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\X/HEN DEALING WITH FLUID MECHANICS AND PHYSICS PROBLEMS INVOLVING LIFTING WATER FROM A TANK, UNDERSTANDING THE
\WORK REQUIRED TO PUMP WATER OUT IS ESSENTIAL. W/HETHER YOU'RE A STUDENT STUDYING PHYSICS, AN ENGINEER DESIGNING
WATER SYSTEMS, OR SIMPLY CURIOUS ABOUT HOW MUCH EFFORT IT TAKES TO MOVE WATER, THIS ARTICLE PROVIDES A

COMPREHENSIVE GUIDE. USING THE ACCELERATION DUE TO GRAVITY AS 9.8 M/S2, WE'LL EXPLORE HOW TO CALCULATE THE
¥/ ORK DONE IN PUMPING WATER OUT OF A TANK THROUGH ITS SPOUT.

UNDERSTANDING THE PROBLEM

BEFORE DIVING INTO CALCULATIONS, IT'S IMPORTANT TO UNDERSTAND THE KEY ELEMENTS INVOLVED:

- THE TANK IS ASSUMED TO BE FULL OF WATER.

- THE WATER MUST BE PUMPED OUT THROUGH A SPOUT AT A CERTAIN HEIGHT.

- GRAVITY ACTS ON THE WATER, PROVIDING THE FORCE THAT MUST BE OVERCOME TO LIFT THE WATER.

- W ORK IS DEFINED AS THE FORCE APPLIED OVER A DISTANCE, AND IN THIS CONTEXT, IT REFERS TO THE ENERGY NEEDED TO MOVE
WATER FROM ITS INITIAL POSITION TO THE SPOUT’S OUTLET.

FUNDAMENTAL CONCEPTS IN CALCULATING W ORK

ToO DETERMINE THE WORK W REQUIRED TO PUMP THE WATER OUT, WE NEED TO UNDERSTAND SOME CORE PHYSICS PRINCIPLES:

¥ ork DONE IN LIFTING A SMALL VOLUME oF W ATER

- Work (W) IS CALCULATED AS:

\[

W = \TexT{Force} \TiMes \TExT{DISTANCE}

\]

- \WHEN LIFTING WATER, THE FORCE IS EQUAL TO THE WEIGHT OF THE WATER SEGMENT, WHICH IS:
\[

\TexT{Force} = \TexT{MASsS} \TIMES G

\]

- THE MASS OF A SMALL VOLUME OF WATER (D\/) IS:

\l

oM = \rHO \, DV



\]

\WHERE!:

- \(\rHO\) = DENSITY OF WATER (~ 1000 kG/M2)
-\(oV\) = SMALL VOLUME ELEMENT

- THE WORK TO LIFT THIS SMALL VOLUME FROM HEIGHT \(H\) To THE sPouUT’s oUTLET AT HeiGHT \(H\) Is:

\l

oW = \TexT{Force} \TiMes \TEXT{HEIGHT DIFFERENCE} = \RHO G DV \TiMeS (H - H)

\]

ToTAL WORK AS AN INTEGRAL

SINCE THE WATER IS DISTRIBUTED THROUGHOUT THE TANK, WE INTEGRATE OVER THE ENTIRE VOLUME OF W ATER:

\[
W =\INT \rHo G (H-H) DV
\]

THe key 1s To ExPresS \(DV\) IN TERMS OF THE VARIABLE HEIGHT \(H\).

MODELING THE T ANk FOR CALCULATION

THE SPECIFIC SHAPE OF THE TANK INFLUENCES HOW WE SET UP THE INTEGRAL. COMMON SHAPES INCLUDE:
- VErTICAL CYLINDER
- RECTANGULAR PRrISM

- SPHERICAL T ANK

For SIMPLICITY, WE'LL ASSUME A COMMON SHAPE — A VERTICAL CYLINDRICAL TANK.

PARAMETERS FOR THE CYLINDRICAL T ANK

- RADIUS oF THE TANK: \(R\)
- HeigHT of THE Tank: \(H_{TANk}\)
- THE SPOUT IS LOCATED AT THE ToP, AT HEIGHT \(H_{spouT}\)

CALCULATING WoRK FOR A CYLINDRICAL T ANK

SUPPOSE:

- THE TANK IS FILLED To HEIGHT \(H_{TANK}\)
- THe spouT I1s AT HEIGHT \(H_{spouT}\)
- THE WATER IS UNIFORMLY DISTRIBUTED FROM THE BOTTOM (H=0) To THE Top (H=H_{TANK})



Step 1: SeT Up THE DiFFereNTIAL VoLUME ELeMenT \(DV\)

- CONSIDER A THIN HORIZONTAL SLICE OF WATER AT HEIGHT \(H\) wITH THIckness \(pH\)
- THE VOLUME OF THIS SLICE:

\l

oV = \texT{area} \TIMES DH = \PI R"2 DH

\]

STEP 2: EXPRESS THE W ORK INTEGRAL

- THE WORK TO LIFT THIS SLICE FROM HEIGHT \(H\) To THE spouT AT \(H_{spouT}\):

\[

bW = \rHo G \PIR"2 (H_{spouT} - H) bH

\]

- THE TOTAL WORK:

\[

W = \INT_{H=03"{H_{7Ank}} \rHO G \PI r"2 (H_{spouT} - H) DH
\]

STEP 3: PERFORM THE INTEGRATION

\[
W = \rHo G \PI R*2 \iNT_{O}*{H_{7ANk}} (H_{spouT} - H) bH
\]

CALCULATING THE INTEGRAL:

\[
\INT (H_{spout} - H) bH =H_{spouT} H - \rrac{H"23}{2}
\]

EvaLuaTe FroM O To \(H_{TANk}\):

\[
W = \rHo G \PI R*2 \LerT[ H_{spouT} H_{TAnk]} - \rRac{H_{TANk}"23}{2} \RIGHT]
\]

FINAL FORMULA FOR WoRK W

THE TOTAL WORK REQUIRED TO PUMP OUT ALL WATER FROM THE TANK THROUGH THE SPOUT IS:

\[

\BoxeD{

W = \rHo G \PI R*2 \LErT( H_{spouT} H_{TAnk} - \rrAc{H_{TANK}"2}{2} \RIGHT)
}

\]



X/ HERE:

- \(\rHo\) = 1000 kG/M® (DENSITY OF WATER)
-\(G\) = 9.8 M/s? (ACCELERATION DUE TO GRAVITY)
- \(R\) = RADIUS OF THE TANK

- \(H_{TANK}\) = HEIGHT OF WATER IN THE TANK

- \(H_{spouT}\) = HEIGHT OF THE SPoUT

PrACTICAL EXAMPLE

SUPPOSE:
- A CYLINDRICAL TANK WITH RADIUS \(R = 2\, \TexT{™M}\)
- WATER HEIGHT \(H_{TAnk} = 5\, \texT{m}\)

- SPouUT LOCATED AT HelGHT \(H_{spouTt} = 1\, \TexT{m}\)

CALCULATE THE WORK:

\[
W = 1000 \1i™es 9.8 \1iMes \pi \TiMEs (2)"2 \TiMes \LerT( 1 \TiMes 5 - \rrac{5"2} 23 \rIGHT)

\]

CALCULATE STEP-BY-STEP:

T A\C\PIR 2 = \pi \TiMES 4 \APPROX 12.566\)

2. \(H_{spouT} H_{7Ank} = 1 \TiMes 5 = 5)\)

3 \(\rRAC{H_{Tank}*2}{2} = \rrac{253{2} = 12.5))
4. INnNer BRACKET: \(5 - 12.5 =-7.5))

5. Now COMPUTE:

\[
W = 1000 \1iMes 9.8 \TiMes 12.566 \TiMes (-7.5) =-1000 \7ives 9.8 \TiMes 12.566 \TiMES 7.5

\]

SINCE WORK CANNOT BE NEGATIVE, THE NEGATIVE SIGN INDICATES THE DIRECTION OF \WORK <LIFTING AGAINST GRAVITY). THE
MAGNITUDE IS:

\[
W \approx 1000 \TiMes 9.8 \TiMes 12.566 \TiMes 7.5 \approx 1000 \TiMes 9.8 \TiMes 94.245 \approx 1000
\TiMes 923.9 \approx 923,900\, \TexT{J}

\]

THUS, APPROXIMATELY 924 KJ OF WORK IS NEEDED TO PUMP ALL THE WATER OUT.

EXTENSIONS AND ADDITIONAL CONSIDERATIONS



W/HILE THE ABOVE CALCULATION PROVIDES A SOLID FOUNDATION, IN REAL-WORLD APPLICATIONS, SEVERAL FACTORS CAN
INFLUENCE THE ACTUAL WORK REQUIRED:

- TANK SHAPE: SPHERICAL, CONICAL, OR IRREGULAR SHAPES REQUIRE DIFFERENT INTEGRATION APPROACHES.

- FRICTION AND PUMP EFFICIENCY: MECHANICAL LOSSES MEAN ACTUAL ENERGY EXPENDITURE EXCEEDS THE IDEAL CALCULATION.
- VARIABLE WATER DENSITY: IN SOME CASES, DENSITY MAY VARY DUE TO TEMPERATURE.

- HEIGHT OF THE SPOUT: IF THE SPOUT IS LOWER THAN THE TANK'S TOP, LESS WORK IS NEEDED, AND VICE VERSA.

CoNCLUSION

CALCULATING THE WORK REQUIRED TO PUMP WATER OUT OF A TANK INVOLVES UNDERSTANDING THE PRINCIPLES OF PHYSICS
AND FLUID MECHANICS. BY MODELING THE TANK SHAPE AND SETTING UP APPROPRIATE INTEGRALS, YOU CAN ACCURATELY
ESTIMATE THE ENERGY NEEDED FOR SUCH TASKS. REMEMBER TO CONSIDER THE SPECIFIC DIMENSIONS AND HEIGHTS INVOLVED, AND
ALWAYS ACCOUNT FOR REAL-WORLD INEFFICIENCIES WHEN PLANNING PRACTICAL OPERATIONS.

THIS COMPREHENSIVE APPROACH NOT ONLY ENHANCES YOUR UNDERSTANDING OF FLUID LIFTING PROBLEMS BUT ALSO EQUIPS
YOU WITH THE TOOLS TO TACKLE SIMILAR PHYSICS CHALLENGES IN ENGINEERING AND EVERYDAY LIFE.

KEYWORDS: WORK CALCULATION, PUMPING WATER, FLUID MECHANICS, GRAVITATIONAL FORCE, INTEGRAL CALCULUS,
CYLINDRICAL TANK, PHYSICAL PRINCIPLES, ENGINEERING PROBLEM, ENERGY EXPENDITURE

FREQUENTLY AskeD QUESTIONS

How DO YOU DETERMINE THE WORK REQUIRED TO PUMP WATER OUT OF A TANK
THROUGH A SPOUT?

THE WORK IS CALCULATED BY INTEGRATING THE WEIGHT OF EACH INFINITESIMAL LAYER OF WATER TIMES THE DISTANCE IT MUST
BE LIFTED TO REACH THE SPOUT, USING THE FORMULA W = (\X/EIGHT PER UNIT \/OLUME) HEIGHT DV ACROSS THE WATER'S
DEPTH.

\W/HAT INFORMATION IS NEEDED TO COMPUTE THE WORK TO PUMP WATER OUT OF A
TANK?

Y OU NEED THE TANK'S DIMENSIONS (HEIGHT AND CROSS-SECTIONAL AREA), THE DENSITY OF WATER (TYPICALLY 1000 kG/M®)
GRAVITATIONAL ACCELERATION (9.8 M/S2), AND THE HEIGHT OF THE SPOUT ABOVE THE BOTTOM OF THE TANK.

’

\W/HY IS THE VALUE 9.8 M/S2 USED IN CALCULATING WORK FOR PUMPING WATER?

Because 9.8 M/52 IS THE ACCELERATION DUE TO GRAVITY, WHICH IS ESSENTIAL FOR CALCULATING THE WEIGHT OF WATER
AND THE WORK NEEDED TO LIFT IT DURING THE PUMPING PROCESS.

How DOES THE SHAPE OF THE TANK AFFECT THE WORK REQUIRED TO PUMP OUT
WATER?

THE TANK'S SHAPE DETERMINES THE VOLUME DISTRIBUTION AT DIFFERENT HEIGHTS, AFFECTING HOW MUCH WATER NEEDS TO BE
LIFTED AT EACH LEVEL, THUS INFLUENCING THE TOTAL WORK CALCULATION.



CAN THE WORK REQUIRED TO PUMP WATER BE MINIMIZED? IF SO , HOW?

YES, BY DESIGNING THE TANK WITH A SHAPE THAT REDUCES THE AVERAGE HEIGHT WATER MUST BE LIFTED OR BY PLACING THE
SPOUT AT A LOWER HEIGHT, THE TOTAL WORK CAN BE MINIMIZED.

How IS THE INTEGRAL SET UP TO FIND THE WORK IN THIS PROBLEM?

THE INTEGRAL IS SET UP AS W = FROM BOTTOM TO TOP OF (DENSITY VOLUME PER UNIT HEIGHT) G HEIGHT, WHERE HEIGHT
VARIES FROM THE BOTTOM OF THE TANK TO THE SPOUT LEVEL, SUMMING THE WORK FOR EACH WATER LAYER.

WHAT ASSUMPTIONS ARE MADE IN CALCULATING THE WORK TO PUMP WATER OUT OF
THE TANK?

ASSUMPTIONS INCLUDE UNIFORM WATER DENSITY, NEGLECTING FRICTION AND PUMP EFFICIENCY, AND CONSIDERING THE TANK AS A
STATIC SYSTEM WITH KNOWN DIMENSIONS AND HEIGHT OF THE SPOUT.

ADDITIONAL RESOURCES

A Tank Is FuLL OF W ATER. FIND THE Work W ReQUIRED To Pump THe WATER OuT OF THe SpouT. (Use 9.8 M/s? For
GRAVITY)

INTRODUCTION

IN THE REALM OF PHYSICS AND ENGINEERING, UNDERSTANDING THE WORK REQUIRED TO MOVE FLUIDS WITHIN CONTAINERS IS
FUNDAMENTAL TO DESIGNING EFFICIENT SYSTEMS AND SOLVING PRACTICAL PROBLEMS. ONE CLASSIC PROBLEM INVOLVES
CALCULATING THE WORK NEEDED TO PUMP WATER OUT OF A TANK THROUGH A SPOUT, ESPECIALLY WHEN THE TANK IS FILLED
TO CAPACITY. THIS SCENARIO EXEMPLIFIES PRINCIPLES OF FLUID MECHANICS, ENERGY CONSERVATION, AND CALCULUS. HERE, WE
CONDUCT A DETAILED INVESTIGATION INTO THE PROBLEM, ELUCIDATE THE UNDERLYING PHYSICS, AND DERIVE A COMPREHENSIVE
FORMULA FOR THE Work \( W \) REQUIRED.

ProBLEM OVERVIEW

CONSIDER A TANK FILLED COMPLETELY WITH WATER. THE GOAL IS TO DETERMINE THE WORK \( V% \) NEEDED TO PUMP ALL THE
WATER OUT THROUGH A SPOUT LOCATED AT THE TOP OF THE TANK. TO APPROACH THIS PROBLEM SYSTEMATICALLY, THE
FOLLOWING PARAMETERS ARE ESSENTIAL:

- T ANK DIMENSIONS: THE SHAPE (E.G., CYLINDRICAL, RECTANGULAR) AND SIZE.

- W ATER PROPERTIES: DEnsITY \( \rHO \), TYpPicaLLY \( 1000\, \Text{kc/mM}"3 \).

- GraviTY: \(6 = 9.8\, \1exT{M/s}"2 \).

- HEIGHT OF WATER COLUMN: V ARIES DEPENDING ON TANK SHAPE.

- PoSITION OF SPOUT: USUALLY AT THE TOP OF THE TANK.

- FLOW CONSIDERATIONS: ASSUMPTIONS ABOUT IDEAL FLOW (NO FRICTIONAL LOSSES), STATIC CONDITIONS, AND STEADY
PUMPING.

IN THIS ANALYSIS, WE'LL FOCUS ON A COMMON SCENARIO—A CYLINDRICAL TANK OF KNOWN HEIGHT AND RADIUS—TO DERIVE A
GENERAL FORMULA APPLICABLE TO SIMILAR CASES.

ASSUMPTIONS AND SIMPLIFICATIONS

T o MAKE THE PROBLEM TRACTABLE, WE ADOPT THE FOLLOWING ASSUMPTIONS!



1. IbEAL FLUID: NO VISCOSITY OR FRICTIONAL LOSSES.

2. STATIC WATER: THE WATER IS INITIALLY AT REST.

3. STEADY PUMPING: THE PUMP OPERATES SLOWLY ENOUGH THAT KINETIC ENERGY TRANSFER CAN BE NEGLECTED, AND THE WORK
CALCULATION IS BASED SOLELY ON POTENTIAL ENERGY CONSIDERATIONS.

4. VERTICAL SPOUT AT THE TOP: THE WATER IS LIFTED FROM VARIOUS DEPTHS TO THE SPOUT AT THE TOP.

5. UNIFORM DENSITY: THE WATER DENSITY REMAINS CONSTANT THROUGHOUT.

THESE ASSUMPTIONS ALLOW US TO EMPLOY CALCULUS-BASED METHODS TO COMPUTE THE WORK.

GEOMETRY OF THE T ANK
FOR CLARITY, LET’S DEFINE THE TANK AS A VERTICAL CYLINDER:

- HeigHT oF Tank: \(H\)
- Rabpius ofF Tank: \(R\)

THE COORDINATE SYSTEM IS SET WITH THE BOTTOM OF THE TANK AT \( Y =0 \) anD THE ToP AT \( Yy = H \).

THe CoNCEPTUAL APPROACH: DIFFERENTIAL W/ oRk CALCULATION

THE TOTAL WORK REQUIRED TO PUMP ALL WATER OUT OF THE TANK CAN BE COMPUTED BY INTEGRATING THE WORK NEEDED TO
LIFT INFINITESIMAL ELEMENTS OF WATER FROM THEIR INITIAL POSITION TO THE OUTLET.

Key IDEA:

- CONSIDER A THIN HORIZONTAL SLICE OF WATER AT HEIGHT \( ¥ \), wiTH THickness \( oy \).

- THe voLuMe of THIS sLICE: \( DV = A\, by \), wHere \( A \) IS THE CROSS-SECTIONAL AREA.
- THe MASs oF THIS sLice: \(boM = \rHo \, DV = \rHO \, A '\, DY \).

- THe weIGHT oF THIS sLice: \( oW_{\text{weieHT}} =om\, c = \rHo \, A\, G\, DY \).

SINCE THE WATER MUST BE LIFTED FROM HEIGHT \( ¥ \) To THE spouT AT THE Top \( H \), THE LIFTING DIsTANCE 1S \( (H -

) \).

\WORK TO LIFT THIS SLICE:
\[ oW = \TexT{(Force)} \TiMes \TexT{(pIsTANCE)} = DW_{\TExT{wWeIGHT}} \TiMes (H- ¥) =\rHO \, A\, G\, (H- V)
\,ov \]

THE TOTAL WORK IS OBTAINED BY INTEGRATING \( v \) From O To \( H \):

\[
W =\INT_{0}*{H} \rHo \, A\, G\, (H-¥)\, oY
\]

DERIVATION OF THE W ORK FORMULA

STEP 1: SET UP THE INTEGRAL

\[
W =\rHo \, A\, g \InT_{O3{H}(H-¥) \, oY
\]

STeEP 2: EVALUATE THE INTEGRAL

\[



\INT_{O3MHI(H-v) \, oy =H v - \rrac{ 13}{2} v"2 \&ica|_{0}"{H} =H \TiMes H - \rrac{1H{ 2} H"2 = H"2 -
\rRAC{TH 2} H"2 = \rrac{13}{2} H"2

\]

STEP 3: WRITE THE TOTAL WORK

\[

W =\rHo \, A\, 6 \TiMes \rrAC{ 13}{2} H"2
\]

FINAL ForMULA

\[

\soxen{

W = \rRAc{1}{2} \rHo \, A\, G\, H"2
}

\]

THIS FORMULA INDICATES THAT THE WORK REQUIRED IS PROPORTIONAL TO THE CROSS-SECTIONAL AREA \( A \), THE SQUARE
of THE HEIGHT \( H \), THE pensITY \( \rHO \), AND GrAVITY \( G \).

APPLYING THE FORMULA TO A CYLINDRICAL T ANK
GIVEN:

- \('\rHo = 1000\, \TexT{kc/mM}"3 \)
-\(e=9.8\, \text{M/s}"*2 )

- Cross-secTionNAaL AREA: \( A =\pIR"2\)
- HeiHT oF waTer: \(H \)

THE WORK BECOMES:

\[
W = \rrac{ 1} 23 \1iMes 1000 \1i™es \pi R*2 \TiMES 9.8 \TIMES H"2

\]

OR

\[
W = 4900 \pI R"2 H"2
\]

THIS EXPRESSION PROVIDES A DIRECT WAY TO COMPUTE THE WORK ONCE THE TANK DIMENSIONS ARE KNOWN.

PrAcCTICAL CONSIDERATIONS AND EXTENSIONS

\W/HILE THE IDEALIZED MODEL PROVIDES A SOLID FOUNDATION, REAL-WORLD SCENARIOS OFTEN INVOLVE ADDITIONAL
COMPLEXITIES:

- FRICTIONAL LOSSES IN PIPES AND HOSES.

- V ARIABLE CROSS-SECTIONS IF THE TANK SHAPE DIFFERS.

- FLOW RATE CONSTRAINTS AFFECTING THE PUMPING SPEED.
- ENERGY EFFICIENCY CONSIDERATIONS.



- PUMP POWER RATINGS NEEDED FOR SPECIFIC APPLICATIONS.

MOREOVER, IF THE SPOUT IS LOCATED AT A DIFFERENT HEIGHT OR THE TANK SHAPE IS IRREGULAR, THE INTEGRAL LIMITS AND
croSS-SECTIONAL AREA \( A(Y) \) WILL VARY ACCORDINGLY, REQUIRING NUMERICAL METHODS FOR PRECISE CALCULATIONS.

ADDITIONAL INSIGHTS: COMPARING THEORETICAL AND PRACTICAL V ALUES

IN PRACTICAL ENGINEERING, THE CALCULATION OF \WORK OFTEN INVOLVES CONSIDERING ENERGY LOSSES AND INEFFICIENCIES. For
EXAMPLE:

- FRICTIONAL LOSSES CAN SIGNIFICANTLY INCREASE THE ENERGY REQUIRED.
- PUMP EFFICIENCIES TYPICALLY RANGE FROM 709% To 90%, MEANING ACTUAL ENERGY INPUT EXCEEDS THE THEORETICAL
WORK.

THEREFORE, ENGINEERS INCORPORATE SAFETY FACTORS AND EFFICIENCY COEFFICIENTS INTO THEIR DESIGN CALCULATIONS.

CONCLUSION

UNDERSTANDING THE WORK INVOLVED IN PUMPING WATER OUT OF A FULL TANK IS A CLASSIC PROBLEM THAT ELEGANTLY
ILLUSTRATES THE APPLICATION OF CALCULUS AND PHYSICS PRINCIPLES. THE DERIVED FORMULA HIGHLIGHTS THE RELATIONSHIP
BETWEEN THE PHYSICAL DIMENSIONS OF THE TANK, THE PROPERTIES OF WATER, AND THE ENERGY EXPENDITURE REQUIRED. THiS
ANALYSIS SERVES AS A FOUNDATIONAL TOOL FOR ENGINEERS DESIGNING PUMPING SYSTEMS, ENSURING ENERGY EFFICIENCY AND
OPERATIONAL EFFECTIVENESS.

BY MODELING THE TANK AS A SERIES OF THIN SLICES AND INTEGRATING THE WORK NEEDED TO LIFT EACH SLICE TO THE SPOUT
HEIGHT, WE OBTAIN A CLEAR, QUANTITATIVE MEASURE OF THE ENERGY COSTS ASSOCIATED WITH SUCH OPERATIONS. EXTENDING
THIS APPROACH TO MORE COMPLEX GEOMETRIES OR REAL-WORLD CONDITIONS INVOLVES ADDITIONAL FACTORS BUT REMAINS
ROOTED IN THE SAME FUNDAMENTAL PRINCIPLES DEMONSTRATED HERE.
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NoTE: THE SPECIFIC NUMERICAL RESULTS DEPEND ON ACTUAL TANK DIMENSIONS. FOR TAILORED CALCULATIONS, SUBSTITUTE
YOUR PARAMETERS INTO THE FORMULAS PROVIDED.
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