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Understanding the restrictions on variables in mathematical functions is crucial for analyzing their
behavior, ensuring their validity, and applying them correctly in various contexts such as economics,
engineering, and mathematics. The given exercise presents a function \( U(w) = (b W)*c\), and the
task is to determine the restrictions on the variables \( W \), \( b \), and \( ¢ \). This article will explore
this problem in depth, providing a comprehensive guide to analyzing the restrictions based on the

properties of the function, mathematical principles, and potential applications.

Introduction to the Function \( U(w) = (b W)”c \)

Before diving into restrictions, it is essential to understand the structure of the function:

- Function Overview: \( U(w) = (b W)*c )

- Variables:

- \( W) (possibly representing wealth, weight, or a generic variable)
-\( b\) (a coefficient or parameter)

-\( ¢ \) (an exponent or power)

This form resembles a power function scaled by a constant \( b \). The nature of the restrictions
depends on the properties of exponentiation, the domain of the variables, and the context in which the

function is used.



Mathematical Foundations for Restrictions

To determine the restrictions, we need to consider the properties of exponents and the types of values

their bases and exponents can take.

1. Exponentiation Rules and Restrictions

Exponentiation \( x*c \) can have different restrictions depending on whether:

-\( c\) is an integer, rational, irrational, positive, or negative

-\( x\) (the base) is positive, negative, or zero

Key points:

- When the base \( x \) is positive, \( x"c \) is defined for all real \( c \).

- When the base \( x \) is negative, \( x*c \) is only real if \( ¢ ) is a rational number with an odd

denominator (e.g., \( 1/3, 3/5\)) or if \( ¢ ) is an integer.
- When the base \( x \) is zero, \( 0*c \) is zero if \( ¢ > 0\), undefined if \( ¢ \leq 0 \).

2. Domain of the Function \( U(w) \)

Given \( U(w) = (b W)rc \):

- The base \( b W \) must be within the domain where the power operation is defined.

- The exponent \( ¢ \) influences whether the base can be negative or zero.



Analyzing Restrictions on Each Variable

Let's examine each variable individually and consider their restrictions based on the above principles.

Restrictions on \( W \)

- Positive or Non-negative Domain: If \( ¢ \) is a real number and we want \( U(w) \) to be real-valued

for all \( W), then:

- If \( ¢ ) is any real number:
- The base \( b W \) must be positive or zero (depending on \( ¢ \) and whether negative bases are
allowed).

- To avoid complex numbers, especially with non-integer exponents, \( b W \geq 0\) is often required.

- When \( ¢ ) is an integer:
- Negative bases are permissible because \( (-x)*n \) is real for integer \( n\).
- Zero base is permissible if \( ¢ > 0 \); otherwise, \( 0*c\) is zero for \( ¢ > 0 \), undefined for \( c \leq

0\).

- Summary for \( W \):
- For general real \( c \), (W \geq 0\)if\(b>0\), or\(W\eg 0\)if\(b<0\)and\(c\)is an
integer.

- To ensure the real-valued nature of \( U(w) \), restrict \( W \) accordingly.

Restrictions on \( b \)

- Scaling factor: \( b \) scales \( W \). Its restrictions depend on the desired domain of \( U(w) \) and

the properties of the power function.



- Positive \( b \):
- Simplifies restrictions because \( b W \) inherits the sign of \( W \).

- Ensures \( U(w) \) remains real if \( W \geq 0 \) when \( ¢ ) is any real number.

- Negative \( b \):
- Introduces complications when \( ¢ \) is not an integer because negative bases raised to non-integer
exponents can produce complex results.

- To keep \( U(w)\) real, restrict \( W \) and \( ¢ \) accordingly.

- Summary for \( b \):
- Typically, \( b > 0\) is preferred for a straightforward domain.
- If\( b < 0\), then \( W \) must be restricted to ensure \( b W \) remains within the domain of real

exponentiation, usually \( W \leq 0 \).

Restrictions on \( ¢ \)

- Nature of the exponent \( ¢ \):

- If\( ¢ \) is an integer:

- No restrictions on the sign of \( b W \), as integer powers of negative numbers are real.

- If \( ¢ ) is rational with an odd denominator:
- Negative bases are permissible because the result remains real.

- For example, \( (-2)"{1/3}\) is real.
- If \( ¢ \) is irrational or rational with an even denominator:
- Negative bases may lead to complex numbers.

- To avoid complex values, restrict \( b W \geq 0\).

- Summary for \( ¢ \):



- To maximize domain, restrict \( ¢ \) to integers or rational numbers with odd denominators if negative
bases are involved.
- Alternatively, restrict \( W \) and \( b \) to ensure \( b W \geq 0 \) when \( c\) is irrational or has even

denominators.

Summary of Restrictions

Based on the above analysis, the restrictions can be summarized as follows:

e For \( W\): To ensure \( U(w) \) is real-valued,
o If \( ¢c\) is not an integer, then \( b W \geq 0 \).

o If\( c\) is an integer, then \( W \) can be any real number if \( b > 0),
or \(W\leq0\)if\(b<0\).

e For \( b \): To keep the function well-defined and real,
o Typically, \( b > 0\) simplifies restrictions.

o If\( b <0)\), then restrict \( W \) such that \( b W\geq 0), i.e., \( W \leq 0).

e For \( ¢ \): To avoid complex results,

o Restrict \( ¢ \) to integers or rational numbers with odd denominators if \( b W \) can be



negative.

o Allow any real \( ¢ \) if \( b W \geq 0\).

Practical Examples

To solidify understanding, let's consider some examples with different restrictions:

Example 1: \( b=2\), \( ¢ = 3\), unrestricted \( W \)

- Since \( b >0\)and \( c\) is an integer, \( U(w) = (2W)"3 \):
- No restriction on \( W \); the function is defined for all real \( W \).

- Domain: \( W \in \mathbb{R} \).

Example 2: \( b=-1\),\( ¢c =1/2\), \( W \in \mathbb{R} \)

-\( ¢ =1/2\) (square root), and \( b < 0\):

- To keep \( U(w) \) real, require \( b W \geq 0 \):
2 \( -1 \times W \geq 0 V) L] \( W \leq 0 \).

- Domain: \( W \leq 0 \).



Example 3: \( b= 1\),\( ¢ =2/3\), \( W\in \mathbb{R} \)

-\( ¢ = 2/3\) (rational with denominator

Frequently Asked Questions

What is the utility function given in the exercise?

The utility function provided is U(w) = (b W)"c.

What variables are involved in the utility function?

The variables involved are W, B, and C, where W is typically wealth or some variable of interest, and

B and C are parameters or constants.

What restrictions on W are necessary for the utility function to be
well-defined?

W must be positive (W > 0) because it is raised to the power c, and negative or zero W would affect

the validity depending on the exponent c.

What restrictions on B are required for the utility function to be valid?

B should be positive (B > 0) to ensure the base (b W) is meaningful, especially if b is a constant

scaling factor, and to avoid issues with negative bases if ¢ is not an integer.

What restrictions are necessary on C in the utility function?

C can be any real number, but to ensure the utility is finite and well-defined, it is often assumed that C

> 0 if the utility represents a positive preference or satisfaction.



Are there any restrictions on the parameters B and C relative to each

other?

There are no direct restrictions relating B and C to each other, but both should be chosen such that

the utility function remains meaningful and finite for the domain of W.

How do the restrictions on W, B, and C influence the behavior of the
utility function?

Restrictions like W > 0 and B > 0 ensure the function is defined and positive; the value of C influences

the curvature or concavity of the utility, affecting decision-making analysis.

What assumptions are typically made about the parameters B and C in
economic utility functions?

Typically, B is assumed positive to maintain the positive scale of utility, and C is often positive to

reflect increasing utility with W, though specific assumptions depend on the context.

Can the utility function be defined for W, B, and C taking zero or
negative values?

Generally, for the function U(w) = (b W)*c to be well-defined and meaningful, W and B should be
positive; negative or zero values can lead to undefined or non-real results unless specific cases (like

integer exponents) are considered.

Additional Resources
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When tackling optimization problems or analyzing utility functions in economics, understanding the
restrictions and conditions on the variables involved is crucial. In this exercise, we are asked to
examine the function U(w) = (b W)*c and determine what restrictions must be imposed on the
variables W, b, and ¢ to ensure the function is well-defined and meaningful. This kind of problem often
appears in utility theory, consumer choice analysis, or even in mathematical modeling where functional

forms need to satisfy certain properties.

In this comprehensive guide, we'll dissect the components of the function, explore the mathematical
restrictions necessary, and interpret their economic or practical significance. By the end, you'll have a
clear understanding of the conditions on W, b, and c¢ for U(w) to be valid and useful within its intended

context.

Understanding the Function U(w) = (b W)*c

Before delving into restrictions, it’s essential to understand what the function represents and how its

components interact:

- U(w): The utility or some form of a measure derived from W, scaled or modified by parameters b and
C.

- W: Typically represents wealth, quantity, or some positive measure.

- b: A scalar parameter, possibly representing a scaling factor or coefficient.

- ¢: An exponent that influences the curvature or elasticity of the utility function.

The notation suggests that U(w) is a power function of the form (b W)*c. Power functions are common
in economic modeling because they can capture different types of preferences or relationships

depending on the values of c.



Step 1: Analyzing the Basic Mathematical Constraints

1.1 Domain considerations for W

- Since U(w) = (b W)*c, the base b W must be within the domain where the function is defined.

- For real-valued functions:

- If c is not an integer, b W must be positive because raising a negative number to a fractional power

can result in complex numbers.

- If ¢ is an integer, negative bases could be permissible, depending on whether c is even or odd.

1.2 Restrictions on W

- To avoid complex numbers, especially when c is fractional (non-integer), W must satisfy:

W>0

- For integer powers:

- If c is an integer:

- If c is even, b W can be any real number (positive or negative), as the even power will produce a

non-negative result.

- If c is odd, b W can also be any real number, positive or negative.

- Common assumption: In economic utility functions, W is often assumed to be positive (e.g., wealth,

quantity), so the simplest restriction is:

W>0



1.3 Restrictions on b

- b acts as a scaling parameter:

- If b is zero, U(w) = 0 regardless of W, which may not be meaningful in most contexts.

- To keep b W positive (assuming W > 0), b should be positive:

- If b is negative, then:

-For W >0, b W <0, leading to issues unless c is an integer with an odd value.

- Usually, in utility functions, b is positive to maintain interpretability and mathematical simplicity.

1.4 Restrictions on ¢

- The exponent ¢ influences the shape of the utility function:

- ¢ > 0: The function is increasing if b W > 0.

- ¢ =0: Uw) = (b W)*0 = 1, a constant function.

- ¢ < 0: The function becomes a decreasing function, modeling diminishing or inverse relationships.

- Mathematical restrictions:

- To ensure U(w) is real-valued when b W > 0, and c is fractional, ¢ can be any real number.

- When c is fractional (e.g., ¢ = 1/2), b W must be positive.



- Summary:
- For U(w) = (b W)"c to be well-defined (real-valued) for all intended W:

b>0,W>0,andc D D (with the understanding that fractional c requires positive b W).

Step 2: Interpreting Restrictions in Context

Understanding the restrictions from a practical perspective is essential:

2.1 Positivity of Wealth or Quantity (W)

- Usually, W represents wealth, income, or quantities that are inherently non-negative.

- Negative W would imply debts or negative quantities, which might be outside the scope of the model

unless explicitly modeled.

- Conclusion: For simplicity and meaningfulness, restrict:

W>0

2.2 Sign of Parameter b

- Ensuring b > 0 maintains b W > 0 for W > 0, allowing U(w) to be real-valued for any c.

- Negative b could be used in specific models where negative scaling makes sense, but this

complicates the domain restrictions.

2.3 Range of c



- The parameter c determines the curvature:

- ¢ > 0: Convex or concave depending on the context.

- ¢ = 1: Linear utility.

- ¢ < 0: Diminishing returns or inverse relationships.

- For fractional c, the core restriction is:

bwW=>0

- Implication: The choice of ¢ influences the domain restrictions but does not impose restrictions on W

and b if they are positive.

Step 3: Summary of Restrictions

Based on the analysis, the restrictions on W, b, and c to ensure U(w) = (b W)"c is well-defined and

meaningful are:

W (Wealth or Quantity):

-W>0

- Reasoning: Ensures the base b W is positive, especially important when c is fractional, to avoid

complex numbers.

b (Scaling Parameter):



-b>0

- Reasoning: Maintains positivity of b W for W > 0, simplifies analysis, and aligns with typical economic

interpretations.

¢ (Exponent):

-C D I:l (any real number)

- However:

- When c is fractional, the domain requires b W > 0.

- When c is an integer, b W can be any real number, but positivity is usually preferred for

interpretability.

Additional Considerations

Extensions and Variations

- If the model allows for negative W or b, then restrictions depend on c:

- For fractional ¢, b W must be positive.

- For integer c, negative b W could be permissible if ¢ is odd, but this complicates the analysis.
Economic Interpretations

- W > 0: Reflects non-negativity of wealth, quantities, or consumption.



- b > 0: Signifies positive scaling or proportionality.

- ¢: Determines the nature of preferences or risk attitudes:

- ¢ > 1: Increasing returns or convex preferences.

- 0 < ¢ < 1: Diminishing marginal utility.

- ¢ < 0: Inverse relationships, possibly representing risk aversion or other phenomena.

Mathematical Validity

- Ensuring b W > 0 is key when c is fractional.

- When c is an integer:

- No restrictions on the sign of b W beyond the context of the model.

Final Thoughts

Understanding the restrictions on W, b, and c for the function U(w) = (b W)*c is fundamental for both

mathematical validity and economic interpretation. The primary restrictions are:

- W > 0: To keep the base positive, especially for fractional powers.

- b > 0: To maintain positivity of the base b W.

- ¢: Can be any real number, but fractional c demands b W > 0.



By adhering to these restrictions, the utility function remains well-defined, interpretable, and suitable for

modeling various economic or mathematical phenomena.

Summary Table

| Variable | Restrictions | Rationale |

I | I I
| W|W>0|Ensures b W > 0, valid for fractional c |

| b | b >0 | Keeps the base positive, simplifies interpretation |

|c|c D D | Any real exponent; fractional powers require positive base |
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