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Understanding how to determine the free variables of a logical or algebraic expression is fundamental
in various fields such as formal logic, computer science, and mathematical logic. The Fv (free
variables) function is a tool that helps us identify which variables in an expression are free—that is,
they are not bound by any quantifiers like V (for all) or 3 (there exists). This article provides a
comprehensive guide to calculating the free variables of a given expression, illustrating each step
clearly. Our focus will be on the expression involving the variable "y," as indicated, and demonstrating
how the Fv function applies in this context.

Understanding the Concept of Free Variables

What Are Free Variables?

In logical expressions, variables can be either free or bound. A variable is said to be free if it is not
within the scope of a quantifier that binds it. Conversely, a variable is bound if it is within the scope of
a quantifier that specifies its domain, such as Vx or 3x.

For example, in the expression:
vx (P(x) v Q(y))

the variable x is bound by the universal quantifier Vx, but y remains free because it is not within any
quantifier binding y.

Why Are Free Variables Important?

e They determine the scope and meaning of an expression.
e They influence the interpretation of logical formulas and functions.

¢ |In programming, free variables indicate dependencies that need to be supplied when evaluating
functions.



Defining the Fv (Free Variables) Function

Basic Idea of the Fv Function

The Fv function takes an expression as input and returns the set of its free variables. Its recursive
definition depends on the structure of the expression:

1. If the expression is a variable, then Fv(variable) = {variable}.

2. If the expression is a logical connective or operator applied to sub-expressions, then
Fv(expression) = the union of the free variables of the sub-expressions.

3. If the expression contains quantifiers (Vx, 3x), then the bound variable x is removed from the
free variables of the inner expression.

Applying Fv in Practice

To compute the free variables of a complex expression, follow these steps:
1. Identify all variables and their scope.
2. Apply the recursive rules based on the structure.
3. Remove any variables that are bound by quantifiers.

4. Collect the remaining variables as the free variables.

Step-by-Step Calculation of Free Variables in a Given
Expression

Example Expression
Consider the logical expression:
(Ix) (P(x, y) A Q(z) A R(y, w))

Our goal is to compute the set of free variables in this expression, paying special attention to the
variable "y," as specified.



Step 1: Break Down the Expression

The main components are:

e Quantifier: (3x)

e Conjunction: (P(x, y) A Q(z) A R(y, w))

Step 2: Apply the Fv Function to the Inner Expression

Focus on the inner conjunction:
P(x, y) A Q(z) A R(y, w)

Determine Fv for each component:

Component 1: P(x, y)

e Variables: x, y

e FV(P(x, y)) = {x, y}

Component 2: Q(z)

e Variable: z

e Fv(Q(2)) = {z}

Component 3: R(y, w)

e Variables: y, w

e Fv(R(y, w)) = {y, w}

Step 3: Combine the Fv Sets

The union of the free variables in all components is:

{x, y}u {z} v {y, w} ={x, y, z, w}



Step 4: Account for Quantifiers

The outer quantifier (Ix) binds x in its scope. Therefore, x is no longer free within that scope:

e Remove x from the set: {x, vy, z, w} \ {x} = {y, z, w}

Step 5: Final Set of Free Variables

After accounting for the quantifier, the free variables in the entire expression are:

{y, z, w}

Specifically, the variable y remains free, which aligns with the note emphasizing "Note That 'y".

Additional Examples and Clarifications

Example 2: Expression with Nested Quantifiers

Vx (Iy (P(x, y) A Q(y, 2)))

Let's compute its free variables:

Step 1: Break down inner expression:

e Quantifiers: Vx, dy

e Inner expression: P(x, y) A Q(y, 2)

Step 2: Find Fv of inner components:

e Fv(P(x, y)) = {x, y}

* Fv(Qly, 2)) = {y, z}

Step 3: Union of inner free variables:

{x, y} v {y, z} = {x, y, z}



Step 4: Remove variables bound by quantifiers:

e X is bound by Vx - remove x

e yis bound by 3y -» remove y
{x, y, z} \ {x, y} = {z}

Final Free Variables:

{z}

Thus, only z remains free in the entire expression.

Key Takeaways

¢ Quantifiers bind variables within their scope, removing them from the set of free variables.
 Variables not bound by quantifiers remain free.

e The recursive application of the Fv function simplifies complex expressions step by step.

Conclusion

Calculating the free variables of an expression using the Fv function involves understanding the
structure of the expression, identifying variables, applying the rules for quantifiers and logical
connectives, and systematically removing bound variables. When working with variables such as "y,"
it's essential to pay close attention to the scope introduced by quantifiers and the overall nesting of
the expression. By following these detailed steps and principles, one can accurately determine the set
of free variables in any logical or algebraic formula, facilitating proper interpretation and further
manipulation in formal logic, programming, or mathematical proofs.

Frequently Asked Questions

What is the purpose of using the Fv function to determine
free variables in a system of equations?

The Fv function helps identify variables that are not constrained by the equations and can be freely
assigned values, which is essential for understanding the degrees of freedom in the system.



How do you apply the Fv function to calculate free variables
in a given matrix?

First, convert the system into its reduced row echelon form, then identify the variables corresponding
to free columns—those without leading ones—and use the Fv function to list these as free variables.

Can you provide a step-by-step example of using the Fv
function to find free variables?

Yes. For example, given a matrix, perform row reduction to identify pivot columns, then mark the non-
pivot columns as free variables. The Fv function can then be used to explicitly express these free
variables in terms of parameters.

What does it mean if the Fv function returns multiple free
variables?

It indicates that the system has infinitely many solutions, with each free variable acting as a
parameter that can take any value, thereby defining the solution space.

How do you interpret the results of the Fv function when y' is
identified as a free variable?

When y' is free, it means y' can be assigned any value independently, and the other variables are
expressed in terms of y', reflecting the system's degrees of freedom.

Why is it important to show all the steps when calculating
free variables using the Fv function?

Showing all steps ensures clarity, helps verify the accuracy of the process, and provides a clear
understanding of how free variables are identified from the system's structure.

How does the presence of free variables affect the solution
set of a system of equations?

Free variables lead to infinitely many solutions because they can vary freely, resulting in a solution
set that is a parameterized family of solutions rather than a unique solution.

Additional Resources
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Understanding how to calculate its free variables using the Fv function is a fundamental skill in formal
logic, computer science, and related fields. This process helps us identify which variables in a logical
formula or expression are unbound or unconstrained by quantifiers, providing insights into the
structure and meaning of the formula. In this guide, we'll walk through the detailed steps involved in
calculating free variables using the Fv function, illustrating each stage with clear explanations and



examples.

What Are Free Variables and Why Are They Important?

Before diving into the calculation process, it's essential to understand what free variables are and
their significance.

Free Variables Defined

In logical formulas or expressions, variables can be either bound or free:

- Bound variables are those that are quantified over, typically within the scope of a quantifier like V¥
(for all) or 3 (there exists). They are "bound" by the quantifier.

- Free variables are variables that are not within the scope of any quantifier, meaning they are not
restricted or specified and can take any value.

Importance of Free Variables

Knowing the free variables in a formula helps:

- Determine the variables that are "open" or "unspecified" in the formula.

- Understand the dependencies and scope of variables.

- Facilitate substitution, interpretation, and evaluation of formulas.

- Identify variables that need to be assigned values when evaluating or solving the formula.

The Fv Function: An Overview

The Fv function (short for "free variables") is a recursive function used to systematically determine
the set of free variables in a logical formula.

Purpose of the Fv Function
Given a formula, the Fv function computes the set of all free variables present in that formula by
analyzing its structure and the presence of quantifiers.

General Idea

- For atomic formulas (like predicates), the free variables are simply the variables that appear in the
predicate.

- For compound formulas, the free variables are the union of free variables in their subformulas,
minus any variables bound by quantifiers.

- When encountering a quantifier, the variable bound by it is removed from the set of free variables in
its scope.

Step-by-Step Guide to Calculating Free Variables Using the Fv Function
Let's break down the process into clear, manageable steps, supported by examples.
Step 1: Identify the Structure of the Formula

Understand the components of your formula:
- Atomic formulas (predicates, equalities)



- Logical connectives (A, v, =, -, etc.)
- Quantifiers (v, 3)

Example:
“¥x (P(x) A 3y Qly, 2))°

Step 2: Apply the Fv Function Recursively
Start from the outermost part of the formula and work inward, applying the rules based on the
structure.

Step 3: Determine Free Variables in Atomic Formulas
For atomic formulas, the free variables are simply the variables appearing in the formula.

Example:

- "P(x)" has free variable: " {x}"
- "Qly, 2)° has free variables: “{y, z}"

Step 4: Handle Logical Connectives
For compound formulas, combine the free variables of subformulas:

- Conjunction (A), Disjunction (v), Implication (=), Biconditional (©):

The free variables are the union of the free variables of the subformulas.
- Negation (—):

The free variables are the same as those of the inner formula.

Example:

“P(x) A Q(y)
Free variables: *{x} u {y} = {x, y}"

Step 5: Address Quantifiers
When a quantifier is encountered, remove the variable it binds from the set of free variables in its
scope.

- Universal quantifier (Vx):
The variable “x" is bound within its scope, so remove “x from the free variables of the subformula.

- Existential quantifier (3x):
Similarly, remove “x from the free variables of the subformula.

Example:
"Vx (P(x) A R(y))
- Free variables of "P(x) A R(y)" before quantifier: “{x, y}"



- After applying "Vx', remove "x : Free variables = "{y}"

Step 6: Combine the Results
After recursively analyzing each part of the formula and removing bound variables, the remaining set
is the set of free variables.

Practical Example: Calculating Free Variables Step-by-Step
Let’s go through a detailed example to solidify the process.

Formula:
“Ix (P(x, y) A VZQ(z,y, W)

Step 1: Break down the formula:
- Outer quantifier: “3x
- Inner formula: "P(x, y) A VZ Q(z, y, W)

Step 2: Analyze the atomic formulas:
- "P(x, y)" has free variables: "{x, y}
-'Q(z, y, w)" has free variables: “{z, y, w}"

Step 3: Combine within the conjunction:

- Free variables of "P(x, y) and "Q(z, y, w) :

- \{Xr y}\ and \{Z, yr W}\
- Union: "{x,y, z, w}"

Step 4: Apply the quantifiers:

- For “3x", remove "X :

- Remaining free variables: “{y, z, w}"
- For 'Vz', remove "z:

- Remaining free variables: " {y, w}"

Result:
The set of free variables of the entire formula is "~ {y, w}".

Common Pitfalls and Tips

- Misidentification of Bound Variables:
Always pay attention to the scope of quantifiers. Variables bound by a quantifier are not free within its
scope.

- Nested Quantifiers:
Carefully process inner quantifiers first, then move outward, updating the free variable set
accordingly.



- Multiple Occurrences of Variables:
Remember that variables can appear multiple times; only the bound variables are removed from the
free set in their scope.

- Constants and Functions:
Constants are not variables and do not affect free variable calculations. Function symbols may have
variables as arguments; analyze them similarly.

Summary of the Fv Function Rules

| Structure | Free Variables Calculation |

| | |

| Atomic formula (e.g., "P(x, y)') | Variables appearing in the predicate |

| Compound formula (e.g., "A A B") | Union of free variables of "A" and "B" |
| Negation ("—A") | Same as free variables of "A" |

| Quantified formula ("Vx A", "3x A") | Free variables of "A’, excluding "x" |

Final Thoughts

Calculating free variables using the Fv function is a systematic process that hinges on understanding
the structure of logical formulas and the scope of quantifiers. By breaking down formulas into smaller
parts, analyzing atomic components, and carefully removing bound variables, you can accurately
determine which variables are free. Mastery of this process is essential for working with logical
expressions, proofs, and formal systems, and it forms the foundation for more advanced topics in
logic and computer science.

Remember, practice with diverse examples will make this process more intuitive and help you avoid
common mistakes. Keep analyzing formulas step-by-step, and soon you'll be proficient in calculating
free variables using the Fv function!
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