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Understanding the behavior of forces in two-dimensional systems is fundamental in physics,
especially when analyzing conservative forces that govern the motion of particles and
objects. These forces, characterized by the property of being derivable from a potential
energy function, reveal intricate relationships between their components and spatial
derivatives. In particular, when a two-dimensional conservative force is zero along the
coordinate axes and satisfies the condition involving the partial derivative of its x-
component with respect to y, it offers rich insights into the nature of the force field, its
potential function, and the underlying physics.

This article delves into the detailed analysis of such a force field, exploring its properties,
mathematical formulation, physical significance, and applications. We will analyze the
implications of the force being zero on the axes, interpret the condition involving (dFx/dy),
and discuss how these features influence the behavior of particles in the field. Additionally,
the discussion will include the concepts of vector calculus pertinent to conservative forces,
such as curl and divergence, and their physical interpretations.

---

Fundamentals of Two-Dimensional Conservative
Forces

What Is a Conservative Force?

A force \(\vec{F}\) is termed conservative if it derives from a scalar potential energy
function \(V(x, y)\), such that:

\[
\vec{F} = -\nabla V = -\left( \frac{\partial V}{\partial x}, \frac{\partial V}{\partial y} \right)
\]

This property implies several key features:

- The work done by the force in moving an object between two points is path-independent.
- The line integral of the force around any closed path is zero:

\[



\oint \vec{F} \cdot d\vec{r} = 0
\]

- The force field is irrotational, i.e., its curl is zero:

\[
\nabla \times \vec{F} = 0
\]

In two dimensions, the force components are \(F_x(x, y)\) and \(F_y(x, y)\).

---

Implications of Zero Force on the X and Y Axes

Force Components Vanishing on the Axes

When a two-dimensional force \(\vec{F} = (F_x, F_y)\) satisfies:

\[
F_x = 0 \quad \text{on the } y\text{-axis (where } x=0)
\]
\[
F_y = 0 \quad \text{on the } x\text{-axis (where } y=0)
\]

it indicates that along these axes, the force has no component directing particles either
along or away from the axes. Physically, this can be interpreted as:

- The axes are equilibrium lines or points where the force magnitude drops to zero.
- Particles placed exactly on these axes experience no net force, potentially representing
stable or unstable equilibrium points depending on the nature of the nearby potential.

---

Physical Significance of Zero Force on the Axes

The vanishing of force components on the axes often suggests symmetry in the potential
function. For example, such symmetry might imply:

- The potential \(V(x, y)\) is symmetric with respect to the axes.
- The force field is structured such that the axes are lines of equilibrium.

In many physical systems, such as electric fields around symmetrical charge distributions
or gravitational fields near symmetric mass arrangements, the force components may



vanish along certain axes or lines.

---

The Condition \(\frac{\partial F_x}{\partial y}\)

Understanding the Partial Derivative \(\frac{\partial
F_x}{\partial y}\)

The partial derivative \(\frac{\partial F_x}{\partial y}\) measures how the x-component of
the force varies as one moves in the y-direction. It is a measure of the "shear" or how the
force component in x changes vertically.

In the context of a conservative force field, this derivative relates to the second derivatives
of the potential energy function:

\[
F_x = -\frac{\partial V}{\partial x}
\]
\[
\Rightarrow \frac{\partial F_x}{\partial y} = -\frac{\partial^2 V}{\partial y \partial x}
\]

Similarly, the other mixed partial derivative:

\[
\frac{\partial F_y}{\partial x} = -\frac{\partial^2 V}{\partial x \partial y}
\]

By Schwarz's theorem (symmetry of second derivatives), for sufficiently smooth potentials:

\[
\frac{\partial^2 V}{\partial y \partial x} = \frac{\partial^2 V}{\partial x \partial y}
\]

which implies:

\[
\frac{\partial F_x}{\partial y} = \frac{\partial F_y}{\partial x}
\]

This equality is a key property in conservative force fields.

---



Significance of the Condition \(\frac{\partial
F_x}{\partial y}\)

The specific condition involving \(\frac{\partial F_x}{\partial y}\) can indicate:

- The nature of the potential energy surface.
- The symmetry properties of the force field.
- Whether the force field has zero curl, satisfying \(\nabla \times \vec{F} = 0\).

For example, if \(\frac{\partial F_x}{\partial y} = 0\), it indicates that the x-component of
force does not change as y varies, which could imply a certain separability or independence
in the potential function.

---

Mathematical Analysis of the Force Field

Potential Function and Force Components

Given the force components \(F_x(x, y)\) and \(F_y(x, y)\), the potential energy function
\(V(x, y)\) satisfies:

\[
F_x = -\frac{\partial V}{\partial x}
\]
\[
F_y = -\frac{\partial V}{\partial y}
\]

If the force is conservative, the mixed second derivatives must be equal:

\[
\frac{\partial^2 V}{\partial x \partial y} = \frac{\partial^2 V}{\partial y \partial x}
\]

which leads to:

\[
\frac{\partial F_x}{\partial y} = \frac{\partial F_y}{\partial x}
\]

This fundamental relation ensures the force field's consistency and potential function
existence.

---



Integrating the Force Components to Find \(V(x, y)\)

To find the potential function \(V(x, y)\), perform the following steps:

1. Integrate \(F_x(x, y)\) with respect to \(x\):

\[
V(x, y) = -\int F_x(x, y) dx + g(y)
\]

where \(g(y)\) is an arbitrary function of \(y\).

2. Differentiate \(V(x, y)\) with respect to \(y\):

\[
\frac{\partial V}{\partial y} = -\frac{\partial}{\partial y} \left( \int F_x(x, y) dx \right) +
g'(y)
\]

3. Equate this to \(-F_y(x, y)\):

\[
-F_y(x, y) = -\frac{\partial}{\partial y} \left( \int F_x(x, y) dx \right) + g'(y)
\]

From this, \(g(y)\) can be determined, providing the complete expression for \(V\).

---

Examples and Physical Systems

Example: Symmetric Potential Field

Suppose the potential is symmetric with respect to the axes, such that:

\[
V(x, y) = \frac{1}{2} k_x x^2 + \frac{1}{2} k_y y^2
\]

where \(k_x, k_y > 0\) are constants. The force components are:

\[
F_x = -k_x x
\]
\[
F_y = -k_y y



\]

On the axes:

- At \(x=0\), \(F_x=0\).
- At \(y=0\), \(F_y=0\).

Furthermore, the derivatives:

\[
\frac{\partial F_x}{\partial y} = 0
\]
\[
\frac{\partial F_y}{\partial x} = 0
\]

satisfy the symmetry condition.

---

Physical Systems with Zero Force on Axes

- Electric Fields of Symmetrical Charges: The electric field may vanish along certain
symmetry axes.
- Spring-Mass Systems: Equilibrium points where the restoring force is zero.
- Magnetic Fields: In idealized models, certain field lines where magnetic force components
are zero.

---

Applications and Significance in Physics and
Engineering

Designing Stable Equilibria

Understanding where forces vanish allows engineers and physicists to design systems with
stable or unstable equilibria, such as in mechanical structures or control systems.

Analyzing Particle Motion

Knowing the behavior of the force components on axes and how they change with position
helps predict particle trajectories, potential trapping regions, and



Frequently Asked Questions

What does it mean for a two-dimensional conservative
force to be zero on the x and y axes?
It means that the force components along the x and y directions are zero when evaluated
on the respective axes, indicating the force has no magnitude along those axes at those
specific points.

How does the condition (∂F_x/∂y) relate to the nature of
the conservative force in two dimensions?
The condition (∂F_x/∂y) provides information about how the x-component of the force varies
with y, which is essential in verifying the force's conservative nature and ensuring the curl
of the force field is zero.

Can a two-dimensional conservative force with zero
components on the axes have a non-zero force
elsewhere?
Yes, the force can be non-zero at points away from the axes, as the zero components on
the axes do not restrict the force's magnitude or direction elsewhere, only along those
specific axes.

What is the significance of the condition (dFx/dy) in
analyzing conservative forces?
This partial derivative helps determine whether the force field is conservative by checking if
the mixed partial derivatives satisfy the conditions required for a potential function to exist.

How do the zero force components on the axes affect
the potential function associated with the force?
If the force components are zero on the axes, the potential function must satisfy certain
boundary conditions along those axes, often implying that the potential is constant or has
specific symmetry properties there.

What additional conditions are needed to fully
characterize a two-dimensional conservative force
satisfying (∂F_x/∂y)?
In addition to (∂F_x/∂y), the force should satisfy (∂F_y/∂x) = (∂F_x/∂y) to ensure the curl of
the force field is zero, confirming its conservative nature in two dimensions.



Additional Resources
A Two-dimensional, Conservative Force Is Zero On The X And Y-axes, And Satisfies The
Condition (dFx/dy)

Understanding the behavior of a two-dimensional, conservative force that is zero on the x
and y axes and satisfies the condition (dF_x/dy) is a fascinating exploration into vector
calculus and classical mechanics. This scenario presents a unique case where the force field
exhibits both symmetry and specific derivative constraints, leading to intriguing
implications for potential functions, field behavior, and particle dynamics within such a
system. In this guide, we will delve into the fundamental concepts, analyze the
mathematical conditions, and explore potential applications and interpretations of this force
configuration.

---

Introduction to Two-Dimensional Conservative Forces

Before analyzing the specific case, it's essential to grasp the general framework of
conservative forces in two dimensions.

What Is a Conservative Force?

A force field \(\vec{F}(x, y)\) is said to be conservative if it can be expressed as the
gradient of a scalar potential function \(V(x, y)\):

\[
\vec{F}(x, y) = -\nabla V(x, y) = -\left(\frac{\partial V}{\partial x}, \frac{\partial V}{\partial
y}\right)
\]

Key properties of conservative forces:

- They are path-independent; the work done by the force in moving a particle between two
points depends only on those points.
- The curl of a conservative force field is zero:

\[
\nabla \times \vec{F} = 0
\]

- They can be derived from a potential energy function \(V(x, y)\).

---

The Scenario: Zero Force on the Axes and the Derivative Condition

The problem states:

- The force is zero on the x-axis (\(y=0\)) and y-axis (\(x=0\)).
- The force satisfies the condition \((dF_x/dy)\), which implies a specific relationship



involving the derivatives of the force components.

This setup imposes certain symmetry and boundary conditions on the force field, which
influence the form of the potential \(V(x, y)\) and the behavior of the force components
\(F_x\) and \(F_y\).

---

Mathematical Foundations and Conditions

Force Components and Potential Function

Given the force \(\vec{F} = (F_x, F_y)\), the potential \(V(x, y)\) relates via:

\[
F_x = -\frac{\partial V}{\partial x}, \quad F_y = -\frac{\partial V}{\partial y}
\]

Since the force is conservative, the compatibility condition (curl-free condition) must hold:

\[
\frac{\partial F_y}{\partial x} - \frac{\partial F_x}{\partial y} = 0
\]

Zero Force on the Axes

Mathematically, on the axes:

\[
\text{At } y=0: \quad F_x(x, 0) = 0, \quad F_y(x, 0) = 0
\]
\[
\text{At } x=0: \quad F_x(0, y) = 0, \quad F_y(0, y) = 0
\]

This suggests that the potential function \(V(x, y)\) might have certain symmetry or
boundary conditions.

---

Analyzing the Condition \((dF_x/dy)\)

The notation \((dF_x/dy)\) indicates the partial derivative of \(F_x\) with respect to \(y\):

\[
\frac{\partial F_x}{\partial y}
\]

Given the context, this derivative relates to how \(F_x\) changes as we move along the y-
direction, and may satisfy specific properties or conditions, such as being zero or some
function of position.



Possible interpretations:

- If \(\frac{\partial F_x}{\partial y} = 0\): The x-component of force does not vary with y.
- If \(\frac{\partial F_x}{\partial y}\) satisfies a specific condition: For example, being
proportional to \(F_y\) or related to the potential derivatives.

In many physical systems, such conditions help determine the form of the potential function
and the nature of the force field.

---

Deriving the Potential Function

Let's explore what form \(V(x, y)\) might take under these conditions.

Step 1: Express \(F_x\) and \(F_y\)

Since the force is conservative:

\[
F_x = -\frac{\partial V}{\partial x}, \quad F_y = -\frac{\partial V}{\partial y}
\]

Step 2: Zero Force on the Axes

- On \(y=0\):

\[
F_x(x, 0) = -\left.\frac{\partial V}{\partial x}\right|_{y=0} = 0 \Rightarrow \frac{\partial
V}{\partial x}(x, 0) = 0
\]

- On \(x=0\):

\[
F_y(0, y) = -\left.\frac{\partial V}{\partial y}\right|_{x=0} = 0 \Rightarrow \frac{\partial
V}{\partial y}(0, y) = 0
\]

These imply that at the axes, the potential \(V\) has stationary points with respect to \(x\)
and \(y\), respectively.

---

Possible Forms of the Potential \(V(x, y)\)

Given the boundary conditions, a natural class of functions that satisfy:

- \(\partial V/\partial x = 0\) at \(y=0\),
- \(\partial V/\partial y=0\) at \(x=0\),



are functions that are symmetric with respect to the axes and have minima or saddle points
there.

Example: Symmetric Potential

A candidate potential might be:

\[
V(x, y) = A \, x^2 y^2
\]

where \(A\) is a constant, which satisfies:

- \(\frac{\partial V}{\partial x} = 2A x y^2\),
- \(\frac{\partial V}{\partial y} = 2A y x^2\).

At \(y=0\):

\[
\frac{\partial V}{\partial x} = 0, \quad \text{since } y^2=0
\]

At \(x=0\):

\[
\frac{\partial V}{\partial y} = 0, \quad \text{since } x^2=0
\]

and the force components become:

\[
F_x = -2A x y^2, \quad F_y = -2A y x^2
\]

which are zero along the axes, satisfying the boundary conditions.

---

The Role of \(\frac{\partial F_x}{\partial y}\)

Calculating \(\frac{\partial F_x}{\partial y}\):

\[
\frac{\partial F_x}{\partial y} = -\frac{\partial^2 V}{\partial y \partial x}
\]

Given the example potential:

\[
V(x, y) = A x^2 y^2
\]



we have:

\[
\frac{\partial^2 V}{\partial y \partial x} = \frac{\partial}{\partial y}\left( \frac{\partial
V}{\partial x} \right) = \frac{\partial}{\partial y}(2A x y^2) = 4A x y
\]

Thus:

\[
\frac{\partial F_x}{\partial y} = -4A x y
\]

This derivative varies with position, and its behavior influences the force field's local
properties.

Implications:

- If \(\frac{\partial F_x}{\partial y} = 0\), then either \(A=0\) or \(x y=0\). The latter
corresponds to the axes, where the force is zero—consistent with boundary conditions.
- Non-zero \(\frac{\partial F_x}{\partial y}\) indicates a coupling between the x- and y-
components, reflecting how the force in the x-direction changes with y.

---

Physical Interpretations and Applications

Symmetry and Stability

The symmetry of the potential \(V(x, y) = A x^2 y^2\) implies a saddle point at the origin,
with potential minima or maxima elsewhere depending on the sign of \(A\). The force field
exhibits symmetry about the axes, and the boundary conditions ensure the force vanishes
along these lines.

Particle Dynamics

Particles placed in this force field will experience no force along the axes but will be
influenced elsewhere, potentially leading to interesting trajectories such as:

- Oscillations around the origin,
- Stable or unstable equilibrium points,
- Complex motion in regions away from axes.

Engineering and Physical Systems

Such force configurations can model:

- Electrostatic fields with boundary conditions,
- Potential wells with symmetrical properties,
- Magnetic or gravitational fields with specific symmetries.



---

Summary and Key Takeaways

- A two-dimensional, conservative force that is zero on the x and y axes suggests a
potential function with specific boundary conditions, often symmetric and with stationary
points along the axes.
- The condition \((dF_x/dy)\) relates to
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