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\UNDERSTANDING THE EXPONENTIAL GENERATING FUNCTION (EGF) FOR SEQUENCES SUCH AS FACTORIALS IS FUNDAMENTAL IN
COMBINATORICS, DISCRETE MATHEMATICS, AND MATHEMATICAL ANALYSIS. FACTORIALS—DENOTED AS O! I 2! 3! ..,
NI—APPEAR IN NUMEROUS APPLICATIONS, FROM COUNTING ARRANGEMENTS TO SOLVING DIFFERENTIAL EQUATIONS. THIS ARTICLE
EXPLORES HOW TO DETERMINE THE EXPONENTIAL GENERATING FUNCTION FOR THE SEQUENCE OF FACTORIALS, PROVIDING
DETAILED EXPLANATIONS, DERIVATIONS, AND INSIGHTS TO DEEPEN YOUR UNDERSTANDING OF THIS IMPORTANT CONCEPT.
\WHETHER YOU'RE A STUDENT, RESEARCHER, OR ENTHUSIAST, GRASPING THE EGF OF FACTORIALS OPENS DOORS TO ADVANCED
COMBINATORIAL TECHNIQUES AND ANALYTICAL METHODS.

UNDERSTANDING GENERATING FUNCTIONS: A PRIMER

BEFORE DIVING INTO THE SPECIFICS OF FACTORIALS, IT IS ESSENTIAL TO UNDERSTAND WHAT GENERATING FUNCTIONS ARE AND
WHY THEY MATTER.

WHAT ARE GENERATING FUNCTIONS?

GENERATING FUNCTIONS ARE FORMAL POWER SERIES THAT ENCODE INFORMATION ABOUT SEQUENCES. THEY SERVE AS POWERFUL
TOOLS TO ANALYZE, MANIPULATE, AND EXTRACT PROPERTIES OF SEQUENCES.

- ORDINARY GENERATING FUNCTION (OGF): For A SeQUENCE \(A_nN\), THE OGF IS DEFINED AS:

\[

G(a_N; x) = \suM_{N=03"{\INFTY} A_N X"N

\]

- ExPONENTIAL GENERATING FUNCTION (EGF): For THE sAME SeQUENCE \(A_N\), THE EGF Is:
\[

ECa_n; x) = \sum_{N=03"{\iNneTY} A_N \FRAC{X"N}{NI}

\]

THE KEY DIFFERENCE LIES IN THE FACTORIAL DENOMINATOR, WHICH MAKES EGFs PARTICULARLY SUITABLE FOR COUNTING
LABELED STRUCTURES AND COMBINATORIAL PROBLEMS INVOLVING PERMUTATIONS.

WHY ARE EXPONENTIAL GENERATING FUNCTIONS IMPORTANT?

EGFs SIMPLIFY THE ANALYSIS OF COMBINATORIAL SEQUENCES, ESPECIALLY \WHEN DEALING WITH LABELED STRUCTURES,
PERMUTATIONS, AND ARRANGEMENTS. THEY FACILITATE OPERATIONS SUCH AS:

- FINDING CLOSED-FORM EXPRESSIONS

- DERIVING RECURRENCE RELATIONS

- CALCULATING SUMS AND ASYMPTOTIC BEHAVIORS

- SOLVING DIFFERENTIAL EQUATIONS LINKED TO COMBINATORIAL STRUCTURES



SEQUENCE OF FACTORIALS AND THEIR SIGNIFICANCE

THE SEQUENCE OF FACTORIALS, \(A_N = N!\), APPEARS UBIQUITOUSLY IN MATHEMATICS.

DEFINITION OF THE SEQUENCE

\[
A_0=0'=1,\quaba_1=1 \quaba_2=2! \quap a_3 = 3! \quap \LboTs, \Qquab A_N=N!
\]

THiS SEQUENCE ENUMERATES THE NUMBER OF PERMUTATIONS OF \(N\) DISTINCT ELEMENTS.

APPLICATIONS OF FACTORIALS

- COUNTING PERMUTATIONS AND ARRANGEMENTS

- FORMULATING COMBINATORIAL IDENTITIES

- SOLVING RECURRENCE RELATIONS

- APPROXIMATING FUNCTIONS USING SERIES EXPANSIONS
- ANALYZING ALGORITHMS AND THEIR COMPLEXITIES

(UNDERSTANDING THE EXPONENTIAL GENERATING FUNCTION FOR FACTORIALS ENABLES MATHEMATICIANS AND COMPUTER
SCIENTISTS TO HANDLE COMPLEX COMBINATORIAL SUMS EFFICIENTLY.

DERIVING THE EXPONENTIAL GENERATING FUNCTION FOR FACTORIALS

THE CORE OF THIS ARTICLE IS TO DETERMINE THE EGF FOR THE SEQUENCE \(A_N = Nl\) THIS INVOLVES RECOGNIZING A
PATTERN, LEVERAGING KNOWN SERIES EXPANSIONS, AND APPLYING MATHEMATICAL TOOLS.

Step 1: RecoGNize THE SerIes Expansion ofF \(E*x\)

THe exPONENTIAL FUNCTION \(E"X\) CAN BE EXPRESSED AS A POWER SERIES:

\[
£ = \sum_{N=03"{\INeTv ]} \FrAC{X"N}{NI}

\]

THIS FUNDAMENTAL SERIES WILL SERVE AS THE FOUNDATION FOR DERIVING THE EGF OF FACTORIALS.

STep 2: Express THE EGF For \(a_N=nI\)

BY DEFINITION,



\[

E(NE %) = \suM_{n=03"{\INnFTY} NI \rRAC{X*N3{NI} = \sum_{n=03"{\INFTY} x"N

\]

AT FIRST GLANCE, THIS SIMPLIFIES TO THE GEOMETRIC SERIES:

\[

E(NE: x) = \suM_{n=03"{\inrTv} x"N = \rRAc{ 1}{ 1 - x} \QuaD \TexT{For } x| < 1
\]

BUT THIS IS MISLEADING BECAUSE IT NEGLECTS THE FACTORIAL IN THE NUMERATOR. THE KEY IS THAT THE FACTORIAL APPEARS
IN THE SEQUENCE BUT IS CANCELED OUT IN THE EGF DEFINITION, LEADING TO A DIFFERENT APPROACH.

STeP 3: RECOGNIZE THE RELATIONSHIP USING SERIES TRANSFORMATIONS

SINCE THE SEQUENCE INVOLVES FACTORIALS, CONSIDER THE INVERSE PROBLEM: W/HAT IS THE GENERATING FUNCTION WHOSE
CoerFICIENTS ARE \(NI\)?

ACTUALLY, For \(A_N = nN!\), THE EXPONENTIAL GENERATING FUNCTION IS GIVEN BY:

\[
E(NE %) = \suM_{N=03"{\inFTv } NI \FRAC{X*N3{NI} = \sum_{N=03"{\INFTY} x"N

\]

THIS SUGGESTS A CONTRADICTION BECAUSE THE SUM DIVERGES FOR \(|x| \GEQ 1\). To CORRECTLY DETERMINE THE EGF, WE
NEED TO ANALYZE THE FUNCTION:

\l

\BOXED{

F(x) = \sum_{N=03"{\iINeTY]} NI \FRAC{X""N}{NI} = \sum_{N=03"{\INeTY} NI \cDOT \FRAC{X"N}NI} =
\suM_{N=03"{\INFTY] NI \FrAC{XN}{NI}

}

\]

\WHICH SIMPLIFIES TO:

\[
F(x) = \sum_{N=03"{\iINeTY]} NI \rRAC{X""N}{NI} = \suM_{N=03"{\INeTY] NI \cDOT \FRAC{X"N}{NI}

\]

THIS INDICATES THE NEED FOR A DIFFERENT APPROACH: CONSIDERING THE SUM:

\l

\BoxEeD{

E(x) = \sum_{N=03"{\iINneTY]} Nl \rRAC{X""N}{N!} = \suM_{N=03"{\iINeTY} N! \cDOT \FRAC{x"N}{NI}
}

\]

wHICH AGAIN SIMPLIFIES TO \(\suM_{N=0}"{\INFTY} N!\). SINCE THIS SUM DIVERGES, THE STANDARD EXPONENTIAL
GENERATING FUNCTION FOR FACTORIALS DOESN'T CONVERGE FOR ANY \(x \NeQ O\).

STeP 4: RECOGNIZE THE EXPONENTIAL GENERATING FUNCTION FOrR \(N!\) AS A FORMAL
SERIES

DESPITE DIVERGENCE IN THE USUAL SENSE, THE EXPONENTIAL GENERATING FUNCTION FOR FACTORIALS CAN BE CONSIDERED AS A



FORMAL POWER SERIES:

\l

\BoxeD{

E(NE %) = \sum_{N=03"{\INneTY} NI \FRAC{XN3{NI} = \sum_{N=03"{\INFTY} NI \cDOT \FRAC{x""N}{NI} =
\sum_{N=03"{\iNeTY]} NI

}

\]

WHICH DIVERGES FOR ANY \(x \Neq O\).

HO\X/EVER, IN COMBINATORICS AND ANALYSIS, A FORMAL EXPONENTIAL GENERATING FUNCTION FOR FACTORIALS IS OFTEN
EXPRESSED AS:

\l

\soxen{

E(N: x) = \rRAC{ TH (T - )" {n+11}
}

\]

BUT THIS IS FOR SEQUENCES RELATED TO BINOMIAL COEFFICIENTS OR OTHER COMBINATORIAL STRUCTURES.

Key POINT: THE STANDARD EXPONENTIAL GENERATING FUNCTION FOR THE SEQUENCE \(A_N = N|\> IS ACTUALLY:

\[

\Boxen{

\suM_{N=03"{\INeTY]} NI \FrAC{XNI{NI} = \sum_{N=03"{\ineTv} N \cpoT \FRAC{X"N}{NI} = \TEXT{DIVERGES FOR } X
\neq O

}

\]

WHICH IMPLIES THAT FACTORIALS GROW TOO RAPIDLY FOR THEIR EGF TO CONVERGE IN THE USUAL SENSE, BUT WE CAN
CONSIDER FORMAL SERIES OR ANALYTIC CONTINUATIONS.

EXPLICIT EXPRESSION FOR THE EXPONENTIAL GENERATING FUNCTION OF
FACTORIALS

GIVEN THE DIVERGENCE ISSUES, WHAT IS THE PRECISE FORM OF THE EXPONENTIAL GENERATING FUNCTION FOR FACTORIALS?

FoOrRMAL ExXPONENTIAL GENERATING FUNCTION

THE FORMAL EXPONENTIAL GENERATING FUNCTION FOR \(A_N=nI\) Is:

\[

\BOXED{

E(NE %) = \suM_{n=03"{\INnFTv} NI \rRACIXN3{NI} = \sum_{Nn=03"{\iNneTY} NI \QuAD \TexT{(DIVERGES FOR } X \NEQ O)
}

\]

BUTI IF WE CONSIDER THE GENERATING FUNCTION:

\[



\BoxED{

F(x) = \sum_{N=03"{\INFTY]} Nl X"N
}

\]

THIS SERIES CONVERGES ONLY FOR \(|x| < T\), AND ITS SUM CAN BE EXPRESSED IN TERMS OF THE INCOMPLETE GAMMA FUNCTION:

\[
F(x) = \rrac{ 1K1 - x)"n+1}3
\]

BUT MORE PRECISELY, FOR THE PURPOSES OF GENERATING FUNCTIONS, THE FOLLOWING INTEGRAL REPRESENTATION IS OFTEN
USED.

INTEGRAL REPRESENTATION AND ASYMPTOTIC BEHAVIOR
GIVEN THE DIVERGENCE OF THE SERIES FOR FACTORIALS/ MATHEMATICIANS TURN TO INTEGRAL REPRESENTATIONS AND

ASYMPTOTICS.

INTEGRAL REPRESENTATION OF

FREQUENTLY ASKeED QUESTIONS

WHAT IS THE EXPONENTIAL GENERATING FUNCTION FOR THE SEQUENCE OF FACTORIALS
ol 11 21 31 ... NP

THE EXPONENTIAL GENERATING FUNCTION FOR THE SEQUENCE N! IS GIVEN BY G(x) = 1/
(1-x)"2.

How DO YOU DERIVE THE EXPONENTIAL GENERATING FUNCTION FOR THE FACTORIAL
SEQUENCE?

IT CAN BE DERIVED BY RECOGNIZING THAT THE SUM OF N! XN / N! SIMPLIFIES TO THE SUM
oF XN, LEADING To G(x) = 1/ (1 - x)"2.

\WHY DOES THE EXPONENTIAL GENERATING FUNCTION FOR FACTORIALS INVOLVE A



RATIONAL FUNCTION LIKE 1 / (1 - x)"2?

BECAUSE FACTORIAL SEQUENCES ARE RELATED TO THE DERIVATIVES OF EXPONENTIAL
FUNCTIONS, AND THE RESULTING SUM EVALUATES TO A RATIONAL FUNCTION WITH A
POLE AT x=1, sPeciFicaLLy 1/ (1 - x)"2.

CAN THE EXPONENTIAL GENERATING FUNCTION FOR FACTORIALS BE USED TO FIND SUMS
INVOLVING FACTORIALS?

YES , IT CAN BE USED TO FIND CLOSED~-FORM EXPRESSIONS FOR SUMS INVOLVING
FACTORIALS, ESPECIALLY WHEN COMBINED WITH OTHER GENERATING FUNCTION
TECHNIQUES.

\WHAT IS THE SIGNIFICANCE OF THE EXPONENTIAL GENERATING FUNCTION IN
COMBINATORICS CONCERNING FACTORIAL SEQUENCES?

| T HELPS IN COUNTING LABELED STRUCTURES AND ANALYZING SEQUENCES WHERE
FACTORIALS NATURALLY APPEAR, SUCH AS PERMUTATIONS AND ARRANGEMENTS.

IS THE EXPONENTIAL GENERATING FUNCTION FOR N! VALID FOR ALL VALUES OF X?

IT IS VALID WITHIN THE RADIUS OF CONVERGENCE, WHICH IS [X| < 1, DUE TO THE POLE
AT x=1INTHE FUNCTION 1/ (1 - x)"*2.

How DOES THE EXPONENTIAL GENERATING FUNCTION RELATE TO THE ORDINARY
GENERATING FUNCTION FOR FACTORIALS?

THE EXPONENTIAL GENERATING FUNCTION INCORPORATES FACTORIALS WITH THE TERM
XN / NI , WHEREAS THE ORDINARY GENERATING FUNCTION SUMS NI XN , LEADING TO
DIFFERENT CONVERGENCE PROPERTIES AND FORMS.

CAN THE EXPONENTIAL GENERATING FUNCTION FOR FACTORIALS BE EXTENDED TO



ANALYZE FACTORIAL-RELATED SEQUENCES WITH MODIFICATIONS?

YES , BY MODIFYING THE GENERATING FUNCTION WITH ADDITIONAL FACTORS OR
PARAMETERS, IT CAN BE ADAPTED TO ANALYZE RELATED SEQUENCES LIKE DOUBLE
FACTORIALS OR SCALED FACTORIALS.

\WHAT IS THE PRACTICAL APPLICATION OF KNOWING THE EXPONENTIAL GENERATING
FUNCTION FOR FACTORIALS?

IT 1S USED IN COMBINATORIAL ENUMERATION, ANALYSIS OF ALGORITHMS, AND
PROBABILITY THEORY , ESPECIALLY IN PROBLEMS INVOLVING PERMUTATIONS,
ARRANGEMENTS, AND LABELED STRUCTURES.

ADDITIONAL RESOURCES

ExPONENTIAL GENERATING FUNCTION (EGF) FOR THE SEQUENCE OF FACTORIALS: O!, I!,
21, 3!, .., N

UNDERSTANDING THE EXPONENTIAL GENERATING FUNCTION (EGF) FOR SEQUENCES SUCH
AS FACTORIALS IS FUNDAMENTAL IN COMBINATORICS, MATHEMATICAL ANALYSIS, AND
VARIOUS APPLIED FIELDS. IN THIS ARTICLE , WE WILL EXPLORE HOW TO DETERMINE THE
EGF FOR THE SEQUENCE OF FACTORIALS , DISSECTING THE DERIVATION STEP-BY-STEP,
AND HIGHLIGHTING ITS SIGNIFICANCE IN MATHEMATICAL THEORY.

INTRODUCTION TO EXPONENTIAL GENERATING FUNCTIONS

BEFORE DELVING INTO FACTORIALS SPECIFICALLY , IT’S ESSENTIAL TO UNDERSTAND
WHAT AN EXPONENTIAL GENERATING FUNCTION (EGF) IS AND WHY IT MATTERS.



\X/HAT IS AN EXPONENTIAL GENERATING FUNCTIONP

AN EXPONENTIAL GENERATING FUNCTION IS A TYPE OF POWER SERIES THAT ENCODES A
SEQUENCE oF NUMBERS \( \{A_N\} \) INTO A FORMAL POWER SERIES. UNLIKE ORDINARY
GENERATING FUNCTIONS, WHICH ARE OF THE FORM \( G(x) = \sum_{N=0}"\INFTY A_N
x"N'\), THE EGF INCORPORATES FACTORIAL TERMS IN THE DENOMINATOR:

\[

E(x) = \sum_{N=03"\INFTY A_N \FrRAC{Xx"N}{NI}

\]

THIS STRUCTURE MAKES THE EGF PARTICULARLY SUITABLE FOR SEQUENCES INVOLVING
COMBINATORIAL OBJECTS, WHERE THE FACTORIAL OFTEN ACCOUNTS FOR
PERMUTATIONS OR ARRANGEMENTS.

THE SEQUENCE oF FAcTorIALS: O!, Il 21 3! ..., NI

THE SEQUENCE UNDER CONSIDERATION IS:

\l

A_N =N \Quap \Text{For} \quab N =0, 1, 2, \poTs, N

\]

NoTe: ConvenTionALLY, \( 0! = 1 \).

THIS SEQUENCE IS FUNDAMENTAL BECAUSE FACTORIALS COUNT PERMUTATIONS AND
ARRANGEMENTS, MAKING THEIR GENERATING FUNCTIONS INVALUABLE IN COMBINATORICS.

DERIVING THE EXPONENTIAL GENERATING FUNCTION FOR FACTORIALS



THE GOAL IS TO DETERMINE:

\[

E(x) = \sum_{N=03"\INFTY NI \FrRAC{X"N}{N!}
\]

WHICH SIMPLIFIES TO:

\[

E(x) = \sum_{N=03"\INFTY N \FrRAC{X""N}{NI} = \sum_{N=0}"\INFTY X"N

\]

AT FIRST GLANCE , THIS APPEARS TRIVIAL, BUT IT’S CRUCIAL TO RECOGNIZE THAT THE
FACTORIALS CANCEL OUT IN THE SUM, LEAVING A GEOMETRIC SERIES.

STEP-BY-STEP DERIVATION

STEP 1: RECOGNIZE THE SERIES

GIVEN THE SEQUENCE \( A_N =N!\), THE EGF Is:

\(
E(x) = \sum_{N=03}"\INFTY NI \FRAC{X"N}{N!}

\]

WHICH SIMPLIFIES DIRECTLY TO:

\[

E(x) = \sum_{N=0}"\INFTY X"N

\]

STEP 2: CORRECTING THE UNDERSTANDING

HoWEVER, THIS LOOKS TOO STRAIGHTFORWARD AND SUGGESTS THAT THE EGF IS
siMpLY \( 1/(1 - x) \), WHICH IS THE SUM OF A GEOMETRIC SERIES. BUT THIS IS NOT



CORRECT FOR THE FACTORIAL SEQUENCE BECAUSE THE FACTORIAL TERM IN THE
SEQUENCE IS \( N! \), NOT CANCELED OUT IN THE SUM.

THE INITIAL EXPRESSION SHOULD BE:

\[

E(x) = \sum_{N=03"\INFTY NI \FrRAC{X"N}{N!}

\]

BUT THIS IS TRIVIAL, INSTEAD, THE PROPER EGF FOR FACTORIALS INVOLVES
CONSIDERING THE SEQUENCE:

\[

A_N=N!

\]

AND THE EGF:

\[

E(x) = \sum_{N=03"\INFTY N \FrRAC{X"N}{N!I} = \sum_{N=0}"\INFTY N
\rrAc{x N}{N!}

\]

WHICH AGAIN SIMPLIFIES TO:

\[

E(x) = \sum_{N=0}"\INFTY X"N
\]

THIS INDICATES THAT THE INITIAL APPROACH IS FLAWED BECAUSE, IN THE DEFINITION OF
EGFs, THE SEQUENCE IS TYPICALLY MULTIPLIED BY \( X"N / N!'\), BUT HERE, THE
SEQUENCE ITSELF IS \( NI \). THEREFORE, THE EGF FOR THE SEQUENCE \( A_N=N!\) Is:

\[

E(x) = \sum_{N=03"\INFTY N \FrRAC{X""N}{NI} = \sum_{N=0}"\INFTY X"N

\]

WHICH CONVERGES ONLY FOR \( x| < 1'\), AND THE SUM IS:



\[
E(x) = \rrac{1}{1 - x3
\]

BUT THIS SEEMS TO CONTRADICT THE COMMON UNDERSTANDING THAT FACTORIAL
SEQUENCES HAVE AN EXPONENTIAL GENERATING FUNCTION INVOLVING THE EXPONENTIAL
FUNCTION ITSELF.

STeP 3: COrRRECT APPROACH—RECOGNIZE THE ERROR

THE CONFUSION STEMS FROM THE MISINTERPRETATION OF THE SUM. THE STANDARD
DEFINITION OF THE EGF For THE SEQUENCE \( A_N \) Is:

\[

E(x) = \sum_{N=03"\INFTY A_N \FrRAC{Xx"N}{NI}
\]

So, For \( A_N=NI'\):

\[

E(x) = \sum_{N=03"\INFTY N \FrRAC{X""N}{NI} = \sum_{N=0}"\INFTY X"N

\]

WHICH IS A GEOMETRIC SERIES WITH SUM:

\[
E(x) = \rrac{1}{1 - x3
\]

For \(IxI < 1 V).

BUT HERE IS THE KEY INSIGHT: THE SEQUENCE OF FACTORIALS IS NOT THE SEQUENCE OF
COEFFICIENTS IN THE USUAL SENSE, INSTEAD, THE FACTORIAL SEQUENCE IS BETTER
ANALYZED BY CONSIDERING THE ORDINARY GENERATING FUNCTION OR BY RECOGNIZING
THE RELATIONSHIP TO THE EXPONENTIAL FUNCTION.



ALTERNATIVE AND CORRECT APPROACH: USING THE LAPLACE TRANSFORM
CONNECTION

THE MORE ACCURATE WAY TO FIND THE EXPONENTIAL GENERATING FUNCTION FOR \( N!
\) INVOLVES RECOGNIZING THE RELATION TO THE GAMMA FUNCTION AND ITS
EXPONENTIAL INTEGRAL:

\[

\suM_{N=03"\INrTY NI \FRAC{X"N}{N!} = \suM_{N=03"\INFTY N! \FRAC{X"N}{NI}

\]

WHICH SIMPLIFIES TO:

\[

E(x) = \suM_{N=03"\INFTY N \FRAC{X""N}HN!I} = \sum_{N=0}"\INFTY Xx"N

\]

AGAIN , LEADING TO THE GEOMETRIC SERIES RESULT.

HoWEVER, THE CORRECT EXPONENTIAL GENERATING FUNCTION FOR THE SEQUENCE \(
A_N=N\) IS kNOWN TO BE:

\[

E(x) = \suM_{N=03"\INFTY N \FRAC{X"N}{N!} = \sum_{N=0}"\INFTY N!
\FRAC{ X *N}{N!}

\]

WHICH SIMPLIFIES To \( \suM_{N=0}"\INFTY X"N \), BUT THIS INDICATES THAT THE
suM DIVERGES For \( |x| \GeqQ 1 \).

ALTERNATIVELY , CONSIDERING THE ORDINARY GENERATING FUNCTION:

\[

G(x) = \suM_{N=0}"\INFTY NI XN

\]

WHICH DIVERGES FOR ANY \( x \NEQ O \), BECAUSE FACTORIALS GROW FASTER THAN
ANY EXPONENTIAL.



CONCLUSION: THE EXPONENTIAL GENERATING FUNCTION FOR FACTORIALS IS NOT A
CONVERGENT POWER SERIES FOR ANY \( X \NEQ O \), BUT IT CAN BE EXPRESSED IN
TERMS OF THE GAMMA FUNCTION OR THROUGH INTEGRAL REPRESENTATIONS.

FINAL ExPRESSION: THE EXPONENTIAL GENERATING FUNCTION FOr \( NI'\)

IN CLASSICAL COMBINATORICS , THE EXPONENTIAL GENERATING FUNCTION FOR THE
FACTORIAL SEQUENCE IS:

\[

\Boxep{

E(x) = \rrac{ 13{(1 - x)*{n+13}} \QuaD \TeEXT{(FOR FINITE N)}
}

\]

BUT FOR THE ENTIRE SEQUENCE (I.E. , AS AN INFINITE SUM) , THE CANONICAL FORM
INVOLVES THE EXPONENTIAL FUNCTION:

\[

E(x) = \sum_{N=03}"\INFTY N \FRAC{X""N}{NI} = \sum_{N=0}"\INFTY Xx"N

\]

WHICH DIVERGES, INDICATING THAT THE EGF FOR FACTORIALS IS NOT A SIMPLE ,
CONVERGENT POWER SERIES BUT CAN BE REPRESENTED VIA INTEGRAL OR ASYMPTOTIC
FORMS.

SIGNIFICANCE AND APPLICATIONS OF THE EGF FOR FACTORIALS

DESPITE THE DIVERGENCE ISSUES , THE FACTORIAL SEQUENCE,S GENERATING FUNCTIONS
ARE PIVOTAL IN VARIOUS MATHEMATICAL REALMS:



- CoMBINATORICS: COUNTING PERMUTATIONS, ARRANGEMENTS, AND DERANGEMENTS.

- ANALYSIS: CONNECTING TO THE GAMMA FUNCTION , WHICH GENERALIZES FACTORIALS.
- PROBABILITY: ANALYZING POISSON DISTRIBUTIONS AND RELATED STOCHASTIC
PROCESSES.

- ASYMPTOTIC ANALYSIS: USING STIRLING'S APPROXIMATION TO ESTIMATE
FACTORIAL GROWTH.

MOREOVER , THE FORMAL POWER SERIES APPROACH ALLOWS MATHEMATICIANS TO
MANIPULATE SUCH SEQUENCES ALGEBRAICALLY, EVEN WHEN CONVERGENCE IS LIMITED,
TO DERIVE IDENTITIES, ASYMPTOTIC FORMULAS, OR TO GENERATE FUNCTIONS FOR
RELATED COMBINATORIAL OBJECTS.

CoNcCLUSION

THE EXPONENTIAL GENERATING FUNCTION FOR THE SEQUENCE \( \{ NI \} \) revEALS
PROFOUND INSIGHTS INTO THE FACTORIAL'S COMBINATORIAL AND ANALYTICAL
PROPERTIES. W/HILE THE STRAIGHTFORWARD SUM \( \sum_{N=03}"\INFTY N!
\rRAC{x"N}{N!I} \) SIMPLIFIES TO A DIVERGENT SERIES FOR NON-ZERO \( X \), THE
FORMAL APPROACH AND INTEGRAL REPRESENTATIONS DEMONSTRATE THE DEEP
CONNECTIONS BETWEEN FACTORIALS, EXPONENTIAL FUNCTIONS, AND THE GAMMA
FUNCTION.

DETERMINE THE EXPONENTIAL GENERATING FUNCTION FOR THE SEQUENCE OF
FACTOrRIALS O | 2 3N

DeTerRMINE THE EXPONENTIAL GENERATING FUNCTION FOR THE SEQUENCE OF
FAacToriALs O 2 3N
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