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Understanding the behavior and characteristics of second order systems is
fundamental in control engineering, mechanical vibrations, electrical
circuits, and many other fields. When a system exhibits second order
dynamics, it often responds to disturbances or input signals in ways that can
be analyzed using specific parameters, such as the natural (resonant)
frequency and the damped frequency. In this article, we delve into what these
frequencies mean, how they relate to each other, and the significance of
their values—particularly when the natural angular frequency is 2.0 rad/s and
the damped frequency is 1.8 rad/s.

---

Introduction to Second Order Systems

Second order systems are characterized by a differential equation of the
form:

\[ \frac{d^2 y(t)}{dt^2} + 2 \zeta \omega_n \frac{dy(t)}{dt} + \omega_n^2
y(t) = K u(t) \]

where:
- \( y(t) \) is the system output,
- \( u(t) \) is the input,
- \( \omega_n \) is the natural angular frequency,
- \( \zeta \) is the damping ratio,
- \( K \) is the system gain.

These systems naturally oscillate when disturbed or excited, and their
response is governed by two key frequencies:
- Natural Angular Frequency (\( \omega_n \)): The frequency at which the
system would oscillate if there was no damping.
- Damped Frequency (\( \omega_d \)): The actual frequency of oscillation when
damping is present.

Understanding these parameters provides insights into system stability,
response speed, overshoot, and steady-state behavior.

---



Natural Angular Frequency (\( \omega_n \))

The natural angular frequency, \( \omega_n \), indicates how quickly a system
tends to oscillate when disturbed, assuming no damping (i.e., \( \zeta = 0
\)). It is a fundamental property that depends on system parameters such as
mass, stiffness, or inductance and capacitance in electrical systems.

In our case, \( \omega_n = 2.0 \) Rad/s. This means that the system's
inherent oscillatory behavior — absent damping — would have a frequency of 2
radians per second.

Implications of \( \omega_n = 2.0 \) Rad/s:
- The period of oscillation in the undamped case is:

\[ T_n = \frac{2\pi}{\omega_n} = \frac{2\pi}{2.0} \approx 3.14 \text{
seconds} \]

- The system is relatively responsive, with oscillations occurring
approximately every 3.14 seconds in the ideal case.

---

Damped Frequency (\( \omega_d \))

The damped frequency, \( \omega_d \), reflects the actual frequency of
oscillation when damping is present. Damping causes energy dissipation,
reducing the amplitude of oscillations over time, and slightly lowering the
oscillation frequency.

Given \( \omega_d = 1.8 \) Rad/s, the system oscillates at a slightly lower
frequency than its natural frequency due to damping effects.

Calculating Damping Ratio (\( \zeta \))

The relationship between \( \omega_n \), \( \omega_d \), and the damping
ratio \( \zeta \) is:

\[ \omega_d = \omega_n \sqrt{1 - \zeta^2} \]

Rearranged to solve for \( \zeta \):

\[ \zeta = \sqrt{1 - \left(\frac{\omega_d}{\omega_n}\right)^2} \]

Plugging in the known values:

\[ \zeta = \sqrt{1 - \left(\frac{1.8}{2.0}\right)^2} = \sqrt{1 - (0.9)^2} =
\sqrt{1 - 0.81} = \sqrt{0.19} \approx 0.436 \]



This damping ratio indicates a moderately damped system, not underdamped or
overdamped.

---

Understanding Damping and Its Effects

Damping influences how the system responds over time, affecting parameters
such as overshoot, settling time, and stability.

Types of Damping

Underdamped (\( 0 < \zeta < 1 \)): System oscillates with exponential
decay. Our system, with \( \zeta \approx 0.436 \), falls into this
category.

Critically damped (\( \zeta = 1 \)): System returns to equilibrium as
quickly as possible without oscillating.

Overdamped (\( \zeta > 1 \)): System returns to equilibrium slowly
without oscillations.

Effects of damping ratio:
- Higher damping ratios reduce overshoot but increase settling time.
- Lower damping ratios lead to more oscillations and potential instability.

Time Response Characteristics Based on \( \zeta \)
and Frequencies
- Peak Overshoot (\( M_p \)):

\[ M_p = e^{-\frac{\zeta \pi}{\sqrt{1 - \zeta^2}}} \]

- Damped Natural Period (\( T_d \)):

\[ T_d = \frac{2\pi}{\omega_d} \]

Calculating \( T_d \):

\[ T_d = \frac{2\pi}{1.8} \approx 3.49 \text{ seconds} \]

The system completes an oscillation approximately every 3.49 seconds, which
is slightly longer than the undamped period due to damping.



---

Significance of the Frequencies in System
Design and Analysis

Knowing the natural and damped frequencies helps engineers design systems
with desired transient and steady-state behaviors.

Key applications include:

Control System Tuning: Adjusting damping ratios and natural frequencies
to optimize response speed and stability.

Vibration Analysis: Predicting oscillations in mechanical structures and
electrical circuits.

Resonance Avoidance: Ensuring operational frequencies do not coincide
with system natural frequencies to prevent destructive oscillations.

---

Practical Examples and Applications

Understanding these concepts is crucial in real-world applications:

Mechanical Vibrations
- Car suspensions are designed considering the natural frequency to ensure
comfort and safety.
- Building structures are analyzed for their vibrational modes to prevent
resonance during earthquakes.

Electrical Circuit Design
- RLC circuits' oscillatory behavior depends on their natural and damped
frequencies.
- Filter design leverages these frequencies to select desired signal
bandwidths.



Control Engineering
- PID controllers are tuned considering the system's damping ratio and
natural frequency to achieve optimal transient response.

---

Conclusion

A second order system with a natural angular frequency of 2.0 Rad/s and a
damped frequency of 1.8 Rad/s exhibits behaviors characteristic of a
moderately damped system. The damping ratio, approximately 0.436, indicates a
system that oscillates with decreasing amplitude over time, returning to
equilibrium without excessive overshoot. Understanding the interplay between
\( \omega_n \) and \( \omega_d \) is vital for engineers aiming to design
responsive, stable, and reliable systems across various disciplines. By
analyzing these frequencies, engineers can predict system behavior, optimize
performance, and prevent potential issues like resonance or excessive
oscillations.

Frequently Asked Questions

What is the natural angular frequency of the second
order system?
The natural angular frequency of the system is 2.0 rad/sec.

How is the damped frequency related to the natural
frequency in a second order system?
The damped frequency is the frequency of oscillation when damping is present,
and it is lower than the natural frequency due to damping effects.

Given the natural frequency of 2.0 rad/sec and
damped frequency of 1.8 rad/sec, how can we
calculate the damping ratio?
The damping ratio ζ can be calculated using: ζ = sqrt(1 - (damped frequency /
natural frequency)^2). Plugging in the values gives ζ ≈ sqrt(1 - (1.8/2.0)^2)
≈ 0.6.

What does the difference between natural and damped



frequencies indicate about the system's damping?
The difference indicates that the system is underdamped; damping causes the
oscillations to decrease over time and reduces the frequency from the natural
value.

How can you determine the damping coefficient from
the given frequencies?
The damping coefficient ζω_n can be found by multiplying the damping ratio ζ
by the natural frequency ω_n. Using ζ ≈ 0.6 and ω_n = 2.0 rad/sec, the
damping coefficient is approximately 1.2 rad/sec.

What is the significance of knowing both natural and
damped frequencies in control system design?
Knowing both frequencies helps in designing controllers and damping
mechanisms to achieve desired transient and steady-state response
characteristics.

Can the damping ratio be greater than 1 in this
system? Why or why not?
No, because the damped frequency is real and positive, indicating underdamped
or critically damped behavior; a damping ratio greater than 1 would imply
overdamping with no oscillations.

How does the damping ratio affect the transient
response of the second order system?
A higher damping ratio results in a faster decay of oscillations and less
overshoot, while a lower damping ratio leads to more sustained oscillations.

Additional Resources
A Second Order System Has A Natural Angular Frequency Of 2.0 Rad/s And A
Damped Frequency Of 1.8 Rad/s — these parameters are fundamental indicators
of the dynamic behavior of second-order systems, which are prevalent in
engineering, control systems, mechanical vibrations, and electrical circuits.
Understanding what these frequencies represent and how they influence system
response is crucial for designing stable and efficient systems. In this
comprehensive guide, we will explore the significance of natural and damped
frequencies, how they relate to system damping, and what insights they
provide into the behavior of second-order systems.

---



Introduction to Second-Order Systems

Second-order systems are characterized by differential equations involving
second derivatives. These systems often model real-world phenomena such as
mass-spring-damper setups, RLC circuits, and vehicle suspension systems. The
standard form of a second-order linear differential equation is:

\[
\ddot{y}(t) + 2 \zeta \omega_n \dot{y}(t) + \omega_n^2 y(t) = 0
\]

Where:
- \( y(t) \) is the system response (displacement, voltage, etc.).
- \( \omega_n \) is the natural angular frequency (rad/s).
- \( \zeta \) is the damping ratio (dimensionless).

The solutions to this differential equation reveal the system's behavior,
which can be oscillatory, overdamped, or underdamped, depending on the
damping ratio.

---

Key Frequencies in Second-Order Systems

1. Natural Angular Frequency (\( \omega_n \))

- Represents the frequency at which the system would oscillate if there were
no damping (\( \zeta = 0 \)).
- It defines the inherent oscillation rate of the system.
- In the given scenario, \( \omega_n = 2.0 \) Rad/s.

2. Damped Angular Frequency (\( \omega_d \))

- Represents the actual frequency of oscillations when damping is present.
- It is always less than or equal to \( \omega_n \), depending on damping.
- Given as \( \omega_d = 1.8 \) Rad/s.

---

Understanding the Relationship Between Frequencies and Damping

The connection between \( \omega_n \), \( \omega_d \), and \( \zeta \) is
given by:

\[
\omega_d = \omega_n \sqrt{1 - \zeta^2}
\]

This formula allows us to determine the damping ratio \( \zeta \) based on
the known frequencies.



Calculating the Damping Ratio

Given:
- \( \omega_n = 2.0 \) Rad/s
- \( \omega_d = 1.8 \) Rad/s

Plugging into the formula:

\[
1.8 = 2.0 \times \sqrt{1 - \zeta^2}
\]

Divide both sides by 2.0:

\[
0.9 = \sqrt{1 - \zeta^2}
\]

Square both sides:

\[
0.81 = 1 - \zeta^2
\]

Rearranged:

\[
\zeta^2 = 1 - 0.81 = 0.19
\]

Taking the square root:

\[
\zeta = \sqrt{0.19} \approx 0.436
\]

Thus, the damping ratio is approximately 0.436.

---

Interpreting the Damping Ratio

The damping ratio (\( \zeta \approx 0.436 \)) provides critical insights:

- Underdamped System (\( 0 < \zeta < 1 \)): The system exhibits oscillatory
behavior with exponentially decaying amplitude.
- Overdamped System (\( \zeta > 1 \)): No oscillations; the system returns to
equilibrium slowly.
- Critically Damped System (\( \zeta = 1 \)): Fastest return to equilibrium
without oscillation.



Since \( \zeta \approx 0.436 \), the system is underdamped, indicating it
oscillates while gradually settling.

---

System Response Characteristics

1. Oscillation Frequency

- The actual oscillation occurs at \( \omega_d = 1.8 \) Rad/s.
- The period of oscillation:

\[
T_d = \frac{2\pi}{\omega_d} = \frac{2\pi}{1.8} \approx 3.49 \text{ seconds}
\]

2. Decay Rate

- The envelope of the oscillations decays exponentially at a rate determined
by the damping ratio.
- The exponential decay rate:

\[
\text{Decay constant} = \zeta \omega_n = 0.436 \times 2.0 = 0.872 \text{
rad/sec}
\]

- The amplitude diminishes approximately by a factor of \( e^{-0.872 t} \).

3. Step Response and Overshoot

In control systems, the damping ratio influences the maximum overshoot:

\[
\text{Overshoot} (\%) = e^{\left(-\frac{\pi \zeta}{\sqrt{1 -
\zeta^2}}\right)} \times 100
\]

Calculating:

\[
\text{Overshoot} \approx e^{\left(-\frac{\pi \times 0.436}{\sqrt{1 -
0.436^2}}\right)} \times 100
\]

First, compute denominator:

\[
\sqrt{1 - 0.19} = \sqrt{0.81} = 0.9
\]



Then:

\[
\text{Overshoot} \approx e^{-\frac{\pi \times 0.436}{0.9}} \times 100 \approx
e^{-1.52} \times 100 \approx 0.218 \times 100 = 21.8\%
\]

Implication: The system will overshoot the steady-state value by
approximately 22%, with oscillations gradually diminishing.

---

Practical Significance and Applications

Understanding the relationship between the natural and damped frequencies is
vital for engineers who aim to tune system responses:

- Designing Control Systems: Ensuring that overshoot and settling times meet
specifications.
- Vibration Control: Adjusting damping to prevent excessive oscillations in
mechanical structures.
- Electrical Circuit Tuning: Selecting component values in RLC circuits to
achieve desired response characteristics.

Example Applications:

- Automotive Suspension: Balancing comfort (damping ratio) with road
handling.
- Robotics: Achieving precise positioning without excessive oscillations.
- Structural Engineering: Designing buildings and bridges to withstand
dynamic loads without resonant amplification.

---

Summary of Key Takeaways

- The natural angular frequency (\( \omega_n \)) indicates how fast the
system would oscillate without damping.
- The damped frequency (\( \omega_d \)) shows the actual oscillation rate
when damping is present.
- The damping ratio (\( \zeta \)) can be derived from these frequencies and
indicates the extent of damping.
- An underdamped system exhibits oscillations with an exponentially decaying
amplitude.
- The system described with \( \omega_n = 2.0 \) Rad/s and \( \omega_d = 1.8
\) Rad/s has a damping ratio of approximately 0.436, leading to a moderate
overshoot and oscillatory response.

---

Final Thoughts



Grasping the interplay between natural and damped frequencies in second-order
systems equips engineers and scientists with the tools to analyze, predict,
and control system behavior effectively. Whether designing a cruise control
system, tuning a mechanical suspension, or analyzing electrical circuits,
understanding these fundamental parameters is essential for achieving desired
performance and stability.

---

By mastering these concepts, you can confidently approach complex dynamic
systems and tailor their responses to meet specific needs, ensuring safety,
efficiency, and reliability in your engineering projects.
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