
From A Box Containing 4 Black Balls And 2 Green
Balls, 3 Balls Are Drawn In Succession, Each Ball
Being

From A Box Containing 4 Black Balls And 2 Green Balls, 3 Balls Are Drawn In Succession, Each Ball Being
a classic problem in probability theory that explores the likelihood of various outcomes when selecting
multiple items from a finite set without replacement. This scenario not only illustrates fundamental
concepts such as probability calculation, combinatorics, and conditional probability but also serves as a
foundation for understanding more complex stochastic processes. In this article, we delve into the detailed
analysis of this problem, examining the different possible outcomes, their probabilities, and the implications
of each event.

Understanding the Problem Setup

Initial Composition of the Box
The box contains a total of 6 balls:

4 Black balls

2 Green balls

This setup provides a straightforward yet rich environment for probability calculations, especially because
the balls are drawn without replacement, meaning once a ball is taken out, it isn't returned to the box.

Sequence of Draws
Three balls are drawn in succession:

First draw1.

Second draw2.

Third draw3.

Each draw's outcome affects subsequent probabilities, making the process a dependent sequence.



Goals of the Analysis
The primary objectives include:
- Calculating the probability of specific sequences, such as drawing certain combinations of black and green
balls.
- Determining the probabilities of events like drawing at least one green ball or all black balls.
- Understanding how the sequence impacts the overall likelihoods of various outcomes.

Basic Concepts and Terminology

Sample Space
The total number of ways to draw 3 balls from 6 without replacement is given by combinations:

Total possible outcomes = C(6, 3) = 20

Each of these outcomes represents a specific combination of balls, though the order of drawing can also be
considered, leading to permutations.

Ordered vs. Unordered Outcomes
- Unordered outcomes: Consider only the set of balls drawn, regardless of sequence.
- Ordered outcomes: Consider the sequence in which balls are drawn.

In this analysis, we often focus on ordered outcomes because the sequence of draws matters when
calculating conditional probabilities.

Calculating Probabilities of Specific Outcomes

Probability of Drawing a Green Ball in the First Draw
- Number of green balls: 2
- Total balls: 6
- Probability:

P(Green on 1st draw) = 2/6 = 1/3



Probability of Drawing a Black Ball in the First Draw
- Number of black balls: 4
- Total balls: 6
- Probability:

P(Black on 1st draw) = 4/6 = 2/3

Probability of Subsequent Draws
Once the first ball is drawn, the composition of the remaining balls changes, affecting subsequent
probabilities.

Examples of Sequential Probability Calculations

Case 1: First Green, then Black, then Green
- First draw (Green):

 P = 2/6 = 1/3

- Second draw (Black), after removing a green:
- Remaining balls: 4 black, 1 green, total 5
- Probability:

 P = 4/5

- Third draw (Green), after removing a black:
- Remaining balls: 4 black, 1 green (unchanged)
- But wait, since green was taken in the second draw, green count is still 1 (initial).
Actually, after first green and then black:
Remaining balls: 4 black, 1 green
- Probability of green:

 P = 1/4

- Total probability:

P = (1/3)  (4/5)  (1/4) = (1/3)  (4/5)  (1/4) = (1/3)  (1/5) = 1/15



Case 2: Drawing Two Black Balls and One Green in Any Order
Since the order varies, we consider all arrangements.

- Possible arrangements:
1. Black, Black, Green
2. Black, Green, Black
3. Green, Black, Black

- Calculate the probability for one sequence, then multiply by the number of arrangements.

Sequence: Black, Black, Green

First draw (Black):
P = 4/6
Second draw (Black):
Remaining black: 3, total remaining: 5
P = 3/5
Third draw (Green):
Remaining green: 2, total remaining: 4
P = 2/4 = 1/2

- Probability for this sequence:

(4/6)  (3/5)  (1/2) = (2/3)  (3/5)  (1/2) = (2/3)(3/5)(1/2)
= (2/3)(3/5)(1/2) = (2/3)(3/5)(1/2) = (2/3)(3/5)(1/2)
= (2/3)(3/5)(1/2) = (2/3)(3/5)(1/2)
= (2/3)(3/5)(1/2) = (2/3)(3/5)(1/2) = (2/3)(3/5)(1/2)
Simplify step-by-step:
(2/3)(3/5) = (2/3)(3/5) = (23)/(35) = 2/5
Then:
(2/5)(1/2) = (2/5)(1/2) = 1/5

- Since there are 3 arrangements with similar probabilities, total probability:

3  1/5 = 3/5

Note: This example highlights the importance of considering all arrangements and their probabilities.

Conditional Probabilities and Dependent Events

Calculating Conditional Probabilities
Conditional probability helps us understand the likelihood of an event given that another event has



occurred.

Example: Probability that the third ball is green, given that the first two are black.

- First, compute the probability that first two are black:

P(first two black) = (4/6)  (3/5) = (2/3)(3/5)= 2/5

- Remaining balls after removing two black balls:
- Black balls remaining: 2
- Green balls remaining: 2
- Total remaining: 4
- Probability that third ball is green:

P(third is green | first two black) = 2/4 = 1/2

- Joint probability:

P(first two black and third green) = P(first two black)  P(third green |
first two black) = (2/5)(1/2)= 1/5

This approach demonstrates the importance of updating probabilities based on prior events.

Advanced Topics and Variations

Drawing with Replacement
If the balls were replaced after each draw, the probabilities would remain constant at each step:

- Probability of drawing a green ball each time:

P = 2/6 = 1/3

- Total probability for any sequence would be:

(1/3)^3 = 1/27

This simplifies analysis but does not reflect the original scenario.

Multiple Outcomes and Event Probabilities
Other interesting probabilities include:



- Drawing at least one green ball in three draws.
- Drawing no green balls (all black).
- Drawing exactly one green ball.

Calculations for "at least one green":
- Complement: no green balls in three draws (all black).
- Probability of all black:

P = (4/6)  (3/5)  (2/4) = (2/3)(3/5)(1/2)= 1/5

- Therefore:

P(at least one green) = 1 - 1/5 = 4/5

Calculations for exactly one green:
- Sum over all sequences with one green:
- Green in first draw, black in next two.
- Black, Green, Black.
- Black, Black, Green.

Each sequence's probability can be calculated similarly, then summed for the total.

Practical Applications and Significance

Real-World Relevance
This problem models many real-world situations such as:

- Quality control testing where defective items are rare.
- Drawing

Frequently Asked Questions

What is the probability of drawing all three black balls in succession from
a box containing 4 black and 2 green balls?
The probability is calculated as follows: (4/6) (3/5) (2/4) = (4/6) (3/5) (1/2) = (2/3) (3/5) (1/2) = (2/3)(3/5)(1/2)
= 1/5 or 0.2.



What is the probability of drawing exactly two green balls and one black
ball in three successive draws?
There are three possible arrangements: G G B, G B G, B G G. Calculating each: For G G B: (2/6)(1/5)(4/4) =
(2/6)(1/5)1 = (1/3)(1/5) = 1/15. Similarly for each arrangement, each has the same probability, so total
probability = 3 (1/15) = 1/5.

If three balls are drawn without replacement, what is the probability that
all are green?
Since there are only 2 green balls, drawing three green balls is impossible. Therefore, the probability is 0.

What is the probability of drawing at least one green ball in three
successive draws?
It's easier to find the complement: probability of drawing no green balls (all black) = (4/6)(3/5)(2/4) =
(2/3)(3/5)(1/2) = 1/5. Thus, probability of at least one green = 1 - 1/5 = 4/5.

What is the probability that the first ball drawn is green and the next
two are black?
Probability = (2/6) (4/5) (3/4) = (1/3) (4/5) (3/4) = (1/3)(4/5)(3/4) = (1/3)(3/5) = 1/5.

What is the probability that the first ball is black, the second green, and
the third black?
Probability = (4/6) (2/5) (3/4) = (2/3) (2/5) (3/4) = (2/3)(2/5)(3/4) = (2/3)(2/5)(3/4) = (2/3)(3/4)(2/5) =
(2/3)(3/4)(2/5) = (2/3)(3/4)(2/5) = ( (232) ) / (345) = 12/60 = 1/5.

How does the probability change if the balls are drawn with
replacement?
If balls are drawn with replacement, the probabilities remain constant at each draw: for example,
probability of drawing a black ball each time is 4/6 = 2/3, so the probability of drawing three black balls in
succession is (2/3)^3 = 8/27.

Additional Resources
From A Box Containing 4 Black Balls And 2 Green Balls, 3 Balls Are Drawn In Succession, Each Ball Being



---

Introduction

Probability theory and combinatorial analysis have long fascinated mathematicians, statisticians, and
scientists alike, owing to their profound implications in understanding randomness, decision-making, and
uncertainty. An intriguing problem in this domain involves drawing balls from a finite, well-defined
container—particularly when the composition of the container is known, but the sequence of draws
introduces randomness. This article investigates the classic scenario: From a box containing 4 black balls and
2 green balls, 3 balls are drawn in succession, each ball being (with or without replacement). We explore
the underlying probabilities, distributional characteristics, and implications of various assumptions in this
context, providing a comprehensive review suitable for researchers, educators, and students alike.

---

Background and Context

Historical Significance of Probabilistic Draws

Drawing balls from an urn or box has served as an archetype for probabilistic modeling, dating back to the
pioneering work of Jacob Bernoulli, Pierre-Simon Laplace, and others. These models underpin many real-
world applications, including quality control, gambling, genetic inheritance, and decision-making under
uncertainty. The simplicity of the problem—finite, discrete objects, and random selection—makes it an ideal
framework for illustrating fundamental probabilistic principles.

The Scenario at a Glance

The problem in question involves:

- A container (or "box") with a total of 6 balls:
- 4 black balls
- 2 green balls

- Three consecutive draws:
- The process may be with or without replacement
- Each draw is random and independent (or dependent, depending on assumptions)

The core question revolves around calculating probabilities related to the sequence, such as the likelihood of
drawing a certain number of green balls, the probability of specific sequences (e.g., green followed by
black), or the distribution of outcomes.

---



Fundamental Assumptions and Variations

A critical starting point in analyzing this problem is clarifying the assumptions regarding the drawing
process:

1. Drawing Without Replacement

- Each ball drawn is removed from the box.
- The composition of the box changes after each draw.
- Probabilities are conditional; the outcome of one draw influences subsequent probabilities.

2. Drawing With Replacement

- Each draw involves returning the ball to the box before the next draw.
- The composition remains constant across draws.
- Each draw is independent, with identical probability distributions.

The choice between these assumptions dramatically impacts the probabilistic calculations and the resulting
distributions.

---

Probabilistic Analysis: Drawing Without Replacement

Step-by-Step Calculation

Assuming without replacement, the probability calculations involve conditional probabilities:

- First draw:
- Probability of drawing a green ball: \( P(G_1) = \frac{2}{6} = \frac{1}{3} \)
- Probability of drawing a black ball: \( P(B_1) = \frac{4}{6} = \frac{2}{3} \)

- Second draw:
- Depends on the first draw:
- If the first was green:
- Remaining: 1 green, 4 black, total 5
- \( P(G_2|G_1) = \frac{1}{5} \), \( P(B_2|G_1) = \frac{4}{5} \)
- If the first was black:
- Remaining: 2 green, 3 black, total 5
- \( P(G_2|B_1) = \frac{2}{5} \), \( P(B_2|B_1) = \frac{3}{5} \)

- Third draw:
- Further conditional probabilities based on the previous outcomes.



This leads to a tree of possible sequences, with associated probabilities.

Distribution of Outcomes

We can analyze specific events, such as:

- Number of green balls in the three draws:

- Zero green balls: All blacks
- Exactly one green ball
- Exactly two green balls
- All three green balls (impossible here since only 2 green balls exist)

Calculations for each scenario involve summing over the relevant paths in the probability tree.

---

Probabilistic Analysis: Drawing With Replacement

If with replacement, each draw is independent:

- Probability of drawing a green ball each time: \( \frac{2}{6} = \frac{1}{3} \)
- Probability of drawing a black ball each time: \( \frac{4}{6} = \frac{2}{3} \)

The distributions follow a binomial model:

- Number of green balls in 3 draws: \( X \sim \text{Binomial}(n=3, p=\frac{1}{3}) \)

Probabilities:

- \( P(X=k) = \binom{3}{k} \left(\frac{1}{3}\right)^k \left(\frac{2}{3}\right)^{3-k} \)

This simplifies calculations and allows straightforward derivation of probabilities for events like "exactly
two green balls."

---

Comparative Analysis: With vs. Without Replacement

| Aspect | Without Replacement | With Replacement |
|---------|------------------------|------------------|
| Independence | No | Yes |
| Probability distribution | Hypergeometric | Binomial |



| Variance | Slightly higher | Lower, due to independence |

Understanding the differences helps in selecting the appropriate model based on real-world context.

---

Deep Dive: Probabilities of Specific Sequences

Sequence Probability Calculations

Analyzing the probability of specific sequences (e.g., G-B-B, B-G-G) involves:

- For without replacement:
- Calculated via the product of conditional probabilities.
- For with replacement:
- Calculated as the product of identical probabilities, given independence.

For example, the probability of drawing green, then black, then black without replacement:

\[
P(G_1 \cap B_2 \cap B_3) = P(G_1) \times P(B_2|G_1) \times P(B_3|G_1, B_2)
\]

Given the initial counts:

- \( P(G_1) = \frac{2}{6} \)
- After drawing green first: remaining 1 green, 4 black, total 5
- \( P(B_2|G_1) = \frac{4}{5} \)
- After drawing black second: remaining 1 green, 3 black, total 4
- \( P(B_3|G_1, B_2) = \frac{3}{4} \)

Thus,

\[
P(G, B, B) = \frac{2}{6} \times \frac{4}{5} \times \frac{3}{4} = \frac{2}{6} \times \frac{4}{5} \times
\frac{3}{4} = \frac{2}{6} \times \frac{3}{5} = \frac{2 \times 3}{6 \times 5} = \frac{6}{30} = \frac{1}{5}
\]

The same approach applies to other sequences.

---

Implications and Applications



Educational Significance

This problem exemplifies core concepts such as conditional probability, the hypergeometric distribution,
and the binomial distribution. It provides an accessible yet rich platform for teaching probability theory.

Practical Relevance

- Quality Control: Sampling items from a batch to estimate defect rates.
- Gambling and Games: Card draws, where understanding probabilities influences strategies.
- Biology and Genetics: Sampling alleles or traits from populations.

Decision-Making Under Uncertainty

Understanding the probabilities of various outcomes assists in risk assessment, resource allocation, and
strategic planning in fields ranging from finance to healthcare.

---

Advanced Considerations

Expected Value and Variance

- Expected number of green balls in 3 draws:

- With replacement: \( E[X] = np = 3 \times \frac{1}{3} = 1 \)
- Without replacement: \( E[X] = n \times p = 3 \times \frac{2}{6} = 1 \)

- Variance:

- With replacement: \( \text{Var}(X) = np(1-p) = 3 \times \frac{1}{3} \times \frac{2}{3} = \frac{2}{3} \)

- Without replacement: Variance is given by the hypergeometric variance formula:

\[
\text{Var} = n \times p \times (1 - p) \times \frac{N - n}{N - 1}
\]
where \( N=6 \), \( n=3 \), \( p=\frac{2}{6}=\frac{1}{3} \).

\[
\text{Var} = 3 \times \frac{1}{3} \times \frac{2}{3} \times \frac{6 - 3}{6 - 1} = 3 \times \frac{1}{3} \times
\frac{2}{3} \times \frac{3}{5} = 1 \times \frac{2}{3} \times \frac{3}{5} = \frac{2}{3} \times \frac{
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