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Introduction

Understanding differential equations is fundamental in mathematics and
applied sciences, as they model a wide array of phenomena—from physics and
engineering to economics and biology. In this article, we delve into a
specific differential equation involving the function Y, with the assumptions
that X=x(t) and Y=y(t). Given the relationships and initial conditions, we
will explore how to compute the derivative dy/dx, analyze the problem step-
by-step, and interpret the results within a broader mathematical context.

The Differential Equation and Its Components
The core differential equation presented is:

\ [
\frac{dY}{dx} = e™x + 13
\1]

with additional assumptions:

-\ (X =x(t) \)

-\NCY =y(t) \)

-\N(Y =x"3+1)\)

- \( \frac{dx}{dt} = 4 \)

- When \( X =1 \)

This setup indicates a parametric approach where both \( X \) and \( Y \) are
functions of a parameter \( t \). Our goal is to understand how \( Y \)
changes with respect to \( X \), given the relationships involving \( t \).

Step 1: Understanding the Parametric Framework

1.1 Functions of the parameter \( t \)



The derivatives with respect to \( t \) are:

- \( \frac{dx}{dt} = 4 \) (given)

-\N(Y=x"3+1)\)

Since \( Y \) is expressed directly as a function of \( x \), and \( x \) is
a function of \( t \), \( Y \) can be considered as a composite function:

\ [
Y(t) = (x(t))"3 + 1
\]

1.2 Derivatives of \( Y \) with respect to \( t \)
Applying the chain rule:

\ [
\frac{dY}{dt} = \frac{dY}{dx} \cdot \frac{dx}{dt}
\1]

Our goal is to find \( \frac{dy}{dx} \), which can be obtained via:

\ [
\frac{dy}{dx}
\1

\frac{\frac{dy}{dt}}{\frac{dx}{dt}}

Given that \( Y = y(t) \), the derivatives match:

\ [
\frac{dy}{dt}
\1

\frac{dY}{dt}

Step 2: Computing \( \frac{dy}{dt} \) and \( \frac{dy}{dx} \)
2.1 Derivative of \( Y = x®3 + 1 \) with respect to \( t \)
Using the chain rule:

\ [
\frac{dY}{dt} = 3x™2 \cdot \frac{dx}{dt}
\1]

Given \( \frac{dx}{dt} = 4 \), this simplifies to:
\ [

\frac{dY}{dt} = 3x"2 \times 4 = 12x"2
\1]



2.2 Derivative of \( Y \) with respect to \( x \)
Since \( Y =x™3 + 1 \):

\ [

\frac{dY}{dx} = 3x™2

\1]

This is consistent with the derivative of the explicit function.

2.3 Derivative of \( Y \) with respect to \( x \) via the parametric
derivatives

From the chain rule:

\ [
\frac{dY}{dx} = \frac{\frac{dY}{dt}}{\frac{dx}{dt}} = \frac{12x"2}{4} = 3x"2
\1

which matches the direct derivative of \( Y \) with respect to \( x \).

Step 3: Evaluating at the Given Point \( X=1 \)
3.1 Find \( x(t) \) when \( X=1 \)
Given \( \frac{dx}{dt} = 4 \), and assuming \( x(t) \) is a linear function:

\ [
x(t) =4t + C
\1]

At the point where \( x(t) =1 \):

If the initial \( t \) is not specified, but to find the specific \( t \), we
need an initial condition. For simplicity, assume \( t = 0 \) when \( x = 0
\):

\ [
x(0)
\]

4 \times 0 + C = 0 \Rightarrow C=0

Thus,

\ [

x(t) 4t



\1

and at \( x=1 \):

\ [

1 = 4t \Rightarrow t = \frac{1}{4}
\1

3.2 Compute \( y(t) \) at this point
Given \( Y = x™3 + 1 \):

\ [

Y = (x)"3 +1

\1

At \( x=1 \):

Corresponding \( t \):

\ [
t = \frac{1}{4}
\1

Step 4: Calculating \( \frac{dy}{dx} \) at \( X=1\)
From earlier, the derivative:

\ [
\frac{dy}{dx}
\1]

3x"2

At \( x=1 \):

\ [
\frac{dy}{dx}
\1

3 \times 172 = 3

Thus, the rate of change of \( y \) with respect to \( x \) at \( X=1 \) is
3.

Step 5: Understanding the Differential Equation



The original differential equation:

\ [
\frac{dY}{dx} = e™x + 13
\1

shows how \( Y \) changes with \( x \). Our earlier calculations confirm that
\(Y =x"3 +1)\) satisfies the structure of the differential equation at the
specific point \( x=1 \):

\ [
\frac{dY}{dx} = e™1 + 13 = e + 13 \approx 2.718 + 13 \approx 15.718
\1

However, this does not match the derivative \( 3 \) calculated from the
parametric approach. This suggests that \( Y = x*3 + 1 \) 1is a specific
solution or a particular function that is compatible with the parametric
assumptions, but not necessarily the general solution to the differential
equation \( \frac{dY}{dx} = e™x + 13 \).

Step 6: Integrating the Differential Equation
6.1 General solution

To find the general solution to:

\ [

\frac{dY}{dx} = e™x + 13

\1]

we integrate both sides:

\ [

Y = \int (e”™x + 13) dx = \int e”™x dx + \int 13 dx = e™x + 13x + C
\1]

where \( C \) is an arbitrary constant.

6.2 Specific solution based on initial conditions

Given the initial point \( X=1 \), \( Y=2 \):

\

2 = e”1l + 13 \times 1 + C \Rightarrow 2 = e + 13 + C
\1

\ [

C=2-e-13 = - (e + 11)



Thus, the specific solution is:

\ [
Y =e™ + 13x - (e + 11)
\1

Step 7: Summary and Interpretation
7.1 Key findings

- The derivative \( \frac{dy}{dx} \) at \( x=1 \) is 3 based on the
parametric relations.

- The differential equation \( \frac{dY}{dx} = e”™x + 13 \) suggests a
different behavior, with the derivative at \( x=1 \) being approximately
15.718.

- The explicit solution to the differential equation is:

\ [
Y = e™ + 13x + C

\1]
with \( C \) determined by initial conditions.
7.2 Practical implications

Understanding the relationship between parametric derivatives and explicit
differential equations is crucial in modeling real-world phenomena. For
example:

- In physics, parametric equations are often used to describe motion.
- In engineering, they help model systems with multiple variables changing
over time.

7.3 Additional considerations

- When working with parametric functions, always verify the derivatives with
respect to the parameter \( t \) and relate them to derivatives with respect
to \( x \).

- Initial conditions are vital for determining particular solutions and
constants.

- Recognize the difference between particular solutions (like \( Y = x"3 + 1
\)) and the general solution to the differential equation.

Conclusion

This comprehensive analysis demonstrates how to approach a differential
equation involving parametric functions and initial conditions. By leveraging



the chain rule, explicit integrations, and initial point evaluations, we can
accurately

Frequently Asked Questions

How do you find the differential dy/dx for Y = x*3 +
1?

Since Y = x*3 + 1, dy/dx = 3x™2 by differentiating with respect to x.

Given dy/dx and the relation Y = e”x + 13, how can
we find dy/dx in terms of x?

dy/dx is directly 3x”2 from the derivative of Y = x*3 + 1, independent of e”x
+ 13 unless specified otherwise.

How do you evaluate Dy/dx when X = x(t) and Dx/dt =
4 at X = 17

You can use the chain rule: Dy/dx = (dy/dt) / (dx/dt). Given Dx/dt=4 and at
X=1, find dy/dt to compute Dy/dx.

What is the value of dy/dx at X =1 if Y = x*3 + 17
At X=1, dy/dx = 3(1)"2 = 3.

How do you compute Dy/dt given Dx/dt=4 and Y=x"3+17?
First, find dy/dx = 3x*2. Then, Dy/dt = dy/dx dx/dt. At X=1, Dy/dt=31"24=12.

What is the significance of assuming X = x(t) and Y
= y(t) in this problem?

It indicates that both X and Y are functions of t, allowing use of the chain
rule to connect derivatives with respect to t and x.

Why is it important to evaluate at X=1 in this
context?

Because the derivatives depend on the value of x, evaluating at X=1 allows
for specific numeric answers for Dy/dx and Dy/dt.



How would the expression for Dy/dx change if Y
included a different function of x?

It would depend on the new function's derivative; the process involves
differentiating the new function with respect to x and applying the chain
rule accordingly.

Additional Resources

Differential Equations: An In-Depth Exploration of the Given Problem

Introduction to Differential Equations and
Context of the Problem

Differential equations are fundamental tools in mathematics, physics,
engineering, and many applied sciences. They describe relationships involving
functions and their derivatives, modeling a vast array of phenomena—from the
motion of planets to the growth of populations. Today, we will analyze a
specific differential equation involving exponential and polynomial
functions, along with a parametric perspective, to uncover its intricacies
and solutions.

The problem statement provides an equation:
Y = (e™x + 13) Dy/dx =

Along with additional assumptions:

- Assume that x = x(t)

- Y = y(t)

- Y =x"3+1

- dx/dt = 4

- When x =1

Our goal is to interpret, analyze, and solve this differential equation,
ultimately expressing Dy/dx in terms of known quantities and parameters.

Deciphering the Given Mathematical



Relationships

Understanding the Variables and Functions

The problem introduces several variables and functions:

- X(t): a function of parameter t
- y(t): another function of t
- Y: specified as Y = y(t), but also given as Y = x"3 + 1

This indicates that Y is related to x(t) via the polynomial expression x"3 +
1, which suggests that Y is a function of x, and consequently, a composition
of functions involving t.

Furthermore, the provided differential equation:

\ [
Y = (e™x + 13) \frac{dy}{dx}
\1

implies a relationship between the functions Y, dy/dx, and x.

Clarifying the Equation Structure

The notation suggests that the differential equation is:

\ [
Y = (e™x + 13) \frac{dy}{dx}
\1

which can be rearranged as:

\ [
\frac{dy}{dx} = \frac{Y}{e"x + 13}
\1]

Given that Y = x®3 + 1, substituting this yields:

\ [
\frac{dy}{dx} = \frac{x"3 + 1}{e”"x + 13}
\1]

This is a first-order ordinary differential equation (ODE) with variable
coefficients, which can be integrated to find y(x).



Step-by-Step Solution Approach

1. Expressing the Differential Equation

Starting from the core relationship:

\ [
\frac{dy}{dx} = \frac{x"3 + 1}{e”x + 13}
\1

This is a separable differential equation, as dy/dx is expressed explicitly
in terms of x. To find y(x), we need to integrate both sides:

\ [
y(x) = \int \frac{x"3 + 1}{e”™x + 13} dx + C
\1]

where C is the constant of integration.

2. Integration Strategy

The integral:

\ [
I = \int \frac{x"3 + 1}{e”x + 13} dx
\1

is non-trivial because of the combination of polynomial and exponential
functions. To proceed, consider the following strategies:

- Method 1: Polynomial division or substitution

- Method 2: Recognize the structure for substitution

- Method 3: Approximate or series expansion (if a closed form isn't
straightforward)

Given the form of the denominator, a substitution involving u = e”™x + 13
seems promising because:

\ [
du/dx = e”™x
\1]



But since the numerator involves x"3 + 1, and x appears explicitly, a
substitution might involve expressing x in terms of u or using integration by
parts.

3. Using Integration by Parts

Let’s analyze the possibility of applying integration by parts, which is
suitable when the integrand is a product of functions with different
derivatives:

\ [

\int u \, dv = uv - \int v \, du

\]

Set:

-\ ( = x*3 + 1 \Rightarrow du = 3x”2 dx \)

u
- \( dv = \frac{1}{e”x + 13} dx \)
The challenge is integrating \( dv \):

\ [
v = \int \frac{1}{e™x + 13} dx
\1

which is not straightforward but can be approached with substitution:

\[
w = e™x + 13 \Rightarrow dw/dx = e”x

\1]

Expressed as:

\ [
dx = \frac{dw}{e”x} = \frac{dw}{w - 13}
\1

But this complicates the integral, as \( e™x = w - 13 \). Alternatively, a
substitution:

\ [
z = e”™x \Rightarrow dz/dx = e”x
\1

Il
N

then:

\[



v = \int \frac{1}{z + 13} dx
\1

but:

\ [
dx = \frac{dz}{z}
\1

SO:

\ [
= \int \frac{1}{z + 13} \frac{dz}{z} = \int \frac{1}{z(z + 13)} dz
\1

This integral can be decomposed using partial fractions:

\ [
\frac{1}{z(z + 13)} = \frac{A}{z} + \frac{B}{z + 13}
\]

Solving for A and B:

\ [
1 =A(z + 13) + B z
\1
At \( z=0 \):
\ [
= A \times 13 \Rightarrow A = \frac{1}{13}
\1

At \( z=-13 \):

\ [
= B \times (-13) \Rightarrow B = -\frac{1}{13}
\1

Thus:

\ [

= \int \left( \frac{1l/13}{z} - \frac{1l/13}{z + 13} \right) dz =
\frac{1}{13} \int \frac{1}{z} dz - \frac{1}{13} \int \frac{1}{z + 13} dz
\1]

which yields:
\ [

= \frac{1}{13} \ln|z| - \frac{1}{13} \ln|z + 13| + D
\1]



Substituting back \( z = e™x \):

\ [

v = \frac{1}{13} \left( \ln e™x - \ln (e”™x + 13) \right) + D = \frac{1}{13}
(x - \ln (e”™x + 13)) + D

\1

Now, applying the integration by parts:

\ [
I =uv - \int v du
\1]

which becomes:

\ [

I = (x*3 + 1) \times \frac{1}{13} (x - \ln (e”™x + 13)) - \int \frac{1}{13} (x
- \ln (e”™x + 13)) \times 3x™2 dx

\1

This reduces the integral to a combination of polynomial and logarithmic
functions, but involves a more complicated integral:

\ [
\int (x - \ln (e™x + 13)) x™2 dx
\1

which can be further expanded and tackled with additional integration by
parts or numerical methods.

Incorporating the Parametric Perspective

Given that x = x(t) and Y = y(t), with dx/dt =4, and Y = x*3 + 1, we can
interpret the problem dynamically:

- The derivative \( dx/dt = 4 \) implies that:

\ [
x(t) =4t + x 0
\1]

- When \( x = 1 \), the corresponding \( t \) is:

\ [
t = \frac{l - x 0}{4}
\1



Assuming \( x @ = 0 \) for simplicity:
\ [

x(t) = 4t

\1

At \( x =1 \):

\ [

t = \frac{1}{4}

\1

Similarly, since \( Y = x"3 + 1 \):
\ [

Y(t) = (4t)"3 + 1 =64 t°3 + 1

\1]

This parametric form allows us to analyze the behavior of the functions over
time \( t \), which could be particularly useful for applications involving
rates of change or time-dependent modeling.

Calculating the Derivative Dy/dx

The core of the problem involves finding \( Dy/dx \). Given:

then:

\ [

\frac{dY}{dx} = 3x"2

\1]

which is straightforward.

However, the original differential equation:

\ [
Y = (e™x + 13) \frac{
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