(1 - \frac{K}{N}\right) \frac{N
- n}{N - 1}\)

The hypergeometric distribution closely resembles the binomial distribution when the
population is large, but it differs significantly when the population is small or the sampling
fraction \(n/N\) is large.

---

The Limit of the Hypergeometric Distribution as
\(N \to \infty\)

Intuitive Perspective

When considering the behavior of the hypergeometric distribution as the population size
\(N\) increases, the key idea is that the impact of sampling without replacement
diminishes. As \(N\) becomes very large, each individual draw becomes almost
independent because removing a single item from a vast population results in negligible
change to the remaining composition.

This intuition suggests that, in the limit, the hypergeometric distribution should
approximate a distribution where the dependence introduced by sampling without
replacement effectively vanishes. This leads us directly to the binomial distribution, which
models the number of successes in a fixed number of independent Bernoulli trials with a
constant probability of success \(p\).

Formal Derivation and Explanation

1. Setup

Suppose we fix the parameters \(K\) and \(n\), and consider the population size \(N \to
\infty\). Assume that the ratio \(\frac{K}{N} \to p\), where \(p \in [0, 1]\) is a fixed success
probability.

2. Distributional Form

The hypergeometric probability mass function is:

\[
P_N(k) = \frac{\binom{K}{k} \binom{N - K}{n - k}}{\binom{N}{n}}



\]

with the understanding that \(K = pN + o(N)\) as \(N \to \infty\).

3. Limit Analysis

Using properties of binomial coefficients and Stirling's approximation for large \(N\), one
can show that:

\[
\lim_{N \to \infty} P_N(k) = \binom{n}{k} p^{k} (1 - p)^{n - k}
\]

which is the probability mass function of a binomial distribution with parameters \(n\) and
\(p\).

4. Intuitive Explanation

As \(N\) grows, the probability of selecting a success in one draw, given the proportion
\(\frac{K}{N} \to p\), stabilizes. Because the population becomes effectively infinite, the
probability of success remains constant across each draw, matching the assumptions of
Bernoulli trials. Consequently, the hypergeometric distribution converges to the binomial
distribution.

---

Mathematical Formalization of the Convergence

Limit Theorem Statement

Theorem: Let \(X_N\) be a hypergeometric random variable with parameters \((N, K_N,
n)\), such that

\[
\frac{K_N}{N} \to p \quad \text{and} \quad N \to \infty
\]

then, for fixed \(n\),

\[
X_N \xrightarrow{d} \operatorname{Binomial}(n, p)
\]

where \(\operatorname{Binomial}(n, p)\) denotes the binomial distribution with
parameters \(n\) and \(p\).

Proof Sketch:



- Use the fact that hypergeometric probabilities can be expressed via ratios of factorials.
- Apply Stirling's approximation to analyze the limit.
- Show that the hypergeometric PMF converges pointwise to the binomial PMF.

This convergence is a classical example of a distributional limit, illustrating how discrete
hypergeometric sampling without replacement approximates binomial sampling with
replacement as the population size increases.

---

Implications and Practical Significance

Practical Scenarios Where This Limit Is Relevant

- Large Population Surveys: When sampling from vast populations—such as national
surveys—assuming binomial behavior simplifies analysis.
- Quality Control in Manufacturing: For large batches, the probability of defective items
can be modeled using binomial distribution instead of hypergeometric, simplifying
calculations.
- Ecology and Genetics: Estimating the presence of a trait or species in large habitats or
gene pools becomes more straightforward when the hypergeometric model reduces to
binomial.

Advantages of the Approximation

- Computational Simplicity: Binomial probabilities are easier to compute, especially for
large \(N\).
- Analytical Clarity: The binomial distribution has well-understood properties, enabling
more straightforward inference.
- Theoretical Insights: Understanding the limiting behavior links discrete distributions
under different sampling schemes and supports approximate methods in statistical
inference.

---

Limitations and Caveats

While the hypergeometric distribution converges to the binomial distribution as \(N \to
\infty\), this approximation has boundaries:

- Finite Population Effects: For small or moderate \(N\), the hypergeometric distribution
cannot be adequately approximated by the binomial.
- Sampling Fraction: When the sampling fraction \(n/N\) is large, the dependence remains



significant, and the binomial approximation becomes less accurate.
- Parameter Constraints: The convergence relies on the ratio \(K/N \to p\). If \(K\) does not
scale proportionally with \(N\), the limit may differ.

In essence, the approximation is most valid when:

- \(N\) is very large,
- \(K/N\) stabilizes at some \(p\),
- The sample size \(n\) remains fixed or small relative to \(N\).

---

Extensions and Related Distributions

The convergence of the hypergeometric to the binomial distribution is part of a broader
set of distributional limit theorems, including:

- Negative Binomial Limit: In certain regimes, other discrete distributions emerge as limits
under different parameter scalings.
- Poisson Approximation: When \(N\) is large, \(K\) is small, and \(n\) is fixed, the
hypergeometric can also be approximated by the Poisson distribution, especially when the
expected number of successes remains finite.

Understanding these relationships enriches the toolbox of statisticians and probabilists,
allowing for flexible modeling depending on the sampling context.

---

Conclusion

The hypergeometric distribution, inherently tied to sampling without replacement,
exhibits a fascinating limiting behavior as the population size \(N\) increases indefinitely.
Under the assumption that the ratio \(\frac{K}{N}\) approaches a fixed probability \(p\),
the hypergeometric distribution converges in distribution to the binomial distribution with
parameters \(n\) and \(p\). This convergence underscores the intuitive notion that, in large
populations, sampling without replacement becomes practically equivalent to independent
Bernoulli trials with fixed success probability.

This insight holds significant practical value, simplifying complex probability calculations
and enabling approximate models that are computationally more tractable. It also
exemplifies a fundamental theme in probability theory: discrete distributions under
different sampling regimes often interrelate via limit theorems, illuminating the structure
and behavior of stochastic processes across scales.

In sum, recognizing the binomial distribution as
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