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Understanding how to find roots of equations is a fundamental aspect of
numerical analysis and calculus. When dealing with nonlinear functions such
as F(x) = 3x + sin(x) e, finding the exact root analytically can often be
challenging or impossible. Instead, iterative methods provide practical ways
to approximate these roots with high accuracy. In this article, we will
explore how to locate a root of the equation F(x) = 3x + sin(x) e,
specifically focusing on applying six iterations to refine our estimate for
the root within a given interval.

Understanding the Function F(x) = 3x + sin(x) e

Analyzing the Function

The function in question is:
\[ F(x) = 3x + \sin(x) \times e \]

where:
- \( \sin(x) \) is the sine of x,
- \( e \) is Euler's number, approximately 2.71828.

This function combines a linear component \( 3x \) with a sinusoidal
component scaled by \( e \). Because of the oscillatory nature of \( \sin(x)
\), combined with the linear term, the function is continuous and
differentiable over all real numbers, making it suitable for methods like
Newton-Raphson or other iterative techniques.

Finding the Root's Approximate Interval

To effectively apply iterative methods, we first need an interval where the
function changes sign, indicating the presence of a root per the Intermediate
Value Theorem. Let's analyze some values:

- At \( x=0 \):



\[ F(O) = 3 \times 0 + \sin(0) \times e =0 + 0 = 0 \]
Here, \( F(0)=0 \). So, x=0 is exactly a root.
- To verify the behavior around zero, check at \( x=1 \):

\[ F(1) = 3 \times 1 + \sin(1l) \times e \approx 3 + (0.8415) \times 2.71828
\approx 3 + 2.288 \approx 5.288 \]

Since \( F(1) > 0 \), and \( F(0)=0 \), the root is at x=0.
- For negative x, check at \( x=-1 \):

\[ F(-1) = -3 + \sin(-1) \times e \approx -3 + (-0.8415) \times 2.71828
\approx -3 - 2.288 \approx -5.288 \]

So, at x=-1, \( F(-1) \approx -5.288 \). Since at x=0, \( F(0)=0 \), and at
x=-1, \( F(-1)<0 \), the root is at x=0.

Conclusion: The root is at x=0. However, to demonstrate the iterative process
and the convergence, suppose we consider a different function or a different
initial interval where the root is not exactly at zero. For the purpose of
this tutorial, let's assume an initial interval [a, b], say [-0.5, 0.5], and
proceed with the iterative method to approximate the root near zero.

Choosing an Appropriate Method for Root Finding

Why Newton-Raphson Method?

The Newton-Raphson method is among the most efficient techniques for finding
roots when the derivative is available and the initial guess is close to the
true root. Its iterative formula is:

\[ x {n+1} = x n - \frac{F(x n)}{F'(x n)} \]

where:

- \( F(x) \) is our function,

- \( F'(x) \) is the derivative of \( F(x) \),
- \( x n\) is the current approximation,

- \( x {n+1} \) is the next approximation.

Given the function's smoothness and differentiability, Newton-Raphson is
suitable here.



Calculating the Derivative \( F'(x) \)

The derivative of \( F(x) = 3x + \sin(x) e \):
\[ F'(x) = 3 + \cos(x) e \]

since \( \frac{d}{dx} \sin(x) e = \cos(x) e \).

Applying the Newton-Raphson Method: Step-by-
Step

Initial Guess

Given the earlier analysis, and since the root appears at x=0, we can start
with \( x 0=0.5 \) or \( x 0=-0.5 \). For demonstration, let's choose \(
X 0=0.5 \).

Iteration 1

Calculate:

\[ F(0.5) = 3 \times 0.5 + \sin(0.5) \times e \approx 1.5 + 0.4794 \times
2.71828 \approx 1.5 + 1.304 \approx 2.804 \]

Calculate the derivative:

\[ F'(0.5) = 3 + \cos(0.5) \times e \approx 3 + 0.8776 \times 2.71828 \approx
3 + 2.386 \approx 5.386 \]

Update:

\[ x 1 =0.5 - \frac{2.804}{5.386} \approx 0.5 - 0.520 \approx -0.020 \]

Iteration 2
Calculate:

\[ F(-0.02) = 3 \times (-0.02) + \sin(-0.02) \times e \approx -0.06 -
0.0199987 \times 2.71828 \approx -0.06 - 0.054 \approx -0.114 \]

Derivative:



\[ F'(-0.02) = 3 + \cos(-0.02) \times e \approx 3 + 0.9998 \times 2.71828
\approx 3 + 2.717 \approx 5.717 \]

Update:

\[ x 2 = -0.02 - \frac{-0.114}{5.717} \approx -0.02 + 0.0199 \approx -0.0001
\1]

Iteration 3
Calculate:

\[ F(-0.0001) = 3 \times (-0.0001) + \sin(-0.0001) \times e \approx -0.0003 -
0.0001 \times 2.71828 \approx -0.0003 - 0.00027 \approx -0.00057 \]

Derivative:

\[ F'(-0.0001) = 3 + \cos(-0.0001) \times e \approx 3 + 0.999999995 \times
2.71828 \approx 3 + 2.71828 \approx 5.71828 \]

Update:

\[ Xx 3 =-0.0001 - \frac{-0.00057}{5.71828} \approx -0.0001 + 0.0001 \approx
0 \]

Observation: The approximation is converging close to zero.

Iterations 4 to 6: Refining the Approximate Root

Repeating the process with the latest estimate, the approximations become
increasingly accurate:

- Iteration 4: \( \approx 0 \

X_4 )
- Iteration 5: \( x 5 \approx 0 \)
- Iteration 6: \( x 6 \approx 0 \)

By the sixth iteration, the value stabilizes around zero with high precision.

Summary of the Iterative Process

| Iteration | Approximate \( x \) | \( F(x) \) | Remarks |



|- oo R Rt EEEEEEEEE
0.5 | 2.804 | Initial gquess |

| 0 |

| 1 | -0.02 | -0.114 | First correction |
| 2 | -0.0001 | -0.00057 | Near root |

| 3 1 06 | ~0 | Converged |

Note: Actual convergence may vary based on the initial guess and the
function's nature.

Key Takeaways and Best Practices

Choosing an Initial Guess

- Select a starting point close to the suspected root.
- Use function analysis to identify sign changes that indicate root
locations.

Number of Iterations

- Six iterations, as demonstrated, often suffice for good accuracy.
- More iterations can improve precision but with diminishing returns.

Ensuring Convergence

- Confirm that \( F'(x) \) is not zero near the approximation.
- Be cautious with functions that have multiple roots or where the derivative
is small.

O \), there is a root between -0.5 and 0.5.

Choice of Iterative Method

Given the initial interval and the properties of \( F(x) \), the Newton-
Raphson method is a suitable choice due to its rapid convergence near the
root and simplicity in implementation.

Newton-Raphson Formula:

\ [
X {n+1} = x n - \frac{F(x n)}{F'(x n)}
\1



where:

\ [
F'(x) = \frac{d}{dx} (3x + \sin(x)) = 3 + \cos(x)
\1

Implementation: Six Iterations of Newton-Raphson

Initial guess: \( x 0 = 0 \)

This is reasonable because \( F(@) = 0 \), indicating the root is at 0.
However, for the sake of illustration, let's assume the initial guess is

slightly offset, say \( x 0 = 0.1 \), to observe the iterative process.

Iteration 1:

-\(x 0 =20.1)\)

- \( F(0.1) = 3(0.1) + \sin(0.1) = 0.3 + 0.0998 \approx 0.3998 \)

- \( F'(0.1) = 3 + \cos(0.1) = 3 + 0.9950 \approx 3.9950 \)
-\(x1=0.1- \frac{0.3998}{3.9950} \approx 0.1 - 0.1 \approx 0 \)

- \( x_1 \approx 0 \)

- \( F(0) =0 \)

-\N( F'(0) =3 +1=4)\)
-\(x2=0-0/4=0\)

Convergence is achieved at \( x=0 \) within two iterations, confirming the
root's location.

Deep Dive: Multiple Iterations Starting Slightly Away From the Root

Suppose we start with \( x 06 = 0.2 \) to observe the convergence behavior
over six iterations.

| Iteration | \( x n \) | \( F(x n) \) | \( F'(x n) \) | Calculation | \(
X _{n+1} \) |

| © ] 0.2 | \( 0.6 + 0.1987 \approx 0.7987 \) | \( 3 + 0.9801 = 3.9801 \) |
\( 0.2 - 0.7987/3.9801 \approx 0.2 - 0.2008 \approx -0.0008 \) | -0.0008 |
| 1 | -0.0008 | \( -0.0024 - 0.0008 \approx -0.0032 \) | \( 3 + 0.9999987
\approx 3.9999987 \) | \( -0.0008 - (-0.0032)/3.9999987 \approx -0.0008 +
0.0008 \approx 0 \) | 0 |

The iterations rapidly converge to zero, confirming the root at \( x=0 \).



Analysis and Interpretation of Results

The Newton-Raphson method demonstrates remarkable efficiency for this
function, especially when starting with an initial guess near the true root.
The convergence is quadratic, meaning the error roughly halves with each
iteration after a certain point. Six iterations are more than sufficient to
approximate the root to high precision in this case.

Moreover, the function's derivative \( F'(x) = 3 + \cos(x) \) remains
positive in the neighborhood of the root, ensuring the method's stability and
convergence.

Alternative Methods and Considerations

While Newton-Raphson is optimal for functions with well-behaved derivatives
near the root, other methods can be employed if derivatives are difficult to
compute or if convergence issues arise. These include:

- Secant Method: Uses two initial points to approximate the derivative,
avoiding explicit calculation of \( F'(x) \).

- Bisection Method: Guarantees convergence but at a slower rate, suitable
when the root's interval is known.

In the context of \( F(x) = 3x + \sin(x) \), the derivative's positivity near
the root makes Newton-Raphson particularly effective.

Practical Implications and Applications

Accurate root-finding for functions like \( F(x) \) is vital in fields such
as:

- Engineering: For solving equilibrium equations in mechanical or electrical
systems.

- Physics: In modeling wave phenomena or oscillatory systems.

- Economics and Finance: To determine critical points in models involving
linear and sinusoidal components.

The iterative approach outlined here can be adapted to a wide array of

equations, emphasizing the importance of choosing suitable initial guesses
and understanding the function's behavior.

Conclusion



Through a systematic application of the Newton-Raphson method over six
iterations, the root of \( F(x) = 3x + \sin(x) \) has been accurately
approximated at \( x \approx 0 \). The process underscores the effectiveness
of iterative numerical techniques in solving transcendental equations,
especially when the initial interval is well-chosen and the function's
properties are favorable.

This exploration exemplifies how iterative algorithms can efficiently tackle
complex equations, providing critical tools for scientists and engineers
alike. Future work may involve applying similar methods to functions with
multiple roots or less predictable behaviors, as well as exploring
convergence criteria and stability considerations in greater depth.

Note: The actual root of \( F(x)=3x + \sin(x) \) is at \( x=0 \), as evident
from the evaluations. However, the iterative process detailed here
illustrates the methodology for approaching such problems, especially when
roots are not immediately obvious.
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