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Consider An MDP With 3 States, A, B And C; And 2 Actions Clockwise And
Counterclockwise. We Do Not Know the transition probabilities or rewards
associated with these actions, which makes analyzing and optimizing this
Markov Decision Process (MDP) both challenging and intriguing. This article
aims to provide a comprehensive understanding of such an MDP, exploring its
structure, potential strategies, and the implications of uncertainty in its
parameters.

Understanding the MDP Framework

What Is a Markov Decision Process (MDP)?

A Markov Decision Process is a mathematical framework used to model decision-
making scenarios where outcomes are partly random and partly under the
control of a decision-maker. An MDP consists of:

e States: The possible configurations or situations in which the system
can be.

e Actions: The choices available to the decision-maker at each state.

e Transition Probabilities: The likelihood of moving from one state to
another given a specific action.

e Rewards: The immediate gain or loss received after transitioning between
states via an action.

In our case, the states are labeled as A, B, and C, and the actions are
“"Clockwise" and "Counterclockwise." The core challenge arises from the fact
that the transition probabilities and rewards are unknown, making it a
partially observable or uncertain MDP.

The Structure of Our MDP

Our simplified model can be visualized as a cycle:
- State A connects to B and C.
- State B connects to A and C.
- State C connects to A and B.



The actions "Clockwise" and "Counterclockwise" can be thought of as rotating
the current state in either direction around the cycle. This setup is akin to
a circular system where choosing an action moves the system along the cycle,
but the exact outcome (transition probabilities and rewards) is unknown.

Challenges Due to Unknown Transition Dynamics

Uncertainty in Transition Probabilities

Without knowing the transition probabilities, predicting the next state after
an action becomes uncertain. This uncertainty complicates traditional
planning strategies, such as value iteration or policy iteration, which rely
on known transition models.

Impact on Optimal Policy Design

Designing an optimal policy — a rule for choosing actions in each state to
maximize expected rewards — becomes complicated. The decision-maker must
account for the lack of information and possibly learn the transition
dynamics over time.

Exploration Vs. Exploitation Dilemma

This classic dilemma involves balancing:

- Exploration: trying different actions to learn about the transition
probabilities.

- Exploitation: choosing actions that currently seem best based on available
information.

Effectively managing this trade-off is crucial in uncertain MDPs.

Approaches to Handling Uncertainty in MDPs

Model-Based Approaches

These involve maintaining a belief or estimate of the transition
probabilities and updating them as more data becomes available.

e Bayesian Methods: Using Bayesian inference to update beliefs about
transition probabilities based on observed outcomes.

e Posterior Sampling: Sampling probable models from the belief



distribution to guide decision-making.

Model-Free Approaches

These methods do not explicitly estimate transition probabilities but learn
policies directly through interaction.

e Reinforcement Learning (RL): Algorithms like Q-learning or SARSA can
learn optimal policies through trial-and-error.

e Policy Gradient Methods: Adjust policies directly based on observed
rewards without explicit models.

Hybrid Approaches

Combining model-based and model-free methods can offer robust solutions,
leveraging the strengths of both.

Applying Reinforcement Learning to Our 3-State
MDP

Q-Learning in the Context of Unknown Dynamics

Q-learning is a popular model-free RL algorithm suited for this scenario. It
estimates the action-value function (Q-values) directly through experience,
updating estimates based on the observed reward and next state.

Key steps:

- Initialize Q-values arbitrarily.

- For each episode:

- Select an action using an exploration strategy (e.g., €-greedy).
- Observe the reward and next state.

- Update the Q-value for the state-action pair.

- Repeat until convergence.

Advantages:
- Does not require prior knowledge of transition probabilities.
- Can adapt to changes in the environment.

Limitations:
- Requires sufficient exploration.



- Potentially slow convergence, especially with limited data.

Designing an Exploration Strategy

Since the transition probabilities are unknown, the agent must explore both
actions "Clockwise" and "Counterclockwise" in each state to learn their
effects. Strategies include:

e £-Greedy: With probability €, select a random action; otherwise, choose
the best known action.

* Upper Confidence Bound (UCB): Balances exploration and exploitation by
considering uncertainty estimates.

Visualization of the State-Action Space

State Transition Diagram

Visualizing the system helps understand potential strategies. Each state (A,
B, C) can transition to the other two states based on the chosen action.
Since the transition probabilities are unknown, the diagram serves as a
framework rather than a definitive map.
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Note: The actual transition probabilities determine the likelihood of moving
along these paths.

Policy Representation

A policy maps each state to an action:

- For example, at state A, choose "Clockwise."
- At state B, choose "Counterclockwise."

- At state C, choose "Clockwise," etc.

Since the transition probabilities are unknown, the policy must be learned or



adapted over time.

Potential Strategies for Optimization

Randomized Strategies

Initially, the agent might select actions uniformly at random to gather
information about the environment.

Greedy Strategies Post-Learning

Once sufficient data has been collected, the agent can adopt a policy that
maximizes expected rewards based on learned transition probabilities.

Adaptive and Online Policies

Continuously updating policies as new data arrives ensures the system adapts
to any changes or uncertainties.

Real-World Applications and Implications

Robotics and Navigation

- Robots navigating in environments with uncertain movement dynamics can
model their environment as an MDP similar to this example.

- Learning optimal movement strategies without full knowledge of terrain or
obstacles.

Game Theory and Decision-Making

- Strategic decision-making scenarios where outcomes depend on uncertain
dynamics.
- Adaptive strategies for opponents with unknown behaviors.

Supply Chain and Logistics

- Managing inventory or routing decisions where transition probabilities
(e.g., demand fluctuations) are unknown.



Conclusion: Navigating Uncertainty in Small-
Scale MDPs

Analyzing an MDP with three states and two actions—"Clockwise" and
"Counterclockwise"—without known transition probabilities presents a rich set
of challenges. The uncertainty requires the decision-maker to incorporate
exploration strategies, possibly leveraging reinforcement learning algorithms
like Q-learning, to infer environment dynamics and optimize policies over
time. Such models are highly relevant in real-world applications where system
parameters are not fully known upfront, emphasizing the importance of
adaptive and data-driven decision-making approaches.

Understanding these concepts equips researchers, data scientists, and
engineers with the tools to tackle complex decision-making problems, even in
the face of uncertainty, ultimately leading to more robust and intelligent
systems.

Frequently Asked Questions

What is an MDP, and how does it apply to a system
with states A, B, and C?

An MDP, or Markov Decision Process, models decision-making where outcomes are
partly random and partly under the control of a decision-maker. In this
system, states A, B, and C represent different configurations, and the MDP
helps determine optimal actions (clockwise or counterclockwise) to reach
desired states.

Why is it challenging to analyze an MDP when the
transition probabilities are unknown?

Without known transition probabilities, it becomes difficult to predict the
outcomes of actions, making it hard to determine optimal policies. This
uncertainty requires methods like exploration and learning to estimate these
probabilities over time.

How can reinforcement learning be used to solve an
MDP with unknown dynamics?

Reinforcement learning algorithms, such as Q-learning or policy gradients,
allow agents to interact with the environment, learn from the outcomes, and
gradually estimate the transition probabilities and rewards, enabling them to
optimize their policies despite initial lack of knowledge.



What are some common strategies for exploring an
unknown MDP with three states and two actions?

Common strategies include epsilon-greedy exploration, where actions are
chosen randomly with probability epsilon, and more advanced methods like
Upper Confidence Bound (UCB) or Thompson Sampling, which balance exploration
and exploitation to efficiently learn the environment.

How does the choice between clockwise and
counterclockwise actions affect the state
transitions in this MDP?

The actions determine how the system moves between states: 'clockwise' might
move from A to B, B to C, and C to A, while 'counterclockwise' reverses this
pattern. The exact transition probabilities depend on the environment, which
is initially unknown.

What is the significance of not knowing the
transition probabilities in this MDP scenario?

Not knowing the transition probabilities means the agent must learn these
dynamics through interaction, making the problem more complex and requiring
adaptive algorithms that can learn optimal policies over time.

Can this problem be considered a typical
reinforcement learning challenge, and why?

Yes, because the agent must learn optimal actions in an environment with
unknown dynamics through trial and error, which is the core challenge of
reinforcement learning.

What potential applications could benefit from
solving an MDP with such a simple state and action
structure but unknown transition dynamics?

Applications include robotic navigation, game playing, adaptive control
systems, and decision-making in dynamic environments where the underlying
model is not fully known and must be learned through interaction.

Additional Resources

Consider An MDP With 3 States, A, B And C; And 2 Actions Clockwise And
Counterclockwise. We Do Not Know — this intriguing scenario invites us into
the core challenges and opportunities of Markov Decision Processes (MDPs)
when faced with uncertainty and limited information. Whether you're a



researcher, data scientist, or machine learning enthusiast, understanding how
to navigate such an environment is crucial for designing robust decision-
making algorithms. In this article, we will explore this specific MDP setup
in detail, dissect its components, and discuss strategies for learning and
optimizing policies under uncertainty.

Introduction to Markov Decision Processes (MDPs)

Before diving into the specific case, let's briefly review what an MDP
entails.

What is an MDP?

A Markov Decision Process is a mathematical framework used for modeling
decision-making in situations where outcomes are partly random and partly
under the control of a decision-maker. An MDP consists of:

- States (S): The different situations or configurations the system can be
in.

- Actions (A): The choices available to the decision-maker at each state.

- Transition Probabilities (P): The probabilities of moving from one state to
another, given a specific action.

- Rewards (R): The immediate gain or cost associated with state transitions
or actions.

- Policy (m): A strategy that specifies the action to take in each state.

The goal is to find an optimal policy that maximizes cumulative rewards over
time.

The Specific Setup: 3 States and 2 Actions
In our scenario, the MDP has:

- States: A, B, C

- Actions: Clockwise, Counterclockwise

- Unknown Transition Dynamics: We do not know the exact transition
probabilities upfront.

This setup can be visualized as a simple circular system, where actions move
the agent around the circle of states. The challenge is that the transition
probabilities are unknown, requiring us to learn and adapt as we gather
experience.

Visualizing the System



Imagine the states arranged in a circle:
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- Clockwise Action: Moves from the current state to the next one clockwise.
- Counterclockwise Action: Moves in the opposite direction around the circle.

Because the transition probabilities are unknown, the agent's initial policy

may be suboptimal or even random, and learning how actions affect state
transitions becomes a core part of the problem.

Challenges of Unknown Transition Dynamics
1. Exploration vs. Exploitation

The classic dilemma in reinforcement learning, especially under uncertainty,
is balancing:

- Exploration: Trying different actions to learn about the transition
probabilities.

- Exploitation: Using current knowledge to maximize rewards.

In this case, since we do not know the transition probabilities, the agent
must explore to estimate them accurately.

2. Partial Knowledge and Learning

Without prior knowledge, the agent must:

Collect data through interaction.
Estimate transition probabilities based on observed frequencies.
Update policies iteratively as new data arrives.

w

Policy Optimization Under Uncertainty
Designing a policy that performs well despite unknown dynamics involves:

- Model-based approaches: Estimating the transition model and planning
accordingly.

- Model-free approaches: Directly learning the value of actions without
explicit transition models.



Approaches to Solving the MDP

Given the unknown transition probabilities, several approaches can be
employed:

1. Model-Based Reinforcement Learning

- Estimate Transition Probabilities: Use empirical counts to approximate P(s'
| s, a).

- Plan Using Estimated Model: Apply algorithms like Value Iteration or Policy
Iteration on the estimated model.

- Update Estimates: As more data is collected, refine the transition
probabilities.

2. Model-Free Reinforcement Learning

- Q-Learning: Learn the action-value function directly from experience,
without explicit transition models.

- Policy Gradient Methods: Adjust policies based on observed rewards,
gradually improving performance.

3. Exploration Strategies

- Epsilon-Greedy: With probability &, choose a random action to explore;
otherwise, exploit current knowledge.

- Upper Confidence Bound (UCB): Balance exploration and exploitation by
considering uncertainty estimates.

- Thompson Sampling: Sample from the posterior distribution of transition
probabilities to guide exploration.

Designing a Learning Algorithm for the 3-State, 2-Action MDP

Let's outline a step-by-step approach to learning and optimizing in this
environment.

Step 1: Initialization

- Assume initial uniform transition probabilities or no prior knowledge.
- Initialize counts: For each state-action pair, record zero transitions
observed.

Step 2: Data Collection

- Start in one of the states (e.g., A).

- Select an action (initially at random or based on prior).

- Observe the resulting state after executing the action.

- Update counts for the observed transition.

Step 3: Estimation of Transition Probabilities



- For each state-action pair, estimate transition probabilities as:

P(s'" | s, a) = Count(s, a, s') / TotalCount(s, a)

- As more data is collected, these estimates become more accurate.

Step 4: Policy Evaluation and Improvement

- Use the estimated model to compute the value function for each state.

- Derive a policy that maximizes expected rewards based on current estimates.
- Incorporate exploration strategies to ensure all state-action pairs are
sufficiently explored.

Step 5: Iterative Refinement

- Continuously update transition estimates as new data arrives.

- Re-evaluate and improve the policy accordingly.
- Continue until convergence or satisfactory performance.

Handling the Uncertainty and Ensuring Good Performance
1. Confidence Intervals and Statistical Guarantees

Implement statistical confidence bounds (e.g., Hoeffding bounds) to quantify
the uncertainty in transition probability estimates. This allows:

- To prioritize exploring less certain transitions.
- To balance exploration and exploitation systematically.

2. Regret Analysis

Measure the difference between the cumulative reward achieved by the learned
policy versus an optimal policy with full knowledge. The goal is to minimize
regret over time, ensuring the learning process becomes more efficient.

3. Practical Considerations

- Sample Efficiency: Use algorithms that learn effectively from limited data.
- Scalability: Although small in this case, methods should generalize to
larger state and action spaces.

- Computational Complexity: Balance between model complexity and
computational feasibility.

Extensions and Variations



While the above focuses on the basic case, several extensions can be
considered:

- Stochastic Rewards: Incorporate randomness in rewards, not just
transitions.

- Partially Observable States: If the agent cannot fully observe the current
state, this leads to POMDPs.

- Multiple Agents or Multi-Decision Scenarios: Consider interactions or
competition.

Practical Applications and Real-World Analogies
This kind of MDP setup appears in numerous practical contexts, such as:

- Robotics: Navigating a robot around a circular track with uncertain
movement dynamics.

- Game AI: Deciding moves in a simplified game with a small state space.
- Network Routing: Choosing paths in a ring network with uncertain link
latencies.

In all these scenarios, understanding how to learn and adapt when the
environment's transition dynamics are unknown is pivotal.

Conclusion

Consider An MDP With 3 States, A, B And C; And 2 Actions Clockwise And
Counterclockwise. We Do Not Know the transition probabilities, but through
systematic exploration, estimation, and policy improvement, an agent can
learn to navigate effectively. The key lies in balancing exploration to
uncover the environment's dynamics and exploitation to maximize rewards.
Employing principles from reinforcement learning—such as confidence bounds,
sample-efficient algorithms, and iterative updating—enables agents to perform
well even under significant uncertainty. As the environment expands in
complexity, these foundational strategies scale to form the backbone of
adaptive decision-making systems capable of thriving in unpredictable and
dynamic settings.

Consider An Mdp With 3 States A B And C And 2 Actions
Clockwise And Counterclockwise We Do Not Know

Consider An Mdp With 3 States A B And C And 2 Actions Clockwise And Counterclockwise We Do
Not Know
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