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Introduction

Understanding the potential energy of a star is fundamental in astrophysics, as it provides insights
into the star’s structure, stability, and evolution. The potential energy relates to the gravitational
binding energy, which depends heavily on the star’s density distribution. In particular, calculating
the parameter in the potential energy involves examining how different density profiles influence the
total gravitational energy. This article explores how to determine this parameter for two idealized
cases: (a) a star with constant density, and (b) a star with a varying density profile. We will delve
into the mathematical formulations, physical interpretations, and implications of these models,
offering a comprehensive guide to this crucial aspect of stellar physics.

Fundamental Concepts of Stellar Potential Energy

Before analyzing specific density profiles, it’s essential to understand the core concepts involved in
gravitational potential energy within stars.

Gravitational Potential Energy

- Definition: The energy stored due to the gravitational attraction between mass elements within a
star.
- Mathematical Expression: For a spherically symmetric mass distribution,

\[
U = -\int 0”R \frac{G M(r)}{r} \, d m(r)
\]

where:

-\( G) is the gravitational constant,

\) is the stellar radius,

(r)\) is the mass enclosed within radius \(r),

m(r) \) is an infinitesimal mass element at radius \( r ).
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Parameter in Potential Energy

- When deriving the total potential energy, a structure parameter or dimensionless factor often
appears, encapsulating the effects of the density distribution.



- This parameter, often denoted as \( \alpha \), links the total potential energy to the star's mass and
radius as:

\[
U = -\alpha \frac{G M"2}{R}
\]

- Determining \( \alpha \) for different density profiles is key in understanding the star’s gravitational
binding energy.

Case (a): Constant Density Star

A star with constant density is an idealized model where the density \( \rho \) remains uniform
throughout its volume. This simplification allows for straightforward calculations of potential energy.

Density Profile and Basic Parameters
- Density: \( \rho(r) = \rho 0 = \text{constant} \)
- Total mass:

\[
M = \frac{4}{3} \pi R"*3 \rho 0
\]

- Mass enclosed within radius \( r \):

\[
M(r) = \frac{4}{3} \pir~3\rho 0
\]

Calculating the Potential Energy

The potential energy for a uniform sphere can be derived via integration:

\[
U = -\int 0”R \frac{G M(r)}{r} \, d m(r)
\]

with:

\[

dm(r) =4 \pir~2\rho 0dr
\]

Substituting \( M(r) \):



\[
U = -\int 0"R \frac{G \left( \frac{4}{3} \pir~3 \rho 0 \right)}{r} \times 4 \pi r~2 \rho 0 dr

\]
Simplify the integrand:

\[

U = -\int 0"R G \frac{4}{3} \pir"~3 \rho 0 \times \frac{4 \pir~2 \rho 0}{r} dr
= -\int 0"R G \frac{4}{3} \pir~3 \rho 0 \times 4 \pir\rho 0 dr

\]

\[
U = -\int 0”R G \times \frac{4}{3} \pi r"~3 \rho 0 \times 4 \pir\rho 0 dr

\]

Combine constants:

\[
U = - G \times \frac{4} {3} \pi \times 4 \pi \rho 0”2 \int 0"Rr~4 dr
\]

Calculate the integral:

\[
\int 0"Rr"4 dr = \frac{R"5}{5}
\]

Putting all together:

\[
U = - G \times \frac{4} {3} \pi \times 4 \pi \rho 072 \times \frac{R"5}{5}

\]

Simplify constants:

\[
U =-\frac{16}{15} \pi~2 G \rho 072 R™5
\]

Expressing \( \rho 0) in terms of total mass \( M \):

\[
\rho 0 = \frac{3 M}{4 \pi R"3}
\]

Substituting:

\[
U =-\frac{16}{15} \pi™2 G \left( \frac{3 M} {4 \pi R"~3} \right)*~2 R"5
\]



Simplify:

\[
U =-\frac{16}{15} \pi~2 G \times \frac{9 M"~2}{16 \pi~2 R"6} R™5
\]

\[
U =-\frac{16}{15} \times \frac{9 G M"~2}{16 R}
\]

\[
U = -\frac{9}{15} G \frac{M"2}{R}
\]

\[
U =-\frac{3}{5} \frac{G M"2}{R}
\]

Result:

\[

\boxed{

U = -\frac{3}{5} \frac{G M"2}{R}
}

\]

Parameter \( \alpha \):

\[
\alpha = \frac{3}{5} = 0.6
\]

Conclusion for Constant Density:
The structure parameter \( \alpha \) for a uniform density star is 0.6, indicating that the total
gravitational potential energy is 60% of \(- G M"~2 / R\).

Case (b): Star with Varying Density Profile

Real stars do not have constant density; instead, their density decreases from the core to the
surface. To model this, various density profiles are considered, such as polytropic models or power-
law distributions.

Common Density Profiles
- Polytropic Profile:

\[



\rho(r) = \rho c \left( 1 - \left( \frac{r}{R} \right)”~2 \right)"n
\]
where \( n ) is the polytropic index.

- Power-Law Profile:

\[

\rho(r) = \rho c\left( 1 - \frac{r}{R} \right)"~k
\]

where \( k \) controls the fall-off rate.

For simplicity, we focus on a general approach applicable to various profiles.

Mathematical Framework
- Mass enclosed within radius \( r\):
\[

M(r) = 4 \pi\int 0°rr'~2 \rho(r') dr'
\]

- Total potential energy:

\[
U = -\int 0"R \frac{G M(r)}{r} \, d m(r)
\]

- Mass element:

\[
d m(r) = 4 \pi r"~2 \rho(r) dr
\]

- The challenge lies in integrating this expression for specific \( \rho(r) \). Nonetheless, the general
form of \( U \) can be expressed as:

\[
U=-16\pi~2 G\int 0"R r"~2 \rho(r) \left( \int 0”r r'~2 \rho(r') dr' \right) dr
\]

Calculating the Structure Parameter \( \alpha \) for Varying
Density

- The total mass:

\[

M =4 \pi\int 0"R r"~2 \rho(r) dr
\]



- The total potential energy:

\[
U = -\alpha \frac{G M"2}{R}
\]

- To determine \( \alpha \), numerical integration is often employed, especially for complex profiles.

Example: Polytropic Star with Index \( n )

- Lane-Emden Equation:

The density profile follows from solutions to the Lane-Emden equation, which describes polytropic
structures.

- Parameter \( \alpha \) for different \( n \):
Published solutions provide values of \( \alpha \). For instance:
| Polytropic Index \( n\) | \( \alpha\) |

| | |
| O (constant density) | 0.6 |
|

Frequently Asked Questions

What is the parameter in the potential energy of a star with
constant density?

The parameter is typically the gravitational potential energy, which depends on the mass
distribution and radius of the star, often expressed as proportional to -GM?/R for a star of constant
density.

How do you determine the potential energy parameter for a
star with uniform density?

For a star with uniform density, the potential energy parameter can be calculated using the formula
U = -3GM?/(5R), where G is the gravitational constant, M is the mass, and R is the radius.

What assumptions are made when calculating potential energy
for a star with constant density?

The main assumptions are that the star has a uniform density throughout, is spherically symmetric,
and the gravitational force is Newtonian, allowing the use of simplified integral formulas for
potential energy.



How does the potential energy parameter change when
considering a non-uniform density distribution?

For a non-uniform density distribution, the potential energy parameter must be integrated
considering the varying density profile, often resulting in more complex expressions that depend on
the specific density gradient.

Can you provide a formula for the potential energy of a star
with a given density profile?

Yes, the potential energy is calculated as U = -[(G m(r) dm(r)/r), where m(r) is the mass enclosed
within radius r, and dm(r) is the differential mass element, integrated over the star's volume.

What is the significance of the parameter in potential energy
calculations for stellar models?

It helps determine the gravitational binding energy of the star, influencing its stability, evolution,
and the energy balance during processes like contraction or expansion.

How does the potential energy parameter vary between a star
with constant density and one with a density gradient?

In a constant density star, the potential energy parameter is straightforward to calculate; with a
density gradient, the parameter depends on the specific density profile, often leading to more
complex integral evaluations.

What role does the density parameter play in the virial
theorem for stars?

The density parameter influences the total potential energy term in the virial theorem, which relates
the kinetic and potential energies, affecting the star's equilibrium and stability conditions.

How do astrophysicists determine the density profile of a star
to calculate the potential energy parameter?

They use observational data such as luminosity, spectral analysis, and stellar models that
incorporate equations of state, enabling the derivation of density profiles and subsequent potential
energy calculations.

Why is understanding the potential energy parameter
important in stellar evolution studies?

Because it reflects how gravitational energy is stored and released, influencing processes like star
contraction, supernova events, and the formation of compact objects such as neutron stars and black
holes.



Additional Resources

Determine The Parameter In The Potential Energy Of A Star: (a) for A Constant Density, (b) for A
Variable Density — this topic delves into the fundamental physics governing stellar structures,
specifically focusing on how the potential energy within a star can be characterized based on its
density distribution. Understanding the potential energy parameter is crucial for astrophysicists and
stellar modelers because it provides insights into the star's stability, evolution, and the processes
governing nuclear fusion in its core. This article offers a comprehensive guide to deriving and
understanding the potential energy parameter for two primary cases: a star with constant density
and a star with a variable (non-uniform) density profile.

Introduction

The potential energy of a star is a key component of its total energy budget, influencing its
structure, stability, and lifecycle. The parameter in the potential energy of a star encapsulates how
gravitational binding energy varies with the star's internal mass distribution. In astrophysics,
deriving this parameter involves integrating the gravitational potential over the star's volume,
considering its density profile.

Two idealized models often serve as starting points for understanding stellar potential energy:

- Constant Density Model: Simplifies calculations by assuming the star's density is uniform
throughout its volume.

- Variable Density Model: Reflects more realistic stellar structures where density varies with radius,

often decreasing from the core outward.

This guide will methodically explore how to determine the potential energy parameter in each case.

Fundamental Concepts and Formulas
Before diving into specific scenarios, it's essential to understand the basic formulas and concepts:
Gravitational Potential Energy of a Star

The gravitational potential energy (U) of a star with mass \( M \) and radius \( R \) depends on its
internal mass distribution. It can generally be expressed as:

\[

U = -\frac{G}{2} \int 0~ {M} \frac{m(r)}{r} \, dm
\]

Where:

-\( G) is the gravitational constant,
-\(m(r) ) is the mass enclosed within radius \(r\),
-\(dm ) is the differential mass element at radius \( r\).

Potential Energy Parameter (\( \Omega \))



The parameter in potential energy often refers to a dimensionless factor that relates the total
gravitational potential energy to the star's mass, radius, and density distribution. It is typically
expressed as:

\[

U = -\frac{3}{5} \frac{GM"2}{R} \times \eta
\]

Where:

-\('\eta \) depends on the density profile,
-\(\eta = 1) for uniform density (constant density star),
-\('\eta \neq 1) for non-uniform density.

Part (a): Determining the Potential Energy Parameter for a Constant Density Star
Assumptions and Simplifications

The constant density model assumes:

- The density \( \rho \) is uniform throughout the star,

- The total mass \( M \), radius \( R ), and density \( \rho \) are related via:

\[

\rho = \frac{3M}{4 \pi R"3}

\]

Step-by-Step Derivation

1. Mass Distribution

With uniform density, the mass enclosed within radius \( r) is:

\[
m(r) = \frac{4}{3} \pi r~3 \rho
\]

2. Expression for Gravitational Potential Energy

Using the general formula:

\[

U =-G\int 0~ {R} \frac{m(r)}{r} \, dm
\]

and noting that:

\[

dm = 4 \pi r~2 \rho dr
\]



we substitute \( m(r) \) and \( dm \):

\[
U =-G\int 0~ {R} \frac{\frac{4}{3} \pir~3 \rho}{r} \times 4 \pi r~2 \rho dr
\]

Simplify:

\[
U =-G\int 0~ {R} \left(\frac{4}{3} \pi r"3 \rho \times \frac{1} {r}\right) \times 4 \pi r"~2 \rho dr

\]

\[
U =-G\int 0~ {R} \left(\frac{4}{3} \pi r"2 \rho\right) \times 4 \pi r"~2 \rho dr
\]

\[
U = -G \times \frac{4} {3} \pi \rho \times 4 \pi \rho \int 0~ {R} r™4 dr
\]

Calculate the integral:

\[
\int 0~ {R} r~4 dr = \frac{R"5}{5}
\]

Putting everything together:

\[
U = -G \times \frac{4} {3} \pi \rho \times 4 \pi \rho \times \frac{R"~5} {5}
\]

Simplify constants:

\[
U = -G \times \frac{16} {15} \pi~2 \rho™2 R"5
\]

3. Expressing in Terms of Total Mass \( M \)

Recall \( \rho = \frac{3M}{4 \pi R"3} \):

\[

\rho”2 = \left(\frac{3M} {4 \pi R"3}\right)~2 = \frac{9 M"~2}{16 \pi~2 R"6}
\]

Substitute into \( U \):

\[
U = -G \times \frac{16} {15} \pi~2 \times \frac{9 M"~2}{16 \pi~2 R"6} R™5
\]



Simplify:

\[
U = -G \times \frac{16}{15} \times \frac{9 M"2}{16 R~6} \times R™5
\]

\[

U = -G \times \frac{9}{15} M2 \times \frac{1}{R}
\]

\[

U = \frac{3}{5} \frac{G M"2}{R}

\]

Result

For a star of constant density, the potential energy is:

\[

\boxed{

U = -\frac{3}{5} \frac{G M"2}{R}
}

\]

The parameter in the potential energy (often denoted as \( \eta \)) is:

\[
\eta =1
\]

indicating that the potential energy parameter for a uniform density star corresponds to the
coefficient \( 3/5\).

Implications
- The uniform density model offers a simplified but insightful estimate of the gravitational binding

energy.
- It serves as a baseline for more complex models with non-uniform densities.

Part (b): Determining the Parameter in the Potential Energy for a Variable Density Star
Realistic Stellar Density Profiles

In reality, stars do not have uniform density. Instead, their density generally decreases from the core
outward, following profiles derived from solutions to the equations of stellar structure.

Common models include:
- Polytropic Models: where the pressure \( P \) and density \( \rho \) follow a relation \( P = K \rho™ {1
+ 1/n}\).



- Empirical Profiles: based on observations and sophisticated simulations.
General Approach

The total potential energy for a star with a given density profile \( \rho(r) \) involves integrating the
gravitational potential over the volume:

\[
U = -4\pi G \int 0"~ {R} \frac{m(r) \rho(r)}{r} r~2 dr
\]

where:

\[

m(r) = 4\pi\int 0"~ {r} \rho(r') r'~2 dr'

\]

Derivation Steps

1. Select or specify the density profile \( \rho(r) \)

Examples include:

- Power-law profiles: \( \rho(r) = \rho c \left(1 - \frac{r}{R}\right)"k )
- Polytropic profiles: solutions of Lane-Emden equations.

2. Calculate the enclosed mass \( m(r) \)

Integrate the density:

\[

m(r) = 4 \pi\int 0"~ {r} \rho(r') r'~2 dr'

\]

3. Compute the potential energy \( U \)

Insert \( m(r) \) and \( \rho(r) \) into the integral for \( U \):

\[

U = -4 \pi G \int 0"~ {R} \frac{m(r) \rho(r)}{r} r~2 dr

\]

4. Express \( U) in terms of total mass \( M \) and radius \( R )

The result is often written as:

\[
U = -\frac{3}{5} \frac{G M"2}{R} \times \eta
\]

where \( \eta \) now depends on the specific density profile.



Calculating the Parameter \( \eta \)

- For polytropic models, \( \eta \) is derived from the solutions to the Lane-Emden equation.
- For example, for a polytrope of index \( n\), the parameter \( \eta \) is related
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