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Repetition From N Types.I Have in various combinatorial problems, especially
in counting arrangements and selections where repetition is allowed.
Understanding and deriving recurrence relations for such problems is
fundamental in combinatorics, as it provides a recursive method to compute
the number of ways to select objects under specific constraints. This article
aims to offer a comprehensive explanation of how to find recurrence relations
for the number of ways to pick K objects with repetition from N types,
explore their applications, and illustrate their derivation with examples.

Understanding the Problem: Picking K Objects
With Repetition From N Types

Before diving into recurrence relations, it’s essential to clarify what the
problem entails:

- Objects and Types: Suppose we have N different types of objects. For
example, if N=3, the types could be apples, oranges, and bananas.

- Number of objects to pick (K): We want to select exactly K objects in
total, where objects are drawn from the N types.

- Repetition allowed: We can choose multiple objects of the same type; there
is no restriction on how many times a particular type can be selected.

Example Scenario

Imagine you are designing a combination of candies where you can select 5
candies (K=5) from 4 types of candies (N=4). Since repetition is allowed, you
might pick 3 of type A, 1 of type B, and 1 of type C, or any other
combination, including selecting all 5 from the same type.

Counting the Number of Ways: Basic Concepts

The core question is: How many ways are there to pick K objects from N types
with repetition?

- Without any restrictions, the problem reduces to counting the number of
weak compositions or combinations with repetition.
- The standard formula for this is given by the multiset coefficient:



\ [
\text{Number of ways} = \binom{N + K - 1}{K}

\1]

This formula counts the total number of multisets of size K drawn from N
types.

Example
Using the formula, if N=3 and K=2:

\ [
\binom{3 + 2 - 1}{2} = \binom{4}{2} = 6
\1]

which matches the intuitive count: the possible combinations are (assuming
types A, B, C):
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Deriving a Recurrence Relation

While the explicit combinatorial formula is useful, recurrence relations
provide a recursive approach to compute these values efficiently, especially
useful in dynamic programming or iterative algorithms.

What Is a Recurrence Relation?

A recurrence relation expresses the value of a sequence \(T(n, k)\) in terms
of previous values. For our problem, \(T(n, k)\) can denote the number of
ways to pick k objects from n types with repetition.

Basic Idea

To derive a recurrence relation, consider the last object selected:

- If the last object is of a certain type, then the remaining \(k-1\) objects
are chosen from the same N types.

- Alternatively, we can interpret the problem by fixing certain choices and
building upon smaller subproblems.



Finding the Recurrence Relation for the Number
of Ways

Let \(T(n, k)\) be the number of ways to select \(k\) objects from \(n\)
types with repetition.

Step-by-step derivation:

Case 1: Selecting at least one object of a
particular type

Suppose we focus on the first type, say type 1:
- If we choose at least one object of type 1, then the remaining \(k-1\)
objects can be chosen freely from all \(n\) types, including type 1 (since

repetition is allowed). But to avoid overcounting, it’s better to consider
the choices systematically.

Case 2: Breaking down the problem

A more straightforward approach involves considering the following:

- When selecting \(k\) objects, the number of ways \(T(n,k)\) can be
expressed based on whether or not we include objects of a particular type.

Key insight:
- For each type, the number of objects chosen can range from 0 up to \(k\).

- The total number of ways to choose \(k\) objects from \(n\) types with
repetition can be related to smaller subproblems.

Recursion derivation:
The recurrence relation for \(T(n,k)\) can be written as:

\ [
T(n, k) =T(n - 1, k) + T(n, k - 1)
\]

where:

- \(T(n - 1, K)\) represents the number of ways to pick \(k\) objects from
the first \(n-1\) types (excluding the last type).

- \(T(n, k - 1)\) represents the number of ways to pick \(k-1\) objects from
\(n\) types (including the last type), then adding one more object of any



type (including the last type).
But is this the correct recurrence?

Actually, for combinations with repetition, the standard recurrence relation
is:

\ [
T(n, k) =T(n, k - 1) + T(n - 1, k)
\]

with the base cases:

- \(T(1, k) = 1\) for all \(k \geq 0O\), because with only one type, there is
exactly one way to pick all \(k\) objects.

- \(T(n, 0) = 1\) for all \(n \geq 1\), because choosing zero objects is
always one way—the empty selection.

Formal Statement of the Recurrence Relation

Recurrence Relation:

\ [

\boxed{

T(n, k) = T(n, k - 1) + T(n - 1, k)
}

\1]

with initial conditions:

\ [
T(1, k)
\1]
\ [
T(n, 0)
\1]

1 \quad \text{for} \quad k \geq 0O

1 \quad \text{for} \quad n \geq 1

This recurrence relation essentially captures the idea that:

- The number of ways to pick \(k\) objects from \(n\) types is equal to the
number of ways to pick \(k\) objects when at least one of the objects is of
the first type (which is \(T(n, k - 1)\)), plus the number of ways to pick
\(k\) objects when none are of the first type (which is \(T(n - 1, k)\)).



Relation to the Binomial Coefficient

The recurrence relation aligns with the combinatorial formula:

\ [

T(n, k) = \binom{n + k - 1}{k}

\1

which counts the total number of multisets of size \(k\) from \(n\) types.

Since the binomial coefficient satisfies Pascal's rule:

\ [
\binom{a}{b} = \binom{a-1}{b} + \binom{a-1}{b-1}
\1]

the recursive structure of \(T(n, k)\) is consistent with the binomial
coefficient recurrence:

\ [
\binom{n + k - 1}{k} = \binom{n + k - 2}{k} + \binom{n + k - 2}{k - 1}
\1

which shows the combinatorial basis of the recurrence relation.

Examples and Applications of the Recurrence
Relation

Example 1: Small Values

Calculate \(T(3, 2)\):

Using the recurrence:

\ [

T(3, 2) =T(3, 1) + T(2, 2)

\1]
\(T(3, 1) =T(3, 0) + T(2, 1)\)
\(T(3, 0) = 1\)
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- \(T(2, 0) = 1\)

- \(T(1, 1) = 1\)

Thus:

\ [

T(3, 1) =1+1=2

\]

And:

\ [

T(2, 2) =T(2, 1) + T(1, 2)
\]

- \(T(2, 1) = 2\) (from earlier)

- \(T(1, 2) = 1\)
Therefore:

\ [
T(3, 2) =2+1=3
\]

which matches the explicit formula:

\ [

\binom{3 + 2 - 1}{2} = \binom{4}{2} = 6
\1]

But note, in this calculation, we need to double-check the base cases and
calculations to ensure consistency with the explicit formula.

Frequently Asked Questions

What is the recurrence relation for the number of
ways to pick k objects with repetition from n types?

The recurrence relation is W(n, k) = W(n, k - 1) +



W(n - 1, k), where W(n, k) represents the number of
ways to select k objects from n types with
repetition.

How do I interpret the base cases when finding the
recurrence relation for this problem?

The base cases are W(1l, k) =1 for all k =2 0 (only
one type, so only one way to pick any number of
objects), and W(n, 0) = 1 for all n (picking zero
objects has exactly one way).

Why does the recurrence relation involve both W(n, k
- 1) and W(n - 1, k)?

Because choosing k objects either includes at least
one object of a particular type (reducing to W(n, k
- 1)) or excludes that type entirely (reducing to
W(n - 1, k)).

Can you express the closed-form formula for the
number of ways to pick k objects from n types with
repetition?

Yes, the closed-form is C(n + k - 1, k), where C
denotes the binomial coefficient.

How does the recurrence relation relate to the stars
and bars theorem?



The recurrence mirrors the combinatorial reasoning
of stars and bars, where the total is built up by
considering the cases of including or excluding a
type, which aligns with the partitioning approach in
the theorem.

Is the recurrence relation applicable for any values
of n and k?

Yes, the recurrence relation holds for all non-
negative integers n and k, with appropriate base
cases to start the recursion.

How can I implement this recurrence relation in a
dynamic programming solution?

Initialize base cases for W(n, 0) and W(1, k), then
iteratively compute W(n, k) using W(n, k - 1) and
W(n - 1, k) for increasing n and k values.

What is the significance of this recurrence relation
in combinatorics?

It provides a systematic way to compute the number
of combinations with repetition, facilitating
understanding and solving related counting problems
efficiently.

Are there any variations or extensions of this



recurrence relation for different combinatorial
problems?

Yes, similar recurrence relations exist for
permutations with repetition, restricted choices, or
additional constraints, each tailored to specific
problem conditions.

Additional Resources

Find a Recurrence Relation for the Number of Ways to
Pick K Objects With Repetition From N Types is a
fundamental problem in combinatorics with wide-
ranging applications—from counting solutions to
equations, designing algorithms, to analyzing
probabilistic models. Understanding how to
systematically derive a recurrence relation for this
problem not only deepens our grasp of combinatorial
principles but also provides a powerful tool for
computations, especially when direct formulas are
cumbersome or when working with large values.

In this comprehensive guide, we will explore the
problem step-by-step, develop intuition through
examples, and ultimately derive a recurrence
relation that captures the essence of selecting
objects with repetition from multiple types. Whether
you are a student, educator, or researcher,
mastering this topic equips you with a versatile
method applicable in various counting problems.



Understanding the Problem: Picking K Objects With
Repetition From N Types

Before diving into the derivation, it’s essential to
clarify the problem statement:

- You have N different types of objects (say,
colored balls, types of items, etc.).

- You want to select K objects in total.

- You are allowed to pick objects with repetition,
meaning you can select the same type multiple times.
- The goal: determine the number of ways to make
such a selection.

Key Concepts

- Repetition: The same object type can be chosen
multiple times.

- Order: Usually, in these combinatorial problems,
the order of selection does not matter (combinations
with repetition). If order mattered, it would be
permutations with repetitions.

- Multiset: The selection can be viewed as a
multiset of size K, drawn from N types.

Basic Combinatorial Formulas

Before establishing the recurrence, let's recall the
well-known direct formula for the total number of
ways:



Combinations with Repetition

The total number of ways to choose K objects from N
types with unlimited repetition is given by:

\ [

\boxed{

\binom{N + K - 1}{K}
}

\1

This formula counts the number of multisets of size
K drawn from N types.

However, this explicit formula, while elegant, does
not readily lend itself to recursive computation.
Therefore, deriving a recurrence relation can
facilitate iterative calculations and insights into
the structure of the problem.

Developing the Recurrence Relation

Intuitive Approach

To find a recurrence relation, consider the problem
of counting the number of ways to pick K objects
from N types, and analyze how the count relates to

smaller subproblems.

Suppose we denote:

\ [



W(N, K) = \text{Number of ways to pick } K \text{
objects from } N \text{ types with repetition}
\1]

Our goal: find an expression for \( W(N, K) \) in

terms of smaller values like \( W(N-1, K) \) or \(
W(N, K-1) \).

Breaking Down the Problem

Think of the selection process as involving the
first object type:

- Either you do not pick any object of the first
type.

- Or you pick at least one object of the first type.

This approach is common in combinatorics, where
recursive structure is exploited by considering the
inclusion or exclusion of a particular element.

Case 1: No objects of the first type
If you pick no objects of the first type, then your

selection comprises only objects from the remaining
\( N-1\) types, with a total of K objects:

\[
\text{Number of ways} = W(N-1, K)
\1]

Case 2: At least one object of the first type



If you decide to pick at least one object of the
first type, then:

- You have chosen 1 object of the first type,
leaving K-1 objects to be selected.

- The remaining K-1 objects are to be chosen from
all N types (since repetition is allowed, including
the first type again).

Thus, the number of ways in this case:

\[
\text{Number of ways} = W(N, K-1)

\1]

Note: Since the first type was already used at least
once, and the remaining \( K-1 \) objects can
include any number of objects of the first type.

Combining the cases

Adding these two cases gives the total:

\ [
W(N, K) = W(N-1, K) + W(N, K-1)

\1]

This recursive formula captures the essence of the
problem: the total count is obtained by either
excluding a particular type or including it at least
once.



Formal Statement of the Recurrence

The recurrence relation for the number of ways to
pick K objects with repetition from N types is:

\ [

\boxed{

W(N, K) = W(N-1, K) + W(N, K-1)
}

\1

with the following base cases:

- When \( K = 0 \), there is exactly one way to
select no objects:

\ [
W(N, 0) =1
\]

- When \( N =0 \) and \( K > 0 \), there are no
objects to choose from:

\ [
W(0, K) = 0 \quad \text{for } K > 0

\1]

Verifying the Recurrence with Examples
Let's verify the recurrence with small values:

Example 1: N=2, K=2



Using the recurrence:

\ [
W(2, 2) = W(1, 2) + W(2, 1)
\]

Calculate each:

- \( W(1, 2) \): Number of ways to pick 2 objects
from 1 type:

\[

W(1l, 2) = 1 \quad \text{(since only one type, picks
are (A,A))}

\1]

- \( W(2, 1) \): Number of ways to pick 1 object
from 2 types:

\ [
W(2, 1)
\]

2 \quad \text{(either A or B)}

Thus:

\ [
W(2, 2)
\]

1+ 2 3

This matches the direct calculation:
- Possible selections: (A,A), (A,B), (B,B)

(Note: Since order does not matter, these are the



unique multisets.)

Example 2: Using the explicit formula

\ [
W(2, 2) = \binom{2 + 2 - 1}{2} = \binom{3}{2} = 3
\1

which confirms the recurrence relation works.

Connection to Known Combinatorial Identities
The recurrence relation:

\ [
W(N, K) = W(N-1, K) + W(N, K-1)

\1]

along with the base cases, aligns with the
properties of binomial coefficients. Indeed, the
explicit formula:

\[
W(N, K) = \binom{N + K - 1}{K}
\]

satisfies the recurrence due to Pascal's rule:

\ [
\binom{n}{k} = \binom{n-1}{k} + \binom{n-1}{k-1}
\1



by appropriate substitutions (\( n =N+ K - 1),
etc.).

This demonstrates that our derived recurrence 1is
consistent with established combinatorial
identities.

Practical Applications and Computation Strategies
Dynamic Programming Approach

The recurrence relation lends itself well to a
dynamic programming implementation:

- Initialize a 2D array \( W \) with dimensions \(
(N+1) \times (K+1) \).

- Set base cases:

- \( W(n, 0) =1 \) for all \( n \),

- \( W(0, k) =0 \) for \( k >0 \).

- Fill the table iteratively using the recurrence:

\ [

W(n, k) = W(n-1, k) + W(n, k-1)

\1]

- The final answer is \( W(N, K) \).

This approach ensures efficient computation,
especially for large \( N \) and \( K \).

Algorithm Outline



1. Initialize a 2D array W with zeros.

2. For each \( n \) from 0 to \( N \):

- Set "W[nl[0] = 1.

3. For each \( k \) from 1 to \( K \):

- For each \( n \) from 1 to \( N \):

- Compute "W[n][k] = W[n-1]1[k] + W[n]l[k-1] .
4. Return "W[N][K] .

Extensions and Related Problems
Variations

- Ordered selections: If order matters, the problem
reduces to permutations with repetition, and the
total number of arrangements is:

\ [
N~K
\1]

which doesn't require a recurrence relation but can
be derived similarly.

- Limited repetition: If each object type can be
selected only up to a certain number, the recurrence
becomes more complex, involving bounds and
inclusion-exclusion.

Connection to Multinomial Coefficients

For selecting objects with specified counts \( k_ 1,
k 2, \ldots, k N \) such that:



\ [
k_ 1+ k 2 + \ldots + k N =K
\1]

the count of arrangements is given
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