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Understanding how to project a vector onto a subspace is a fundamental concept in linear
algebra, with profound applications in fields such as data science, machine learning,
computer graphics, and engineering. Whether you're working with high-dimensional data
or solving complex systems of equations, knowing how to find the orthogonal projection of
a vector onto a subspace allows you to decompose vectors into components that are
parallel and perpendicular to a given subspace. This process simplifies many
computational problems and provides valuable geometric insights into the structure of
data.

In this comprehensive guide, we will delve into the process of finding the orthogonal
projection of a vector V onto a subspace W spanned by a set of vectors \( U_1, U_2, ..., U_k
\). We will cover the theoretical underpinnings, step-by-step procedures, practical
methods, and important considerations to ensure a thorough understanding of this vital
linear algebra operation.

---

Understanding the Concept of Orthogonal
Projection

What Is an Orthogonal Projection?

An orthogonal projection of a vector V onto a subspace W is the closest vector in W to V, in
terms of Euclidean distance. Geometrically, it is the shadow or footprint of V when "cast"
onto W along lines perpendicular (orthogonal) to W.

Mathematically, the orthogonal projection \( \text{proj}_W(V) \) of V onto W satisfies:

1. \( \text{proj}_W(V) \in W \),
2. \( V - \text{proj}_W(V) \) is orthogonal to W.

This concept is crucial because it allows us to decompose V into two components:

\[
V = \text{proj}_W(V) + (V - \text{proj}_W(V))
\]



where the first component lies in W, and the second is orthogonal to W.

Why Is Orthogonal Projection Important?

- Data Approximation: In data analysis, projecting data points onto subspaces helps reduce
dimensions while preserving as much variance as possible.
- Least Squares Solutions: Orthogonal projections underpin the least squares method for
solving overdetermined systems.
- Signal Processing: Decomposition of signals into orthogonal components simplifies
analysis and filtering.
- Computer Graphics: Shadows, reflections, and rendering involve projection calculations.

---

Mathematical Foundations for Projection onto a
Subspace

Subspace Spanned by Vectors \( U_1, U_2, ..., U_k \)

Suppose \( U_1, U_2, ..., U_k \) are vectors in \( \mathbb{R}^n \). The subspace W they
span is:

\[
W = \text{span}\{U_1, U_2, ..., U_k\}
\]

Any vector \( w \in W \) can be expressed as a linear combination:

\[
w = c_1 U_1 + c_2 U_2 + \dots + c_k U_k
\]

The goal is to find the vector \( p = \text{proj}_W(V) \) in W such that:

\[
V - p \perp W
\]

which means:

\[
(V - p) \perp U_i \quad \text{for all } i = 1, 2, ..., k
\]



---

Methodology for Finding the Orthogonal
Projection

Step 1: Formulate the Problem

Given:

- A vector \( V \in \mathbb{R}^n \),
- A set of vectors \( U_1, U_2, ..., U_k \) spanning W,

Find the projection:

\[
p = c_1 U_1 + c_2 U_2 + \dots + c_k U_k
\]

such that:

\[
V - p \perp U_i \quad \text{for each } i
\]

This orthogonality condition leads to a system of equations:

\[
(V - p) \cdot U_i = 0, \quad i = 1, 2, ..., k
\]

or equivalently:

\[
V \cdot U_i = p \cdot U_i
\]

Since \( p \) is a linear combination of \( U_j \), we substitute:

\[
p = \sum_{j=1}^k c_j U_j
\]

leading to:

\[
V \cdot U_i = \left( \sum_{j=1}^k c_j U_j \right) \cdot U_i



\]

---

Step 2: Set Up the System of Equations

The above yields a system of \( k \) linear equations:

\[
\sum_{j=1}^k c_j (U_j \cdot U_i) = V \cdot U_i, \quad i=1,2,...,k
\]

In matrix form:

\[
A \mathbf{c} = \mathbf{b}
\]

where:

- \( A \) is the \( k \times k \) Gram matrix with entries \( A_{ij} = U_j \cdot U_i \),
- \( \mathbf{c} = [c_1, c_2, ..., c_k]^T \),
- \( \mathbf{b} = [V \cdot U_1, V \cdot U_2, ..., V \cdot U_k]^T \).

---

Step 3: Solve the System for Coefficients \( c_j \)

- If \( A \) is invertible (which occurs if the vectors \( U_i \) are linearly independent), then:

\[
\mathbf{c} = A^{-1} \mathbf{b}
\]

- Otherwise, if \( A \) is singular, the set \( U_i \) is linearly dependent, and you may need to
use least squares techniques or modify the basis.

---

Step 4: Compute the Projection Vector

Once the coefficients \( c_j \) are found:

\[
p = \sum_{j=1}^k c_j U_j



\]

This vector \( p \) is the orthogonal projection of V onto W.

---

Practical Methods for Computing the Projection

Method 1: Using the Gram Matrix and Linear System

This is the classical approach described above. It involves:

- Computing the Gram matrix \( A \),
- Computing the vector \( \mathbf{b} \),
- Solving \( A \mathbf{c} = \mathbf{b} \),
- Calculating \( p \).

Advantages:

- Precise and straightforward for small to medium-sized problems.

Disadvantages:

- Computationally intensive for large \( k \),
- Sensitive to numerical issues if vectors are nearly linearly dependent.

---

Method 2: Using the Pseudoinverse

When the set \( U_i \) is not linearly independent, or the basis is not orthogonal, the
projection can be computed using the Moore-Penrose pseudoinverse:

\[
p = U (U^\top U)^{-1} U^\top V
\]

where:

- \( U \) is the matrix with columns \( U_1, ..., U_k \),
- \( V \) is the vector to project.

This approach simplifies computations and handles dependencies gracefully.

---



Method 3: Orthogonalization via Gram-Schmidt Process

To improve numerical stability and interpretability, perform Gram-Schmidt
orthogonalization on \( U_i \) to produce an orthogonal basis \( Q = [Q_1, Q_2, ..., Q_k] \):

- Compute orthogonal basis \( Q_i \),
- Project V onto each \( Q_i \):

\[
\text{proj}_W(V) = \sum_{i=1}^k \left( \frac{V \cdot Q_i}{Q_i \cdot Q_i} \right) Q_i
\]

This method is especially useful when working with high-dimensional data.

---

Worked Example: Projections in \(\mathbb{R}^3\)

Suppose:

\[
V = \begin{bmatrix} 3 \\ 4 \\ 5 \end{bmatrix}, \quad U_1 = \begin{bmatrix} 1 \\ 0 \\ 0
\end{bmatrix}, \quad U_2 = \begin{bmatrix} 0 \\ 1 \\ 0 \end{bmatrix}
\]

We want to find \( \text{proj}_W(V) \), where \( W = \text{span}\{U_1, U_2\} \).

Step 1: Compute \( V \cdot U_1 = 3 \), \( V \cdot U_2 = 4 \)

Step 2: Compute \( U_i \cdot U_j \):

\[
U_1 \cdot U_1 = 1, \quad U_2 \cdot U_2 = 1, \quad U_1 \cdot U_2 = 0
\]

Frequently Asked Questions

What is the orthogonal projection of a vector V onto a
subspace W spanned by vectors U₁, U₂, ..., Uₙ?
The orthogonal projection of V onto W is the vector in W that is closest to V, obtained by
projecting V onto each basis vector of W and summing these projections. It can be
computed using the projection formula involving the basis vectors U₁, U₂, ..., Uₙ.



How do I compute the orthogonal projection of V onto
W when W is spanned by linearly independent vectors
U₁, U₂, ..., Uₙ?
If the vectors U₁, U₂, ..., Uₙ are linearly independent, the projection can be found using the
matrix form: P = U(UᵗU)⁻¹Uᵗ, and then projecting V as proj_W(V) = P V, where U is the
matrix with columns U₁, U₂, ..., Uₙ.

What assumptions are needed to compute the
orthogonal projection of V onto W?
You can assume that the vectors U₁, U₂, ..., Uₙ form a basis for W, typically assuming they
are linearly independent. If they are not, you may need to orthogonalize them first, for
example using Gram-Schmidt, before computing the projection.

Can the orthogonal projection be expressed in terms of
the basis vectors Uᵢ?
Yes, the projection of V onto W can be expressed as a linear combination of the basis
vectors: proj_W(V) = sum_{i=1}^n ( (V · Uᵢ) / (Uᵢ · Uᵢ) ) Uᵢ, assuming Uᵢ are orthogonal or
orthonormal.

What is the role of the Gram-Schmidt process in finding
the projection onto W?
The Gram-Schmidt process orthogonalizes the basis vectors U₁, U₂, ..., Uₙ, converting
them into an orthogonal (or orthonormal) basis. This simplifies the calculation of the
projection, as projections onto orthogonal vectors are independent.

How do I handle the case when the basis vectors Uᵢ are
not orthogonal?
When the basis vectors are not orthogonal, you can either perform Gram-Schmidt to
orthogonalize them or use the projection formula involving the matrix U of basis vectors
and compute proj_W(V) = U (UᵗU)⁻¹ Uᵗ V.

What is the significance of the orthogonal projection in
applications?
Orthogonal projections are used in least squares approximation, data fitting, signal
processing, and solving systems of linear equations, as they help find the closest point in a
subspace to a given vector.

How does the dimension of W affect the computation of



the orthogonal projection?
The dimension of W determines the size of the basis and the projection matrix. A higher-
dimensional W involves more basis vectors, making the computation more complex, but
the general formula remains the same, involving the basis vectors' matrix and its inverse.

Additional Resources
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Introduction

In the realm of linear algebra and vector calculus, the concept of projecting a vector onto
a subspace is fundamental for numerous applications ranging from data analysis and
machine learning to physics and engineering. At its core, the orthogonal projection of a
vector V onto a subspace W enables us to decompose V into two components: one that lies
within W and another that is orthogonal (perpendicular) to W. This process simplifies
complex problems, such as minimizing distances, solving least squares problems, and
understanding the geometric structure of vector spaces.

This article provides a comprehensive examination of how to find the orthogonal
projection of a vector V onto a subspace W spanned by a set of vectors Ui. We will explore
the theoretical foundations, assumptions, step-by-step methodologies, and applications,
ensuring that both the conceptual understanding and practical computation are
thoroughly addressed.

---

1. Fundamental Concepts and Definitions

1.1. Vectors and Subspaces

A vector in an n-dimensional space (e.g., ℝn) is an ordered n-tuple of numbers
representing a point or a direction. A subspace W of ℝn is a subset that is closed under
addition and scalar multiplication, containing the zero vector.

1.2. Spanning Sets and Basis

Given vectors U1, U2, ..., Uk, the set {Ui} spans a subspace W if every vector w in W can
be expressed as a linear combination:

\[
w = a_1 U_1 + a_2 U_2 + \dots + a_k U_k
\]

The set {Ui} is a basis for W if it spans W and the vectors are linearly independent.



1.3. Orthogonal Projection

The orthogonal projection of a vector V onto W, denoted as projW(V), is the vector in W
that is closest to V in terms of Euclidean distance. It satisfies:

\[
V - \text{proj}_W(V) \perp W
\]

meaning the difference vector is orthogonal to every vector in W.

---

2. Assumptions and Preliminaries

2.1. Assumptions

The derivation and calculation of the orthogonal projection typically rely on certain
assumptions:

- Linear Independence: The vectors Ui are linearly independent, ensuring that W is well-
defined with a unique basis.
- Finite Dimensionality: The vector space under consideration is finite-dimensional (e.g.,
ℝn).
- Known Vectors: The vectors V and Ui are explicitly known and accessible for
computation.
- Computational Tools: Matrices and vector operations are manageable computationally,
allowing for the use of matrix algebra techniques.

2.2. Notation and Matrix Representation

- V: The vector to project, represented as an n×1 column vector.
- U: The matrix whose columns are the basis vectors Ui (size n×k).
- A: The matrix U, i.e., \(A = [U_1 \ U_2 \ \dots \ U_k]\).
- Projection: The orthogonal projection of V onto W can be expressed in terms of A.

---

3. Mathematical Framework for Projection

3.1. The Projection Formula

When W is spanned by the set {Ui}, the orthogonal projection of V onto W is given by:

\[
\boxed{
\text{proj}_W(V) = A (A^T A)^{-1} A^T V
}
\]

This formula assumes that the vectors Ui form a linearly independent set, so that \(A^T A\)



is invertible.

3.2. Derivation of the Formula

The derivation hinges on the least squares approximation:

- The goal is to find coefficients \(a = [a_1, a_2, ..., a_k]^T\) such that:

\[
A a \approx V
\]

- The best approximation (minimizing the squared difference) is obtained by solving the
normal equations:

\[
A^T A a = A^T V
\]

- Solving for a yields:

\[
a = (A^T A)^{-1} A^T V
\]

- The projection is then:

\[
\text{proj}_W(V) = A a = A (A^T A)^{-1} A^T V
\]

3.3. Geometric Intuition

This formula can be interpreted geometrically:

- The matrix \(A (A^T A)^{-1} A^T\) acts as a projection operator onto the subspace W.
- Applying this operator to V yields the vector in W closest to V.

---

4. Step-by-Step Computational Procedure

4.1. Organize the Basis Vectors

- Assemble the vectors \(\{U_1, U_2, ..., U_k\}\) into a matrix A, with each vector as a
column:

\[
A = [U_1 \ U_2 \ \dots \ U_k]
\]



4.2. Compute \(A^T A\)

- Calculate the \(k \times k\) matrix:

\[
A^T A
\]

- Ensure that A's columns are linearly independent so that \(A^T A\) is invertible.

4.3. Calculate the Inverse \((A^T A)^{-1}\)

- Use matrix inversion techniques (e.g., Gaussian elimination, LU decomposition, or
software functions) to find the inverse.

4.4. Compute \(A^T V\)

- Calculate the \(k \times 1\) vector:

\[
A^T V
\]

4.5. Find Coefficients \(a\)

- Multiply \((A^T A)^{-1}\) by \(A^T V\):

\[
a = (A^T A)^{-1} A^T V
\]

4.6. Obtain the Projection

- Multiply A by a:

\[
\text{proj}_W(V) = A a
\]

This yields the orthogonal projection of V onto W.

---

5. Special Cases and Simplifications

5.1. Orthonormal Basis

If the vectors Ui are orthonormal (i.e., mutually orthogonal and of unit length), the formula
simplifies significantly:

\[



\text{proj}_W(V) = \sum_{i=1}^k (V \cdot U_i) U_i
\]

where \(\cdot\) denotes the dot product.

5.2. Redundant or Dependent Vectors

If the vectors Ui are linearly dependent, A^T A becomes singular, and the inverse does not
exist. In such cases:

- Use the Gram-Schmidt process to obtain an orthonormal basis.
- Or, employ least squares solutions with pseudoinverses.

---

6. Practical Applications and Examples

6.1. Data Fitting and Regression

In multivariate regression, the projection of data points onto the span of basis vectors
corresponds to the best-fit model, minimizing the residuals.

6.2. Signal Processing

Projection techniques are used for noise reduction, feature extraction, and signal
decomposition.

6.3. Computer Graphics and Geometry

Projection calculations form the basis for rendering, shading, and geometric
transformations.

---

7. Worked Example

Suppose:

- \(V = \begin{bmatrix} 3 \\ 4 \\ 5 \end{bmatrix}\)
- \(U_1 = \begin{bmatrix} 1 \\ 0 \\ 0 \end{bmatrix}\)
- \(U_2 = \begin{bmatrix} 0 \\ 1 \\ 0 \end{bmatrix}\)

Find the orthogonal projection of V onto the subspace W spanned by U1 and U2.

Step 1: Form matrix \(A\):

\[
A = \begin{bmatrix}
1 & 0 \\
0 & 1 \\
0 & 0



\end{bmatrix
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