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its implications in understanding linear algebra concepts such as matrix representations, transformations,
and vector spaces. This particular transformation provides an intriguing case study for exploring how linear
mappings operate within three-dimensional real space, R³. In this article, we will dissect the components of
this transformation, analyze its properties, and discuss how it fits into the broader context of linear algebra.

Understanding the Given Transformation

Deciphering the Transformation Expression
The provided transformation appears to be a mapping from R³ to R³, expressed as:

T(I1, I2, I3) = (-7 I1 + I2 + 7 I3, 7 I1 + 7 I2 I3, 56 I3 + 56)

At first glance, the notation suggests a mixture of linear and potentially nonlinear components, especially
given the term "7 I2 I3," which implies a product of two variables, indicating that T may not be purely
linear unless further clarification is provided.

However, for the purpose of this analysis, we will interpret the transformation as a combination of linear
and affine components, and explore its linearity by examining the structure of the mapping.

Clarifying the Notation and Structure
The notation as presented is somewhat ambiguous, but a reasonable assumption is that the transformation
functions are:

- First component: -7 I1 + I2 + 7 I3
- Second component: 7 I1 + 7 I2 I3
- Third component: 56 I3 + 56

If the term "7 I2 I3" is intended as a product, then T is not purely linear because of the multiplication of I2
and I3. Conversely, if it is a typographical error and meant to be "7 I2 + I3," the transformation would be
linear.

Assuming the original intention is that the transformation is linear, we interpret the components as:



T(I1, I2, I3) = ( -7 I1 + I2 + 7 I3, 7 I1 + 7 I2 + I3, 56 I3 + 56 )

This interpretation allows us to analyze T as an affine transformation, with a linear part plus a translation.

Matrix Representation of the Transformation

Linear Part of the Transformation
For a linear transformation T: R³ → R³, the transformation can be represented as matrix multiplication:

T(v) = A v

where A is a 3×3 matrix, and v is the vector (I1, I2, I3).

Based on the interpreted components:

- First coordinate: -7 I1 + 1 I2 + 7 I3
- Second coordinate: 7 I1 + 7 I2 + 1 I3
- Third coordinate: 56 I3

Note that the third component is 56 I3, which does not depend on I1 or I2, implying the transformation
includes a scaling along the I3 axis.

Thus, the matrix A can be written as:

A = | -7 1 7 |
| 7 7 1 |
| 0 0 56 |

Translation Component
The constant term "+56" in the third component suggests an affine transformation with a translation vector:

b = (0, 0, 56)

Therefore, the full affine transformation T can be expressed as:

T(v) = A v + b

where v = (I1, I2, I3).



Properties of the Transformation

Linearity and Affinity
Given the presence of a constant vector in the third component, T is an affine transformation rather than
strictly linear. To confirm this, we verify the properties:

- Additivity: T(u + v) = T(u) + T(v) + potential translation
- Homogeneity: T(α v) = α T(v) + translation, for scalar α

Since T includes a constant term, it is affine, combining a linear transformation with a translation.

Determinant and Invertibility
The invertibility of the linear part A depends on its determinant:

det(A) =
| -7 1 7 |
| 7 7 1 |
| 0 0 56 |

Calculating the determinant:

det(A) = 56 det of the 2x2 submatrix:

| -7 1 |
| 7 7 |

det = (-7)(7) - (1)(7) = -49 - 7 = -56

Thus,

det(A) = 56 (-56) = -3136

Since det(A) ≠ 0, A is invertible, and the linear part of T is invertible.

Eigenvalues and Eigenvectors



Eigenvalues of the Linear Part
Eigenvalues give insight into the transformation's behavior, such as scaling along certain directions.

To find eigenvalues λ, solve:

det(A - λ I) = 0

where I is the identity matrix.

Compute:

A - λ I = | -7 - λ 1 7 |
| 7 7 - λ 1 |
| 0 0 56 - λ |

The characteristic polynomial is:

(56 - λ) det of the 2x2 block:

| -7 - λ 1 |
| 7 7 - λ |

Calculating the 2x2 determinant:

(-7 - λ)(7 - λ) - (1)(7) = [(-7)(7 - λ) - λ(7 - λ)] - 7

= (-7)(7 - λ) - (7)(λ) - 7

= (-77 + 7λ) - 7λ - 7

= (-49 + 7λ) - 7λ - 7

= -49 - 7

= -56

Notice the λ terms cancel out, and the determinant simplifies to -56.

So, the characteristic equation:

(56 - λ)(-56) = 0

which gives λ = 56 or λ = -56.



Eigenvalues are therefore λ = 56 and λ = -56, with the eigenvalue λ=56 having algebraic multiplicity 1,
and λ=-56 possibly with multiplicity 2 or 1 depending on the eigenvectors.

Eigenvectors
For λ=56,

Solve (A - 56 I) v = 0:

A - 56 I:

| -7 - 56 1 7 | → | -63 1 7 |
| 7 7 - 56 1 | → | 7 -49 1 |
| 0 0 0 | → | 0 0 0 |

This reduces to solving:

-63 I1 + I2 + 7 I3 = 0

7 I1 - 49 I2 + I3 = 0

The third equation is 0=0, no additional constraint.

Express I2 in terms of I1 and I3:

-63 I1 + I2 + 7 I3 = 0 → I2 = 63 I1 - 7 I3

Similarly,

7 I1 - 49 I2 + I3 = 0

Substitute I2:

7 I1 - 49 (63 I1 - 7 I3) + I3 = 0

7 I1 - 49 63 I1 + 49 7 I3 + I3 = 0

7 I1 - 3087 I1 + 343 I3 + I3 = 0

(7 - 3087) I1 + (343 + 1) I3 = 0

-3080 I1 + 344 I3 = 0



Express I3 in terms of I1:

I3 = (3080/344) I1 ≈ 8.98 I1

Now, I2:

I2 = 63 I1 - 7 I3 ≈ 63 I1 - 7 8.98 I1 ≈ 63 I1 - 62.86 I1 ≈ 0.14 I1

Choosing I1 as a free parameter t:

I1 = t

I2 ≈ 0.14 t

I3 ≈ 8.98 t

Eigenvector:

v ≈ t (1, 0.14, 8.98)

Similarly, eigenvectors for λ = -56 can be computed.

Applications and Significance in Linear Algebra

Transformations in Computer Graphics
Understanding affine transformations like T is crucial in computer graphics, where objects are scaled,
translated, and rotated. The matrix A combined with translation b allows for complex object manipulations.

Solving Systems of Equations
The invertibility of A indicates that systems

Frequently Asked Questions

What is the standard form of the linear transformation T from R³ to R³ as



given?
The transformation T maps a vector (I1, I2, I3) to (-7 I1 + I3, 7 I1 + 7 I2 + I3, 56 I3).

How can we represent the transformation T using a matrix?
T can be represented by the matrix:
[[ -7, 0, 1 ],
[ 7, 7, 1 ],
[ 0, 0, 56 ]]

Is the transformation T invertible, and how can we determine this?
Yes, T is invertible if its matrix has a non-zero determinant. Calculating the determinant of the matrix:
Det = -7 (756 - 10) - 0 + 1 (70 - 70) = -7 392 = -2744 ≠ 0,
so T is invertible.

What is the geometric interpretation of T in R³?
T applies a linear transformation that scales and shifts vectors based on the matrix, including a stretching in
the third coordinate by a factor of 56 and transformations in the first two coordinates influenced by the first
two components.

How would you find the image of a specific vector, say (1, 2, 3), under T?
Plug the vector into T:
T(1, 2, 3) = (-71 + 3, 71 + 72 + 3, 563) = (-7 + 3, 7 + 14 + 3, 168) = (-4, 24, 168).

What are the eigenvalues of the transformation T?
The eigenvalues are the diagonal entries of the matrix, which are -7, 7, and 56, assuming the matrix is
diagonalizable or considering the matrix's eigenvalues directly.

Additional Resources
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---

Introduction

In the realm of linear algebra, transformations serve as fundamental tools to understand how vectors change



under various operations. They provide insight into the structure of vector spaces, the behavior of systems,
and applications across engineering, computer science, and data analysis. Today, we delve into a specific
linear transformation defined on three-dimensional real space, denoted as R³, expressed as:

T(I₁, I₂, I₃) = ( -7 I₁ + I₂ + 7 I₃, 7 I₁ + 7 I₂ I₃, 56 I₃ + 56 )

At first glance, this transformation may seem straightforward, but a closer look reveals layers of
mathematical structure, implications, and potential applications. This article aims to unpack this
transformation thoroughly, exploring its properties, matrix representation, geometric interpretation, and
potential use cases, all in a reader-friendly yet technically precise manner.

---

Understanding the Transformation: Breaking Down the Definition

The Given Transformation

The transformation T maps a triplet of real numbers (I₁, I₂, I₃) to another triplet in R³, with the output
components defined as:

1. First component: \( -7 I_1 + I_2 + 7 I_3 \)
2. Second component: \( 7 I_1 + 7 I_2 I_3 \)
3. Third component: \( 56 I_3 + 56 \)

At first glance, it appears to be a mix of linear and nonlinear parts, especially in the second component,
which involves a product \( I_2 I_3 \). However, the problem statement suggests a linear transformation.
This prompts us to analyze whether the transformation is indeed linear or if there might be a
misinterpretation.

Clarifying Linearity

A transformation T from R³ to R³ is linear if it satisfies two properties for all vectors \( \mathbf{u},
\mathbf{v} \) in R³ and all scalars c:

- Additivity: \( T(\mathbf{u} + \mathbf{v}) = T(\mathbf{u}) + T(\mathbf{v}) \)
- Homogeneity: \( T(c \mathbf{u}) = c T(\mathbf{u}) \)

Observation: The second component involves a product \( I_2 I_3 \), which is nonlinear. Therefore, unless
the problem statement is simplified or contains a typo, the transformation as given appears to be nonlinear.

Possible interpretations:

- The notation might be shorthand, and the actual transformation is purely linear.



- The term involving \( I_2 I_3 \) might be part of a larger expression, or perhaps the transformation is
affine (linear plus constant).

Assumption for clarity: Let's interpret the transformation as:

\[
T(I_1, I_2, I_3) = ( -7 I_1 + I_2 + 7 I_3,\quad 7 I_1 + 7 I_2 I_3,\quad 56 I_3 + 56 )
\]

and note that the second component involves a nonlinear term, making the transformation nonlinear
overall.

Therefore, the transformation is not purely linear unless the second component is linearized.

---

Distinguishing Between Linear and Affine Transformations

Linear Transformations

In linear algebra, transformations are often represented by matrices, which act on vectors through matrix
multiplication. For a transformation T: R³ → R³ to be linear, it must be expressible as:

\[
T(\mathbf{I}) = A \mathbf{I}
\]

where \( A \) is a 3×3 matrix.

Affine Transformations

If the transformation includes a constant vector addition, such as:

\[
T(\mathbf{I}) = A \mathbf{I} + \mathbf{b}
\]

then T is affine.

---

Matrix Representation and Its Limitations



Attempting to Write the Transformation as a Matrix

Given the first and third components are linear in \( I_1, I_2, I_3 \), but the second component involves a
product \( I_2 I_3 \), which is nonlinear.

Thus, the matrix representation applies only to the linear parts:

- For the first component:

\[
-7 I_1 + I_2 + 7 I_3
\]

- For the third component:

\[
56 I_3 + 56
\]

The second component, however, is nonlinear unless specified otherwise.

Constructing the Linear Part

Ignoring the nonlinear term, we could approximate or analyze the linear component as:

\[
A = \begin{bmatrix}
-7 & 1 & 7 \\
0 & 0 & 0 \\
0 & 0 & 56 \\
\end{bmatrix}
\]

and the constant vector as:

\[
\mathbf{b} = \begin{bmatrix}
0 \\
7 I_2 I_3 \text{ (nonlinear)} \\
56 \\
\end{bmatrix}
\]



But since \( I_2 I_3 \) depends on the input, this cannot be captured by a simple matrix multiplication.

---

Geometric Interpretation of the Transformation

Linear Components

- The first component combines a linear combination of \( I_1, I_2, I_3 \).
- The third component scales \( I_3 \) by 56 and translates by 56, indicating a shift in the space.

Nonlinear Component

- The second component introduces a multiplicative interaction between \( I_2 \) and \( I_3 \), creating a
surface or manifold in R³ that is not a simple linear subspace.

Overall Geometry

- The transformation maps input points in R³ to a surface that is partly linear (first and third components)
and partly nonlinear (second component), resulting in a curved surface rather than a flat plane.

---

Exploring Special Cases and Properties

Fixed Points

A fixed point \( \mathbf{I}^ = (I_1^, I_2^, I_3^) \) satisfies:

\[
T(\mathbf{I}^) = \mathbf{I}^
\]

which yields:

\[
\begin{cases}
-7 I_1^ + I_2^ + 7 I_3^ = I_1^ \\
7 I_1^ + 7 I_2^ I_3^ = I_2^ \\
56 I_3^ + 56 = I_3^
\end{cases}
\]



Solving these equations:

- From the third:

\[
56 I_3^ + 56 = I_3^ \Rightarrow 56 I_3^ - I_3^ = -56 \Rightarrow 55 I_3^ = -56 \Rightarrow I_3^ = -
\frac{56}{55}
\]

- Substitute into the second:

\[
7 I_1^ + 7 I_2^ \left(-\frac{56}{55}\right) = I_2^ \Rightarrow 7 I_1^ - \frac{392}{55} I_2^ = I_2^
\]

Rearranged:

\[
7 I_1^ = I_2^ + \frac{392}{55} I_2^ = I_2^ \left(1 + \frac{392}{55}\right) = I_2^ \left(\frac{55 +
392}{55}\right) = I_2^ \left(\frac{447}{55}\right)
\]

Thus:

\[
I_1^ = \frac{I_2^ \times 447/55}{7} = I_2^ \times \frac{447}{55 \times 7} = I_2^ \times \frac{447}{385}
\]

- Now, from the first component:

\[
-7 I_1^ + I_2^ + 7 I_3^ = I_1^
\]

Substitute \( I_1^ \) and \( I_3^ \):

\[
-7 \left( I_2^ \times \frac{447}{385} \right) + I_2^ + 7 \left( - \frac{56}{55} \right) = I_1^
\]

Simplify:

\[



-7 I_2^ \times \frac{447}{385} + I_2^ - \frac{392}{55} = I_1^
\]

Express all in terms of \( I_2^ \):

\[
- I_2^ \times \frac{7 \times 447}{385} + I_2^ - \frac{392}{55} = I_2^ \times \frac{447}{385}
\]

Calculate numerator:

\[
7 \times 447 = 3129
\]

So:

\[
- I_2^ \times \
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