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Understanding the behavior of charged particles in magnetic fields is fundamental to many areas of
physics, from electromagnetism to particle physics and engineering applications. In this article, we
explore a specific scenario: a proton moving in the negative x-direction through a uniform magnetic
field oriented in the negative y-direction. This case provides a rich example of the principles
governing the Lorentz force, particle trajectories, and the resulting motion in magnetic fields.

Overview of the Scenario

Imagine a proton, a positively charged particle with a charge \(q = +1.602 \times 10~ {-19}\)
Coulombs and a mass \(m = 1.673 \times 10"~ {-27}\) kg, moving specifically in the negative x-
direction. Its initial velocity can be represented as \(\vec{v} = -v_x\hat{i}\), where \(v_x > 0\).
Simultaneously, it encounters a magnetic field \(\vec{B}\) that is uniform and oriented in the negative
y-direction, expressed as \(\vec{B} = -B_0 \hat{j}\), with \(B_0 > 0\).

This setup is a classic example used to analyze the motion of charged particles under the influence of
magnetic fields. It demonstrates the fundamental principles of the Lorentz force, particle trajectories,
and how the magnetic field influences the movement of the proton.

Fundamental Principles: The Lorentz Force

The Magnetic Force Equation

The motion of a charged particle in a magnetic field is governed by the Lorentz force, which is given
by:

\[
\vec{F} = g \vec{v} \times \vec{B}
\]

where:

-\(q\) is the charge of the particle,
-\(\vec{v}\) is the velocity vector,
-\(\vec{B}\) is the magnetic field vector,

- \(\times\) denotes the vector cross product.



This force is always perpendicular to both the velocity of the particle and the magnetic field, which
means it does not do work on the particle but changes its direction.

Direction of the Force Using the Right-Hand Rule

To determine the direction of the magnetic force acting on the proton, we employ the right-hand rule:

1. Point the fingers of your right hand in the direction of \(\vec{v}\) (initially in the negative x-
direction, i.e., \(-\\hat{i}\)).

2. Curl your fingers toward \(\vec{B}\) (in the negative y-direction, \(-\hat{j}\)).

3. Your thumb points in the direction of \(\vec{F}\).

Applying this to our scenario:

- Velocity: \(\vec{v} = -v_x\hat{i}\)
- Magnetic field: \(\vec{B} = -B_0 \hat{j}\)

Using the right-hand rule, the force \(\vec{F}\) on the proton points in the positive z-direction

(\(+\hat{k}\)). This indicates that, initially, the proton experiences a force pushing it out of the x-y
plane in the positive z-direction.

Analysis of the Proton's Motion

Trajectories in a Magnetic Field

Since the magnetic force is always perpendicular to the velocity, the proton undergoes uniform
circular motion in a plane perpendicular to the magnetic field. The key points are:

- The force acts as a centripetal force, continuously changing the direction of the proton's velocity.
- The magnitude of the magnetic force is:

\[
F=qvB
\]

- The radius of the circular path, known as the gyroradius or Larmor radius, is:

\[
r=\frac{mv}{qB}
\]

- The angular frequency (cyclotron frequency) of the motion is:

\[
\omega = \frac{q B}{m}



\]

Direction of the Circular Motion

Given the initial direction of motion and the magnetic field orientation, the proton’s path forms a
circle in a plane perpendicular to the magnetic field:

- Since the force initially points in the positive z-direction, the proton begins to spiral or move along a
circular trajectory in the x-z plane.

- The sense of rotation (clockwise or counterclockwise) depends on the charge and the direction of the
magnetic field.

Applying the right-hand rule:

- For a positive charge (proton), with initial velocity in the negative x-direction and magnetic field in
the negative y-direction, the proton will move in a clockwise orbit when viewed from the positive y-
axis.

Mathematical Description of the Proton’s Motion

Initial Conditions and Equations of Motion

Assuming the proton starts at the origin \((0,0,0)\) at time \(t=0\), with initial velocity:

\[
\vec{v} 0 =-v x\hat{i}
\]

The equations of motion in the x, y, and z directions are derived from the Lorentz force:

\[
m \frac{d\vec{v}}{dt} = g \vec{v} \times \vec{B}
\]

Using the components:

\[

\begin{cases}

m \frac{dv x}{dt} =q(v.yB z-v zB y)\\
m \frac{dv_y}{dt} =q(v.zB x-v xB z)\\
m \frac{dv_z}{dt} = q(v.xB_y-v_yB Xx)
\end{cases}

\]

Since the magnetic field is in the negative y-direction:



\[
\vec{B} = 0\hat{i} - B_0 \hat{j} + 0 \hat{k}
\]

The equations simplify to:

\[

\begin{cases}

m \frac{dv_x}{dt} = q(v_z\times-B 0) =-qB 0v z\\

m \frac{dv_y}{dt} = 0\quad \text{(since } B x =B z=0) \\
m \frac{dv_z}{dt} = q (v_x \times-B_ 0) =qB 0v x
\end{cases}

\]

This set describes coupled differential equations for \(v_x\) and \(v_z\):

\[

\begin{cases}

\frac{dv_x}{dt} = -\frac{q B _0}{m} v_z\\
\frac{dv_z}{dt} = \frac{qB_0}{m} v _x
\end{cases}

\]

The solutions of these equations are harmonic:

\[

v_x(t) = v_{x0} \cos(\omega t) \\
v_z(t) = v_{x0} \sin(\omega t)

\]

where:

\[
\omega = \frac{q B 0}{m}
\]

and \(v_{x0}\) is the initial velocity component in the x-direction.

Position Coordinates Over Time

Integrating the velocity components:

\[

x(t) = x_0 + \frac{v_{x0}}{\omega} \sin(\omega t)

\]

\[

z(t) =z 0 + \frac{v_{x0}}{\omega} (1 - \cos(\omega t))
\]

\[



y(t) =y 0
\]

Given initial conditions \(x_0 =y 0 =z 0 = 0\), the trajectory traces a circle of radius:

\[
r = \frac{v_{x0}}{\omega} = \frac{m v_{x0}}{q B_0}
\]

This circular motion occurs in the x-z plane, with the proton periodically moving in both the x and z
directions, while y remains constant if the initial velocity has no y-component.

Physical Interpretation and Applications

Magnetic Confinement and Particle Accelerators

Understanding the motion of a proton in a magnetic field has practical implications:

- Cyclotrons and Synchrotrons: Devices that use magnetic fields to accelerate and confine charged
particles such as protons.

- Magnetic Confinement Fusion: Principles similar to this scenario are applied in tokamaks to confine
plasma for nuclear fusion.

- Space Physics: Charged particles in Earth's magnetic field follow similar trajectories, forming
phenomena such as the Van Allen belts.

Implications of the Motion

- The circular motion of protons under magnetic influence results in a predictable and controllable
path, critical in designing magnetic confinement systems.

- The radius of the particle’s circular path depends on its velocity and the magnetic field strength;
higher velocities or weaker fields lead to larger radii.

- Since magnetic forces do no work, the kinetic energy of the proton remains constant unless other
forces or electric fields are present.

Conclusion

The scenario where a proton moves in the negative x-direction through a uniform magnetic field in
the negative y-direction encapsulates key principles of electromagnetism. The Lorentz force causes
the proton to undergo circular motion in the x-z plane, with the magnetic field dictating the plane and
radius of the orbit. The motion's mathematical description reveals harmonic behavior



Frequently Asked Questions

What is the direction of the magnetic force acting on the
proton when it moves in the negative x-direction through a
maghnetic field in the negative y-direction?

Using the right-hand rule, the magnetic force acts in the positive z-direction, perpendicular to both
the proton's velocity and the magnetic field.

How does the magnetic field affect the trajectory of the
proton moving in the negative x-direction?

The magnetic field causes the proton to undergo circular or helical motion, with the force
perpendicular to its velocity, resulting in a curved path in the plane perpendicular to the magnetic
field.

What is the magnitude of the magnetic force on the proton
given its velocity and the magnetic field strength?

The magnetic force magnitude is given by F = qvB sin®; since the velocity is along x and the field
along y, sin@ = 1, so F = qvB, where q is the proton's charge, v its speed, and B the magnetic field
strength.

If the proton's initial velocity is purely along the negative x-
axis, what is its acceleration due to the magnetic field?

The acceleration is perpendicular to the velocity, with magnitude a = F/m = qvB/m, and directed in
the z-direction, causing the proton to curve in the yz-plane.

How can the radius of the proton's circular motion be
determined in this scenario?

The radius ris given by r = mv/(gB), where m is the proton's mass, v its velocity, q its charge, and B
the magnetic field strength.

Additional Resources

A Proton Moves In The Negative X-direction Through A Uniform Magnetic Field In The Negative Y-
direction — this scenario presents a fascinating interplay of electromagnetic forces and particle
motion, illustrating fundamental principles of physics that underpin many modern technologies, from
particle accelerators to magnetic confinement in fusion devices. Understanding the detailed behavior
of a proton under these conditions provides insight into the Lorentz force, the resulting trajectories,
and the underlying physics governing charged particle dynamics in magnetic fields.



Introduction: Setting the Scene

Imagine a proton, one of the simplest and most ubiquitous charged particles, moving with a velocity
along the negative x-axis. Simultaneously, it encounters a uniform magnetic field directed along the
negative y-axis. This configuration might seem straightforward at first glance, but it encapsulates a
rich set of physical phenomena rooted in electromagnetic theory. Analyzing this scenario helps
deepen our understanding of how charged particles behave in magnetic environments, which is
essential for various applications, including particle physics experiments, magnetic resonance
imaging (MRI), and astrophysical processes.

Fundamental Principles Involved

Before delving into the specifics of the proton's motion in this setup, it's crucial to establish the core
physics principles at play:

The Lorentz Force
The motion of a charged particle in electromagnetic fields is governed by the Lorentz force law:

\[
\mathbf{F} = g (\mathbf{E} + \mathbf{v} \times \mathbf{B})

\]

-\( q\) is the particle's charge.

-\(\mathbf{E} \) is the electric field (absent in this scenario unless specified).
-\(\mathbf{v} \) is the particle's velocity.

-\(\mathbf{B} \) is the magnetic field.

Since the problem involves only a magnetic field, the force simplifies to:

\[
\mathbf{F} = g \mathbf{v} \times \mathbf{B}
\]

Motion of Charged Particles in Magnetic Fields

- The magnetic force is always perpendicular to both the velocity \(\mathbf{v}\) and the magnetic
field \(\mathbf{B}\).

- It does not do work on the particle (since the force is perpendicular to displacement), hence the
particle's kinetic energy remains constant.

- The result is typically a circular or helical trajectory, depending on initial velocity components
relative to the magnetic field.

Detailed Analysis of the Scenario

Initial Conditions



- Particle: Proton (charge \( q = +e = 1.602 \times 10" {-19} \) C; mass \( m \approx 1.673 \times
107~ {-27}\) kq).

- Initial velocity: Along the negative x-axis (\( \mathbf{v} 0 = -v_x \hat{\mathbf{x}} \)).

- Magnetic field: Uniform, along the negative y-axis (\( \mathbf{B} = -B_0 \hat{\mathbf{y}} \)), with
\(BO0>0\)\).

Step 1: Determine the Direction of the Force
Using the Lorentz force:

\[
\mathbf{F} = g \mathbf{v} \times \mathbf{B}
\]

- Initial velocity:

\[
\mathbf{v} 0 = -v_x \hat{\mathbf{x}}
\]

- Magnetic field:

\[
\mathbf{B} = -B_0 \hat{\mathbf{y}}

\]
Calculate the cross product:

\[

\mathbf{v} 0 \times \mathbf{B} = (-v_x \hat{\mathbf{x}}) \times (-B_0 \hat{\mathbf{y}}) = v x
B_0 (\hat{\mathbf{x}} \times \hat{\mathbf{y}})

\]

Recall:

\[
\hat{\mathbf{x}} \times \hat{\mathbf{y}} = \hat{\mathbf{z}}

\]

Thus:

\[
\mathbf{v} 0 \times \mathbf{B} = v_x B_0 \hat{\mathbf{z}}
\]

The Lorentz force:

\[
\mathbf{F} = q v_x B_0 \hat{\mathbf{z}}
\]



Since \( g > 0), the force points in the positive z-direction.

Key insight: The proton experiences a force along the positive z-axis when moving along the negative
X-axis in a magnetic field along negative y.

Step 2: Nature of the Trajectory

Because the magnetic force is always perpendicular to the velocity, the proton's speed remains
constant, but its direction changes. The initial velocity is purely along x, and the magnetic force points
along z, initiating a perpendicular acceleration.

- Result: The proton begins to curve out of the x-y plane, gaining a z-component of velocity.
- Subsequent motion: The particle's velocity will develop components in all three directions, resulting
in a helical trajectory.

Step 3: Equations of Motion
The motion can be described via differential equations:

\[
m \frac{d\mathbf{v}} {dt} = g \mathbf{v} \times \mathbf{B}
\]

Given the initial velocity:

\[
\mathbf{v}(0) = -v_x \hat{\mathbf{x}}
\]

and magnetic field:

\[
\mathbf{B} = -B_0 \hat{\mathbf{y}}

\]

The equations for velocity components:

\[
\frac{dv_x}{dt} = \frac{q}{m} (vzB y-v yB 2)
\]

\[
\frac{dv_y}{dt} = \frac{q}{m} (v.xB z-v zB x)
\]

\[
\frac{dv_z}{dt} =\frac{q}{m} (v.yB x-v xB_y)
\]



But since \( \mathbf{B} \) points only alongy, \(B x=0\),\(B_ z=0\),\(B_y =-B 0)). Simplifies the
equations:

\[
\frac{dv_x}{dt} = \frac{q}{m} v_z (-B_0)
\]

\[

\frac{dv_y}{dt} =0

\]

\[

\frac{dv_z}{dt} = \frac{q}{m} v x (-B_0)
\]

Note that:

\[

\frac{dv_y}{dt} =0

\]

with initial condition \( v_y(0) = 0), so \( v_y(t) = 0) at all times.

The coupled equations:

\[
\frac{dv_x}{dt} = -\frac{qB 0}{m} v z
\]

\[

\frac{dv_z}{dt} = - \frac{q B_0}{m} v_x

\]

This set resembles simple harmonic motion equations.
Step 4: Solving the Equations

Define:

\[
\omega = \frac{q B_0}{m}
\]

The equations become:

\[
\frac{dv_x}{dt} = -\omega v _z
\]

\[
\frac{dv_z}{dt} = - \omega v_x



\]

Differentiate the first equation:

\[
\frac{d~2 v _x}{dt~2} = - \omega \frac{dv_z}{dt} = - \omega \left( - \omega v_x \right) = \omega"2
V_X

\]
Similarly for\(v_z\):

\[
\frac{d"~2 v_z}{dt"2} =\omega™2v z
\]

These are simple harmonic oscillator equations with solutions:

\[
v_Xx(t) = A\cos (\omega t) + B \sin (\omega t)
\]

\[
v_z(t) = C\cos (\omega t) + D \sin (\omega t)
\]

Using initial conditions:

-At\(t=0\):

\[

v_x(0) = -v_x\quad \Rightarrow \quad -v_x = A
\]

-\(v_z(0) =0\):

\[
vz0)=C=0
\]

- Derivatives at \( t=0\):

\[
\frac{dv_x}{dt} = - \omega v_z \Rightarrow \left. \frac{dv_x}{dt} \right| {t=0} = -\omega v_z(0) =
0
\]

From the general solution:

\[
\frac{dv_x}{dt} = -A\omega \sin(\omega t) + B \omega \cos (\omega t)
\]



At \(t=0\):

\[
0 = B \omega \quad \Rightarrow \quad B=0
\]

Similarly, for \( v_z(t) \):

\[
v_z(t) = D \sin (\omega t)
\]

and

\[
\frac{dv_z}{dt} = D \omega \cos (\omega t)
\]

At\(t=0\):

\[

\left. \frac{dv_z}{dt} \right| {0} = D \omega
\]

But from earlier, initial derivative of \( v_z\):

\[
\frac{dv_z}{dt} = -\omega v_x(t)
\]

At\(t=0\):

\[
\frac{dv_z}{dt} =-\omega v_x(0) = - \omega
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