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Introduction to Power Series and Radius of Convergence

Understanding the behavior of infinite series is fundamental in advanced calculus and analysis. Among the
various types of series, power series hold a special place due to their ability to represent functions locally
around a point. A typical power series has the form:

\[ \sum_{n=0}^\infty a_n (x - c)^n \]

where \( a_n \) are coefficients and \( c \) is the center of the series.

One key aspect of a power series is its radius of convergence, denoted as \( R \). The radius of convergence
indicates the interval around the center \( c \) within which the series converges absolutely. Beyond this
radius, the series diverges.

The goal of this article is to analyze the given series, determine its radius of convergence \( R \), and establish
the interval of convergence.

---

Understanding the Given Series and Its Components

The series presented appears somewhat ambiguous in its notation, but based on typical forms and patterns, it
seems to involve a power series with coefficients involving constants and potentially alternating signs.

The series is given as:

\[ ()x + 3 (-1)^x + 3 N + 8 N = 1 R = \text{Find The Interval} \]

While the exact expression is somewhat unclear, we interpret it as a power series with general term:

\[ a_n x^n \]

with coefficients \( a_n \) possibly involving constants like 3, 8, and signs alternating with \( (-1)^n \).

A plausible reconstructed series based on typical patterns could be:

\[ \sum_{n=0}^\infty a_n x^n \]

where:

- \( a_0 \) might be 0 or some initial term.
- For \( n \geq 1 \), \( a_n \) could involve constants and alternating signs, for example:

\[ a_n = 3 \cdot (-1)^n \quad \text{or} \quad a_n = 3 \cdot (-1)^n + 8 \]



To proceed, let's assume the series:

\[ \sum_{n=0}^\infty a_n x^n \quad \text{with} \quad a_n = 3 \cdot (-1)^n + 8 \]

The key is to identify the general term \( a_n \) clearly, then find the radius of convergence using standard
methods such as the Ratio Test or Root Test.

---

Methods to Find the Radius of Convergence

To determine \( R \), two main tests are typically employed:

1. The Root Test (Cauchy-Hadamard Theorem)

The radius of convergence is given by:

\[ R = \frac{1}{\limsup_{n \to \infty} |a_n|^{1/n}} \]

This involves calculating the limit superior of the \( n \)-th root of the absolute value of coefficients.

2. The Ratio Test

Alternatively, for series with factorial or exponential terms, the Ratio Test can be effective:

\[ R = \lim_{n \to \infty} \left| \frac{a_{n}}{a_{n+1}} \right| \]

Provided this limit exists.

---

Calculating the Radius of Convergence for the Assumed Series

Suppose the general term is:

\[ a_n = 3 \cdot (-1)^n + 8 \]

which simplifies to two parts:

- \( 3 \cdot (-1)^n \), which oscillates between 3 and -3.
- \( +8 \), which is constant.

The absolute value of \( a_n \):

\[ |a_n| = |3 \cdot (-1)^n + 8| \]

Since \( (-1)^n \) alternates between 1 and -1:

- When \( n \) is even:



\[ a_n = 3 \times 1 + 8 = 11 \]
\[ |a_n| = 11 \]

- When \( n \) is odd:

\[ a_n = 3 \times (-1) + 8 = -3 + 8 = 5 \]
\[ |a_n| = 5 \]

Thus, the sequence \( |a_n| \) oscillates between 5 and 11.

Now, applying the Root Test:

\[
\limsup_{n \to \infty} |a_n|^{1/n}
\]

Since the sequence is bounded and oscillates between 5 and 11, the \( n \)-th root of these constants
approaches 1 as \( n \to \infty \):

\[
|a_n|^{1/n} \to 1
\]

for both 5 and 11, as:

\[
\lim_{n \to \infty} c^{1/n} = 1 \quad \text{for any positive constant } c
\]

Therefore,

\[
\limsup_{n \to \infty} |a_n|^{1/n} = 1
\]

and applying the Cauchy-Hadamard formula:

\[
R = \frac{1}{1} = 1
\]

Thus, the radius of convergence is \( R = 1 \).

---

Interval of Convergence

Knowing \( R = 1 \), the series converges when:

\[
|x - c| < 1
\]

Assuming the series is centered at \( c = 0 \), the interval of convergence is:

\[
(-1, 1)



\]

Next, we need to test the endpoints \( x = -1 \) and \( x = 1 \) to determine if the series converges at these
points.

---

Testing the Endpoints of the Interval

At \( x = 1 \):

The series becomes:

\[
\sum_{n=0}^\infty a_n (1)^n = \sum_{n=0}^\infty a_n
\]

which simplifies to:

\[
\sum_{n=0}^\infty a_n
\]

Using the earlier form of \( a_n \):

- For even \( n \):

\[ a_n = 11 \]
- For odd \( n \):

\[ a_n = 5 \]

The series at \( x=1 \) becomes:

\[
\sum_{n=0}^\infty a_n = 11 + 5 + 11 + 5 + \cdots
\]

which diverges because the terms do not tend to zero:

\[
\lim_{n \to \infty} a_n \neq 0
\]

Therefore, the series diverges at \( x=1 \).

---

At \( x = -1 \):

The series becomes:

\[
\sum_{n=0}^\infty a_n (-1)^n
\]

Substituting \( a_n \):



- For even \( n \):

\[ a_n = 11 \]
\[
a_n (-1)^n = 11 \times 1 = 11
\]

- For odd \( n \):

\[ a_n = 5 \]
\[
a_n (-1)^n = 5 \times (-1) = -5
\]

The series is:

\[
11 - 5 + 11 - 5 + \cdots
\]

which again does not tend to zero, and the partial sums oscillate between finite values but do not converge.

Thus, the series diverges at \( x = -1 \).

---

Final Conclusion: The Interval of Convergence

Since the series converges for \( |x| < 1 \) and diverges at both endpoints, the interval of convergence is:

\[
(-1, 1)
\]

and the radius of convergence is:

\[
\boxed{R = 1}
\]

---

Summary of Key Steps

- Identified the general form of the series and its coefficients.
- Used the Root Test to find the radius of convergence.
- Determined the interval of convergence by testing endpoints.
- Concluded that the series converges strictly within \( (-1, 1) \).

---



Additional Notes and Applications

Understanding the radius and interval of convergence is crucial for:

- Approximating functions using power series.
- Analyzing differential equations.
- Studying complex functions.

In practice, always carefully verify the behavior of the series at the endpoints, especially when coefficients
involve oscillatory or non-zero limiting behavior.

---

End of Article

Frequently Asked Questions

What is the radius of convergence, R, of the power series � (x + 3)(-1)^n /
(n + 8) ?

The radius of convergence R can be found using the root or ratio test, which involves analyzing the limit of the
nth term's magnitude. For this series, R = 1.

How do I determine the interval of convergence once I find R?

Once R is known, the interval of convergence is centered at the point of expansion (here, x = -3) and extends R
units in both directions. You then test the endpoints to determine if they are included.

What is the general method to find the radius of convergence of a series like
� a_n (x - x_0)^n?

Use the ratio test or root test: R = 1 / limsup_{n��} |a_n|^{1/n}. For the given series, identify a_n and apply
the appropriate test.

In the series � (x + 3)(-1)^n / (n + 8), what role does the (-1)^n term play in
convergence?

The (-1)^n term introduces alternating signs, which can affect convergence at the endpoints but does not
influence the radius of convergence directly, which depends on the n-dependent part.

How do I test the convergence at the endpoints of the interval when R is
known?

Substitute the endpoint values into the series and apply tests like the alternating series test, p-test, or
comparison test to determine if the series converges there.

Is the radius of convergence affected by the coefficient 3 in the term (x + 3)?

No, the coefficient 3 shifts the center of the series to x = -3 but does not affect the radius of convergence,
which depends on the n-dependent part of the series.



Can the radius of convergence be infinite for this type of series?

Yes, if the terms decay fast enough or are bounded appropriately, the radius of convergence can be infinite.
However, for the given series, R is finite, specifically R = 1.

Why do we use the root or ratio test to find R, and which is more
appropriate here?

The root and ratio tests help analyze the limit of the nth term's magnitude. For this series, the ratio test is
often more straightforward due to the factorial or polynomial nature of the terms, but the root test can
also be applied.

What is the final interval of convergence for the series � (x + 3)(-1)^n / (n
+ 8)?

The interval of convergence is centered at x = -3 with radius R = 1, so it is (-4, -2). Endpoint convergence must
be checked separately to determine if endpoints are included.

Additional Resources
Radius of Convergence

When delving into the fascinating world of power series, one of the most fundamental concepts is understanding
where these series "converge" and where they diverge. The radius of convergence, denoted as R, serves as a
critical measure in this regard, providing insights into the domain of validity of a series. In this article, we will
explore how to find the radius of convergence for a specific series, interpret what it signifies, and understand
how it influences the interval of convergence.

---

Understanding Power Series and the Radius of Convergence

Before diving into the problem at hand, let's establish a solid foundation.

What Is a Power Series?

A power series is an infinite sum of the form:

\[
\sum_{n=0}^{\infty} a_n (x - c)^n
\]

where:

- \(a_n\) are coefficients,
- \(x\) is the variable,
- \(c\) is the center of the series (often 0, known as the Maclaurin series).

This series can be thought of as a 'local' polynomial that approximates a function around the point \(c\). The
key question is: for which values of \(x\) does this series converge?



What Is the Radius of Convergence?

The radius of convergence, \( R \), defines the interval around the center \( c \) within which the power series
converges:

- The series converges for all \( x \) such that \( |x - c| < R \),
- Diverges when \( |x - c| > R \),
- The behavior at the boundary \( |x - c| = R \) requires separate analysis.

Finding \( R \) helps identify the interval of convergence, which is crucial for understanding the behavior of the
series and the functions it represents.

---

Analyzing the Given Series

The series presented in the problem appears to be:

\[
\sum_{n=1}^{\infty} \left( x + 3(-1)^n x + 3n + 8n \right) = 1
\]

However, the expression is somewhat ambiguous. Based on context and common series forms, a reasonable
interpretation might be:

\[
\sum_{n=1}^{\infty} \left( a_n \right) \quad \text{where} \quad a_n = \text{some function of } n \text{ and
} x
\]

Alternatively, the problem seems to involve a series with terms involving \( (-1)^n \), \( n \), and constants,
perhaps like:

\[
\sum_{n=1}^{\infty} \left( x + 3(-1)^n x + 3n + 8n \right)
\]

Or more simply, perhaps the series is:

\[
\sum_{n=1}^{\infty} \left( A_n \right) \quad \text{with } A_n = \text{terms involving } n \text{ and } x
\]

Given the typical structure of such problems, a common form is:

\[
\sum_{n=1}^\infty \left( a_n \right) = \sum_{n=1}^\infty c_n \cdot (x)^n
\]

with \( c_n \) being coefficients involving powers of \((-1)^n\), constants, and \( n \).

---



Clarifying the Series: A Reasoned Approach

Since the original problem statement is somewhat ambiguous, we can proceed by assuming it's a power series of
the form:

\[
\sum_{n=1}^\infty \left( A_n \right) \quad \text{where} \quad A_n = \left( a \text{ term involving } n
\text{ and } x \right)
\]

Suppose the series is:

\[
\sum_{n=1}^{\infty} \left( x + 3 (-1)^n x + 3n + 8n \right)
\]

which simplifies to:

\[
\sum_{n=1}^{\infty} \left( x + 3 (-1)^n x + 11 n \right)
\]

Alternatively, perhaps the series is of the form:

\[
\sum_{n=1}^\infty \left( c_n x^n \right)
\]

which is typical when analyzing the radius of convergence.

Given the context, a common approach is to consider a power series like:

\[
\sum_{n=1}^\infty \left( \alpha_n \right) x^n
\]

where \( \alpha_n \) involves constants and factors like \( (-1)^n \), \( n \), etc.

---

Methodology for Finding the Radius of Convergence

Once the series is properly defined, the standard methods for determining the radius of convergence include:

1. Root Test (Cauchy-Hadamard Theorem):

\[
\frac{1}{R} = \limsup_{n \to \infty} \sqrt[n]{|a_n|}
\]

2. Ratio Test:

\[
R = \lim_{n \to \infty} \left| \frac{a_{n}}{a_{n+1}} \right|
\]



3. Analyzing the coefficients \( a_n \) directly.

For most power series involving factorials, powers, or exponential terms, the root or ratio test simplifies the
process considerably.

---

Applying the Root Test to the Series

Suppose the general term of the series is:

\[
a_n = c_n x^n
\]

where \( c_n \) is a sequence involving constants, powers, or factorials.

The root test evaluates:

\[
\limsup_{n \to \infty} \sqrt[n]{|a_n|} = \limsup_{n \to \infty} \left( |c_n| \cdot |x|^n \right)^{1/n} = \left(
\limsup_{n \to \infty} \sqrt[n]{|c_n|} \right) \cdot |x|
\]

Thus, the radius of convergence \( R \) is:

\[
R = \frac{1}{\limsup_{n \to \infty} \sqrt[n]{|c_n|}}
\]

---

Constructing the Coefficients: A Hypothetical Example

Let's assume the series is:

\[
\sum_{n=1}^\infty \left( A_n \right) \quad \text{where} \quad A_n = \left( 3 n + 8 n \right) \cdot x^n = 11
n \cdot x^n
\]

This is a common form involving a linear term in \( n \). The coefficients are:

\[
a_n = 11 n
\]

Applying the root test:

\[
\limsup_{n \to \infty} \sqrt[n]{|a_n|} = \lim_{n \to \infty} \sqrt[n]{11 n} = 1
\]

since:



\[
\sqrt[n]{n} \to 1 \quad \text{as} \quad n \to \infty,
\]

and \( \sqrt[n]{11} \to 1 \).

Therefore,

\[
\frac{1}{R} = 1 \quad \Rightarrow \quad R = 1
\]

Interpretation: The radius of convergence is 1, meaning the series converges for \( |x| < 1 \).

---

Incorporating Alternating Terms and More Complex Coefficients

Suppose the series includes alternating signs, for example:

\[
a_n = 11 n \cdot (-1)^n
\]

The absolute value remains \( 11 n \), and the radius of convergence is unaffected by the sign, so the same
calculation applies:

\[
R = 1
\]

However, if the coefficients involve factorials or exponential growth/decay, the calculation would change
accordingly.

---

Determining the Interval of Convergence

Once \( R \) is established, the next step is to analyze the convergence at the boundary points \( x = \pm R \).

Steps include:

- Substituting \( x = R \) and \( x = -R \) into the series.
- Applying convergence tests such as the Alternating Series Test, p-series test, or comparison test.
- Confirming whether the series converges, diverges, or converges conditionally at these points.

---

Summary and Practical Recommendations

- Identify the general term \( a_n \) of the series.
- Determine the dominant behavior of \( a_n \) as \( n \to \infty \), focusing on growth rates.



- Apply the root test or ratio test to find \( R \).
- Verify boundary points to find the full interval of convergence.
- Interpret the interval: The series converges absolutely within \( |x - c| < R \), and boundary
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