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Introduction

In mathematical logic and propositional calculus, understanding the truth
value of statements involving quantifiers and predicates is fundamental. Such
statements often involve quantifiers like "for all" (denoted by ∀) and "there
exists" (denoted by ∃), as well as predicates that express properties or
relations between variables. Properly evaluating these statements involves
analyzing the logical structure and the underlying domains of discourse.

In this article, we will analyze two specific logical formulas:

- (a) (xZ)(yZ)(x + y = 0)
- (b) (yZ)(xZ)(x + y = 0)

The notation appears to be shorthand for formulas involving quantifiers over
variables x and y, with Z being a set or domain of discourse. Typically, in
formal logic, the notation (x ∈ Z) indicates that x belongs to set Z.
Similarly, (xZ) might be a shorthand for "for all x in Z" or "there exists x
in Z." However, since the notation is somewhat ambiguous, we will interpret
it as follows:

- (xZ) = "for all x in Z" (∀x ∈ Z)
- (yZ) = "for all y in Z" (∀y ∈ Z)

Thus, the sentences can be read as:

- (a) For all x in Z, and for all y in Z, x + y = 0
- (b) For all y in Z, and for all x in Z, x + y = 0

Our goal is to determine the truth value of these sentences based on the
properties of the set Z and the nature of the statement x + y = 0.

---

Understanding Quantifiers and Their Order

Before delving into the specific sentences, it is crucial to understand how
the order of quantifiers impacts the truth value of logical statements.



The Importance of Quantifier Order

In logic, changing the order of quantifiers can significantly alter the
meaning and truth value of a statement. For example:

- ∀x ∀y P(x, y): "For all x, and for all y, P(x, y)".
- ∃x ∃y P(x, y): "There exists x, and there exists y, such that P(x, y)".
- ∀x ∃y P(x, y): "For every x, there exists some y such that P(x, y)".
- ∃x ∀y P(x, y): "There exists some x such that for every y, P(x, y)".

In our case, the sentences involve universal quantifiers arranged
differently, which may lead to different truth evaluations.

---

Formal Interpretation of the Sentences

Let's formalize the sentences based on our interpretation:

Sentence (a):

(∀x ∈ Z)(∀y ∈ Z): x + y = 0

This reads as: "For all x in Z and for all y in Z, the sum x + y equals
zero."

Sentence (b):

(∀y ∈ Z)(∀x ∈ Z): x + y = 0

This reads as: "For all y in Z and for all x in Z, the sum x + y equals
zero."

At first glance, these two sentences appear similar because both are
universal quantifications over all pairs (x, y) in Z × Z. However, the order
of quantifiers may influence the interpretation, especially when considering
properties of Z.

---

Analyzing the Truth Values

To determine the truth values of the two sentences, we need to analyze the
properties of the set Z and the predicate x + y = 0.

Key considerations:

- The nature of the set Z (e.g., integers, real numbers, positive numbers).
- Whether the statement x + y = 0 holds for all pairs (x, y) in Z × Z.
- The effect of quantifier order on the overall statement.



Let's explore these in detail.

---

The Role of the Set Z

The truth value of these statements heavily depends on the specific set Z.
Different sets have different algebraic properties, which influence whether
the statement x + y = 0 can hold universally.

Common examples of sets:

1. Set of integers (ℤ):

- Includes positive, negative, and zero.
- For any x in ℤ, the element -x is also in ℤ.
- The sum x + (-x) = 0.

2. Set of natural numbers (ℕ):

- Typically includes positive integers starting from 1.
- Does not include zero or negative numbers by default.
- x + y = 0 may not be possible unless both x and y are zero (if zero is
included).

3. Set of real numbers (ℝ):

- Includes all rational and irrational numbers.
- For any x, y in ℝ, the sum x + y could be zero.

4. Set of positive real numbers (ℝ⁺):

- All numbers greater than zero.
- x + y = 0 cannot hold unless x and y are both zero, which is not in ℝ⁺.

Implications:

- If Z is ℤ, the set of integers, then for any x, y in Z, x + y = 0 is not
always true — only specific pairs satisfy the equation.
- If Z is ℤ, then the statement "for all x, y in Z, x + y = 0" is false
because most pairs do not sum to zero.
- If Z = {0}, the singleton set, then the statement is trivially true because
x = y = 0, so x + y = 0.

---

Evaluating Sentence (a): (∀x ∈ Z)(∀y ∈ Z): x + y = 0

Case 1: Z = ℤ (integers)

- Is the statement "for all x, y in ℤ, x + y = 0" true?



Answer: No. For example, x = 1, y = 1, then x + y = 2 ≠ 0. Therefore, the
statement is false.

Case 2: Z = {0}

- Is the statement "for all x, y in {0}, x + y = 0" true?

Answer: Yes. Since the only pair is (0, 0), and 0 + 0 = 0, the statement is
true.

Case 3: Z = ℝ (real numbers)

- Is the statement "for all x, y in ℝ, x + y = 0" true?

Answer: No. For example, x = 1, y = 2, then sum = 3 ≠ 0. So, false.

General conclusion for (a):

- The statement "for all x, y in Z, x + y = 0" is only true if Z contains
exactly one element, namely 0.
- For most common sets like ℤ or ℝ, the statement is false.

---

Evaluating Sentence (b): (∀y ∈ Z)(∀x ∈ Z): x + y = 0

This is similar to (a), just the order of quantifiers is switched. But since
both are universal quantifiers, the order does not affect the truth value
regarding the set Z.

Formal reasoning:

- The statement "for all y in Z, for all x in Z, x + y = 0" is equivalent to
"for all x and y in Z, x + y = 0" because both are universal quantifications.

Therefore:

- The truth value of (b) is the same as that of (a).

---

Impact of Quantifier Order in These Specific Cases

In this particular context, since both are universal quantifiers, the order
does not influence the overall truth value. However, if the statements
involved mixed quantifiers, the order could significantly change the meaning.

---

Summary of Findings



| Set Z | Truth value of (a) | Truth value of (b) | Explanation |
|---------------------------|--------------------|--------------------|------
-----------------------------------------------------------------------|
| Set of integers (ℤ) | False | False | Only 0 + 0 = 0; not all pairs sum to
zero. |
| Singleton set {0} | True | True | Only one pair: (0, 0), which sums to
zero. |
| Set of real numbers (ℝ) | False | False | Many pairs do not sum to zero. |
| Set of positive reals (ℝ⁺)| False | False | Same reasoning as ℝ; positive
reals exclude zero sum pairs. |

Practical Implications and Applications

Understanding the truth values of such quantified statements is essential in
several areas:

- Mathematical proofs: Verifying whether certain identities hold universally.
- Set theory and algebra: Analyzing properties of algebraic structures like
groups, rings, and fields.
- Computer science: Formal verification, where logic statements determine
program correctness.
- Logic and philosophy: Clarifying the scope and

Frequently Asked Questions

What is the logical structure of the sentence (a)
(xZ)(yZ)(x + y = 0)?
It states that for all x and y, both x and y satisfy Z, and the sum x + y
equals zero. In notation, it means: For all x, for all y, if Z(x) and Z(y),
then x + y = 0.

How do you interpret the sentence (b) (yZ)(xZ)(x + y
= 0)?
This sentence indicates that for all y, and for all x, if Z(y) and Z(x) hold,
then x + y = 0. It essentially states the same universal condition but with
the quantifiers written in a different order.

Are the sentences (a) and (b) logically equivalent?
Yes, both sentences express that for all x and y satisfying Z, x + y equals
zero, just written with different quantifier orders. Therefore, they are
logically equivalent.



What is the truth value of the sentence (a) if Z(x)
means 'x is an integer'?
If Z(x) indicates that x is an integer, then the sentence states that for all
integers x and y, x + y = 0. This is false because not all pairs of integers
sum to zero; only pairs like (a, -a) do.

How does the interpretation of Z affect the truth
value of these sentences?
The truth value depends on what Z represents. If Z is 'x is an integer,' then
the sentences are false because not all pairs of integers sum to zero. If Z
is 'x is zero,' then the sentences are true since the only x satisfying Z is
zero, and zero + zero = 0.

Can the sentences be true if Z(x) means 'x is a real
number'?
Yes, if Z(x) means 'x is a real number,' then for all real x and y satisfying
Z, x + y = 0 is false because most pairs of real numbers do not sum to zero.
So, the sentences are false in this context.

What logical quantifier is used in sentences (a) and
(b)?
Both sentences use the universal quantifier 'for all' (denoted by the symbol
'∀').

How can we determine the truth value of such logical
sentences in practice?
We analyze the domain and the predicate Z, then check whether the condition
(x + y = 0) holds for all pairs satisfying Z. If it does, the sentence is
true; otherwise, it is false.

What is the significance of the order of quantifiers
in sentences (a) and (b)?
In this case, changing the order of universal quantifiers does not affect the
meaning or truth value because both are 'for all x and y.' However, in other
logical statements, the order can significantly impact the meaning.

Could these sentences be true if Z(x) is 'x is a
solution to x^2 = 0'?
Yes, since the only solution to x^2 = 0 is x = 0, then for all y satisfying



Z, y = 0. Therefore, x + y = 0 holds trivially, making both sentences true
under this interpretation.

Additional Resources
Determine The Truth Value Of Each Of The Following Sentences: (a) (xZ)(yZ)(x
+ y = 0). (b) (yZ)(xZ)(x + y = 0).
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Introduction

Mathematical logic and formal reasoning form the backbone of modern
mathematics and computer science, providing tools to rigorously evaluate the
validity of statements involving variables, quantifiers, and relations. One
fundamental task within this domain is to assess the truth value of logical
sentences, especially those involving quantifiers such as "for all" (denoted
by ∀) and "there exists" (denoted by ∃), alongside predicates or relations.

This article delves into a detailed analysis of two logical sentences
involving quantifiers and a simple algebraic relation, specifically:

- (a) (xZ)(yZ)(x + y = 0)
- (b) (yZ)(xZ)(x + y = 0)

The notation appears to use the letter "Z" as a symbol for the quantifier
"for all," commonly represented as ∀ in formal logic. For clarity, we
interpret:

- (xZ) as ∀x (for all x)
- (yZ) as ∀y (for all y)

Hence, the sentences can be rewritten in standard logical notation as:

- (a) ∀x ∀y (x + y = 0)
- (b) ∀y ∀x (x + y = 0)

Our goal is to determine whether these statements are true or false — that
is, whether they are logically valid, false, or perhaps true under certain
interpretations.

---

Understanding the Logical Structure

Before evaluating the truth values, it is essential to analyze the structure
of these statements and understand what they claim.

The Nature of the Predicates and Quantifiers



- The predicate "x + y = 0" involves the addition operation and equality.
- The variables x and y are assumed to take values from a certain domain,
which is not explicitly specified but is commonly taken to be the set of real
numbers, integers, or some algebraic structure where addition and equality
are defined.

The Role of Quantifiers

- In (a), the statement is: "For all x, for all y, x + y = 0."
- In (b), the statement is: "For all y, for all x, x + y = 0."

Since logical conjunctions are commutative, the order of quantifiers can
sometimes matter, but in the case of universal quantifiers over the same
domain, the order does not affect the overall truth value.

---

Evaluating the Statements: Analysis and Reasoning

Common Ground: The Symmetry of Quantifiers

In classical logic, the statement:

- ∀x ∀y P(x, y)

is logically equivalent to:

- ∀y ∀x P(x, y)

when the domain of discourse is well-behaved (e.g., the set of real numbers).
Hence, the two statements under consideration are essentially similar in
meaning, but their truth value hinges on whether the predicate "x + y = 0"
holds universally for all pairs (x, y).

---

Investigating Statement (a): ∀x ∀y (x + y = 0)

Restated: "For every x and y, x + y equals zero."

Question: Is this statement true in the usual mathematical setting?

Step 1: Test with specific examples

- Consider x = 1, y = 1.
- Then, x + y = 1 + 1 = 2, which is not zero.
- Therefore, the statement "x + y = 0" does not hold for all x and y.

Conclusion:
Since there exists at least one pair (x, y) where x + y ≠ 0, the statement
(a) is false in the standard domain of real numbers.



Investigating Statement (b): ∀y ∀x (x + y = 0)

Restated: "For every y and every x, x + y equals zero."

Given the symmetry, the same reasoning applies:

- Pick any y, say y = 2.
- For x = 0, x + y = 0 + 2 = 2 ≠ 0.
- So, the predicate fails for this pair.

Conclusion:
Similarly, (b) is false.

---

Deeper Insights: Are There Domains Where These Could Be True?

While the previous analysis is straightforward in the context of real
numbers, it's worthwhile to examine whether alternative domains or
interpretations could make these statements true.

Domain of integers (ℤ)

- The same reasoning applies, since integers are closed under addition, and
the counterexamples are valid.

Domain of complex numbers (ℂ)

- Same conclusion; the statement "x + y = 0" does not hold universally for
all pairs.

Domain of a finite field or algebraic structure

- In any standard field or group setting, the statement "x + y = 0" is only
true for specific pairs, notably when y = -x.
- The statement that "for all x and y, x + y = 0" would only be true if the
domain contains only one element (which is zero), trivializing the statement.
- For the domain {0}, the statement is true because 0 + 0 = 0. But for any
larger domain, the statement is false.

Special interpretation: singleton domain {0}

- If the domain consists of a single element, 0, then:

- For all x, y = 0, x + y = 0 + 0 = 0.
- Both statements (a) and (b) are true in this trivial case.

Summary of truth evaluation:

| Domain | (a) ∀x ∀y (x + y = 0) | (b) ∀y ∀x (x + y = 0) |
|---------|------------------------|------------------------|



| Real numbers | False | False |
| Integers | False | False |
| Complex numbers | False | False |
| Singleton {0} | True | True |

---

Logical Equivalence and Independence

Given the symmetry of quantifiers, the two statements are logically
equivalent in domains where the order of universal quantification does not
matter. The key determinant of their truth values is whether the predicate "x
+ y = 0" holds universally.

Important note: The statements are not logically equivalent to "there exists
x and y such that x + y ≠ 0" (which is true in most domains).

---

Broader Implications and Related Concepts

The Role of Quantifiers in Formal Logic

Quantifiers significantly influence the truth value of statements. Swapping
universal quantifiers, as in moving from (a) to (b), often does not affect
the overall statement's truth in symmetric contexts. However, changing the
quantifier from universal (∀) to existential (∃) or vice versa has profound
effects.

The Impact of Domain Choice

The domain over which variables range is critical. For example:

- In a trivial domain with a single element, universal statements become
vacuously true.
- In larger, more common mathematical domains, the statements are false
unless the predicate holds universally, which is not the case here.

Related Theorems and Principles

- Universal Instantiation: If a statement is universally quantified, it holds
for all elements in the domain.
- Counterexamples: Demonstrating the falsity of a universal statement often
involves finding a single counterexample.

---

Final Conclusion

Based on the standard interpretation of the quantifiers and the predicate "x
+ y = 0" over the typical mathematical domains such as real numbers or



integers, both statements:

- (a) (xZ)(yZ)(x + y = 0)
- (b) (yZ)(xZ)(x + y = 0)

are false. They assert that every pair of elements sums to zero, which is
generally not the case.

Summary:

- Truth value of (a): False
- Truth value of (b): False

This analysis underscores the importance of understanding the scope of
quantifiers and the nature of the domain in logical assertions. It also
highlights the subtlety that, while the statements are structurally similar,
their truth hinges on the properties of the underlying set and the predicate
involved.

---
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Final Remarks

The exercise of determining the truth value of such logical sentences is
foundational in both theoretical and applied disciplines, from formal
verification to theorem proving. Recognizing the impact of domain constraints
and quantifier order is essential for accurate logical reasoning and avoiding
common pitfalls in formal analysis.
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