
Given The Plant Transfer Function, G(s) = 1
(s + 1)(s-3) Use The Following Controller In
The Unity-gain
Given The Plant Transfer Function, G(s) = 1 / [(s + 1)(s - 3)], use the following controller in
the unity-gain configuration. Designing an effective control system for such a plant involves
understanding its dynamics, selecting an appropriate controller, and analyzing the system's stability
and performance. In this comprehensive article, we explore the process of controller design, focusing
on optimizing the system's response, stability margins, and robustness. Whether you're a control
systems engineer or a student, this guide will provide valuable insights into handling transfer
functions with unstable poles and implementing controllers that ensure desired system behavior.

Understanding the Plant Transfer Function G(s) = 1 /
[(s + 1)(s - 3)]

1. Nature and Characteristics of the Plant
The plant transfer function G(s) = 1 / [(s + 1)(s - 3)] describes a system with two poles: one stable at
s = -1 and one unstable at s = 3. The key characteristics include:

- Poles and Zeros: The function has poles at s = -1 and s = 3, with no zeros.
- Stability: The pole at s = -1 indicates a stable mode, while the pole at s = 3 signifies an unstable
mode.
- Frequency Response: The system's response varies significantly across frequencies, with potential
resonance near the unstable pole.

Understanding these properties guides the controller design to stabilize the system and achieve
desired transient and steady-state performance.

2. Challenges in Controlling Unstable Systems
Controlling a plant with an unstable pole presents unique challenges:

- Stability Preservation: The controller must counteract the unstable pole to prevent system
divergence.
- Robustness: The system should tolerate modeling uncertainties and external disturbances.
- Response Tuning: Achieving a balance between fast response and minimal overshoot without
destabilizing.

These challenges necessitate a carefully designed controller, often with feedback mechanisms and
gain adjustments.



Controller Design in a Unity-Gain Configuration

1. What is a Unity-Gain Controller?
A unity-gain controller, often represented as a simple proportional gain (K), is a feedback controller
where the control input directly depends on the error signal without additional filtering or
compensation:

- Basic Structure: Controller C(s) = K
- Advantages: Simplicity, ease of implementation, and quick adjustments.
- Limitations: May not provide adequate stability margins or performance for complex plants.

Choosing the right gain value K is crucial, especially for plants with unstable poles.

2. Goals of Controller Design with Unity-Gain
When using a unity-gain controller with the given plant, objectives include:

- Stabilizing the overall closed-loop system.
- Achieving acceptable transient response (rise time, settling time, overshoot).
- Ensuring robustness against uncertainties.
- Maintaining system stability for all operating conditions.

Analyzing the Open-Loop and Closed-Loop System

1. Open-Loop Transfer Function
The open-loop transfer function L(s) is the product of the plant and controller:

\[
L(s) = C(s) \times G(s) = K \times \frac{1}{(s+1)(s-3)} = \frac{K}{(s+1)(s-3)}
\]

This transfer function forms the basis for stability and response analysis.

2. Closed-Loop Transfer Function
The closed-loop transfer function T(s) is:

\[
T(s) = \frac{L(s)}{1 + L(s)} = \frac{\frac{K}{(s+1)(s-3)}}{1 + \frac{K}{(s+1)(s-3)}} =
\frac{K}{(s+1)(s-3) + K}
\]



The characteristic equation, which determines system stability, is:

\[
(s+1)(s-3) + K = 0
\]

Expanding,

\[
s^2 - 3s + s - 3 + K = 0 \Rightarrow s^2 - 2s + (K - 3) = 0
\]

Stability depends on the roots of this quadratic.

Optimizing Controller Gain K for Stability and
Performance

1. Determining the Range of K for Stability
Using the Routh-Hurwitz criterion, the roots of the characteristic equation must have negative real
parts.

Characteristic equation:

\[
s^2 - 2s + (K - 3) = 0
\]

Applying Routh-Hurwitz:

- Coefficients: 1, -2, K - 3
- Routh array:

| Row 1 | 1 | K - 3 |
|---|---|---|
| Row 2 | -2 | 0 |

For stability:

- All coefficients in the first column must be positive:

\[
-2 > 0 \quad \text{(not true)}
\]

Since the first element of the second row is negative, the system is unstable for the current
configuration. To satisfy stability, the characteristic equation must be rewritten or adjusted.



Alternatively, considering the roots directly:

Discriminant:

\[
\Delta = (-2)^2 - 4 \times 1 \times (K - 3) = 4 - 4(K - 3) = 4 - 4K + 12 = 16 - 4K
\]

Roots are:

\[
s = \frac{2 \pm \sqrt{\Delta}}{2} = 1 \pm \frac{\sqrt{16 - 4K}}{2}
\]

For roots with negative real parts, the system must be stabilized by choosing K appropriately,
considering the pole locations.

Key point: The gain K must be selected to shift the roots into the left-half-plane, stabilizing the
system.

2. Practical Gain Selection Strategies
- Root Locus Analysis: Plotting the root locus helps visualize how roots move with varying K.
- Simulation-Based Tuning: Numerical simulations can identify the gain K that provides stable and
responsive behavior.
- Gain Margins: Ensuring the gain does not reach levels that cause instability.

Implementing the Controller: Step-by-Step Approach

1. Step 1: Model Validation
Ensure the transfer function accurately represents the plant. Confirm the poles and system dynamics
through experimental data or detailed modeling.

2. Step 2: Initial Gain Estimation
Start with a small gain (e.g., K=1) and analyze the system's response via simulation.

3. Step 3: Root Locus and Stability Analysis
Plot the root locus for the open-loop transfer function to visually identify the range of K for stability.



4. Step 4: Fine-Tuning Gain K
Adjust K to achieve a balance between response speed and overshoot, ensuring the poles stay in the
left half-plane.

5. Step 5: Validation through Simulation and Testing
Use simulation tools such as MATLAB or Simulink to validate the system's transient and steady-state
response.

Advanced Considerations and Enhancements

1. Adding Compensators for Improved Performance
If the unity-gain controller does not meet performance criteria, consider augmenting it with:

- Proportional-Derivative (PD) or Proportional-Integral (PI) controllers
- Lead or lag compensators

2. Robust Control Techniques
Implement robust control strategies, such as H-infinity or μ-synthesis, to enhance stability margins
and disturbance rejection.

3. Digital Implementation
Translate the controller design into digital form for real-time control systems, considering sampling
effects and discretization.

Summary and Best Practices

- Understanding the plant's dynamics, especially unstable poles, is critical.
- A simple unity-gain controller can stabilize the system if the gain K is carefully chosen.
- Root locus analysis provides valuable insights into how gain adjustments influence stability.
- Combining theoretical analysis with simulation enables optimal gain tuning.
- Enhancing simple controllers with additional compensators can improve performance if needed.
- Always validate the design through experimental or simulation testing before deployment.

Conclusion
Designing a controller for the plant with transfer function G(s) = 1 / [(s + 1)(s - 3)] using a unity-gain
configuration requires careful analysis and gain tuning. The presence of an unstable pole at s=3



necessitates a control strategy that stabilizes the system while maintaining desired response
characteristics. Through methods such as root locus analysis, stability criteria, and simulation,
engineers can identify the optimal gain K that stabilizes the system, improves transient response, and
ensures robustness. While a simple unity-gain controller offers ease of implementation, it can be
enhanced with additional compensators for better control performance. This comprehensive approach
ensures the designed control system meets operational requirements, providing stable and efficient
performance for complex plants with unstable dynamics.

Frequently Asked Questions

What is the significance of using a unity-gain controller with
the given plant transfer function G(s) = 1 / [(s + 1)(s - 3)]?
Using a unity-gain controller simplifies the control system by setting the feedback gain to 1, allowing
us to analyze the plant's intrinsic behavior and stability characteristics without additional gain
adjustments.

How does the pole at s = 3 in the plant transfer function
affect system stability when using a unity-gain controller?
The pole at s = 3 is in the right-half of the s-plane, indicating that the plant is inherently unstable.
With a unity-gain controller, this instability persists, requiring additional control strategies for
stabilization.

What is the step response of the system with G(s) = 1 / [(s +
1)(s - 3)] under a unity-gain controller?
The step response will exhibit an unstable behavior characterized by an initial increase followed by
divergence due to the right-half plane pole at s = 3, indicating the system is not stable in this
configuration.

Can a feedback controller stabilize the given plant with a
unity-gain configuration, and if so, how?
Yes, a feedback controller can stabilize the plant by modifying the open-loop transfer
function—adding gain, poles, or zeros—to shift the system poles into the left-half plane, thereby
achieving stability even with unity feedback.

What are the key challenges of controlling a plant with a
right-half plane pole using a unity-gain controller?
The primary challenge is inherent instability due to the right-half plane pole, which cannot be
corrected by unity gain alone. Additional control strategies, such as state feedback or compensators,
are needed to stabilize the system.



How would you design a compensator to stabilize the given
plant with a unity-gain feedback loop?
Designing a stabilizing compensator involves adding poles and zeros to modify the open-loop transfer
function, such as a lead compensator, to shift the dominant poles into the left-half plane, thereby
stabilizing the system while maintaining unity feedback.

Additional Resources
In-Depth Analysis of Controller Design for the Given Plant Transfer Function G(s) = 1 / [(s + 1)(s - 3)]
in a Unity-Gain Configuration

---

Introduction

In control systems engineering, the design and analysis of controllers for a specified plant are
fundamental to achieving desired system performance. The plant transfer function, G(s), encapsulates
the dynamic behavior of the system, and selecting an appropriate controller ensures stability, desired
transient response, and steady-state accuracy. In this review, we delve into the process of designing
and analyzing a control system for the specific plant:

\[
G(s) = \frac{1}{(s + 1)(s - 3)}
\]

with the controller set in a unity-gain configuration, meaning the overall system is configured such
that the control input does not introduce an additional gain factor but focuses on stabilization and
performance enhancement.

---

Understanding the Plant: G(s) = 1 / [(s + 1)(s - 3)]

1. Nature and Characteristics of the Plant

This transfer function is a second-order rational function with a distinct set of poles:

- Poles at \( s = -1 \) and \( s = 3 \)

- No zeros, as the numerator is simply 1

Key observations:



- The pole at \( s = -1 \) indicates a stable pole, contributing to the system’s stability in that region.

- The pole at \( s = 3 \) is in the right-half plane (RHP), which inherently makes the plant unstable or
non-minimum phase. This is a critical factor in control design because an unstable plant requires
careful controller synthesis to stabilize.

Implications:

- The plant is unstable, which means any control design must include stabilization strategies.

- The presence of a right-half-plane pole (RHP pole) complicates the control task, as it introduces
phase lag and potential for oscillations or instability if not appropriately managed.

2. Frequency Response and Bode Plot Insights

Analyzing the frequency response provides insights into how the plant behaves across different
frequencies:

- At low frequencies (\( s \to 0 \)), \( G(0) = 1 / [(0 + 1)(0 - 3)] = -1/3 \), indicating a negative DC gain.

- As frequency increases, the magnitude and phase change, with the RHP pole at \( s=3 \) contributing
to phase lag.

- The phase contribution from the complex conjugate poles and zeros (here zeros are absent)
influences the stability margins.

Controller Design in a Unity-Gain Configuration

1. Concept of Unity-Gain Control

A unity-gain control setup implies that the controller, \( C(s) \), is designed such that the overall open-
loop transfer function, \( L(s) = C(s)G(s) \), is tailored to ensure stability and desired transient
response without additional gain scaling.

In many cases, the controller is designed with a gain of 1 (unity gain), or the overall system
configuration ensures the open-loop transfer function has a gain of 1 at the crossover frequency
(unity gain crossover).

Objectives of the controller:

- Stabilize the plant (especially important since the plant has an RHP pole)

- Achieve desired transient response (rise time, overshoot, settling time)

- Ensure steady-state accuracy (zero steady-state error for certain inputs)



2. Control Strategy and Approach

Given the plant's instability, the controller must:

- Provide stability by compensating for the RHP pole at \( s=3 \)

- Shape the open-loop response to meet performance criteria

Control strategies considered:

- Proportional-Derivative (PD) or PID controllers for improved transient response

- Lead compensators to improve phase margin

- Pole-zero placement techniques to cancel or mitigate the effect of the RHP pole

---

Designing a Controller: Step-by-Step Approach

1. Stabilization of the Plant

Since the plant has a right-half-plane pole at \( s=3 \), the initial goal is stabilization:

- The controller must introduce a stable inverse response or phase lead to counteract the RHP pole.

- A typical approach involves designing a lead compensator that shifts the phase to improve stability
margins.

2. Choice of Controller Type

Possible controller choices:

- Lead Controller: To add positive phase margin and counteract the RHP pole

- PID Controller: For more flexible tuning, especially if steady-state errors are a concern

- State Feedback or Observer-based controllers: For advanced stabilization, but likely beyond the
scope here

Given the goal of simplicity and effectiveness, a lead compensator or a PID controller is often
selected.



3. Analytical Design Process

Step 1: Determine the desired specifications

- Desired crossover frequency \( \omega_c \)

- Phase margin and gain margin requirements

- Transient specifications (e.g., overshoot, settling time)

Step 2: Analyze the open-loop transfer function

- Without the controller, the open-loop transfer function is just \( G(s) \).

- The RHP pole at \( s=3 \) causes instability; thus, the controller must stabilize the system.

Step 3: Design the controller \( C(s) \)

- For initial stabilization, a lead compensator of the form:

\[
C(s) = K \frac{s + z}{s + p}
\]

where \( z \) and \( p \) are zero and pole locations, respectively, with \( p < z \), providing phase lead.

- Alternatively, a PID controller:

\[
C(s) = K_p + \frac{K_i}{s} + K_d s
\]

which allows for tuning proportional, integral, and derivative actions.

Step 4: Tuning the controller parameters

- Use root locus, Bode plots, or Nyquist diagrams to iteratively tune \( K \), \( z \), \( p \), or PID gains to
meet stability and transient specifications.

---

Stability Analysis and Performance Evaluation

1. Stability Margins

- Gain Margin (GM): The amount of gain increase allowable before the system becomes unstable.



- Phase Margin (PM): The additional phase lag at the gain crossover frequency to reach instability.

For the plant with an RHP pole, achieving positive margins requires careful controller design to
effectively cancel or compensate for the RHP pole's destabilizing effects.

2. Transient Response Characteristics

- Typical metrics such as overshoot, settling time, and rise time depend heavily on the controller
tuning.

- Proper phase lead addition can reduce overshoot and improve response speed.

3. Steady-State Performance

- For step inputs, the steady-state error can be minimized with integral control action or appropriate
controller design.

- Since the plant is unstable, the controller must ensure zero steady-state error for the specific input
type, which may involve adding integral action.

---

Simulation and Practical Implementation

1. Numerical Simulation

- Use MATLAB, Python, or similar tools to simulate the step response.

- Plot the Bode, Nyquist, and root locus diagrams to assess stability margins.

- Verify that the controller stabilizes the system and meets transient specifications.

2. Implementation Considerations

- Real-world systems introduce delays, noise, and nonlinearities; the controller must be robust.

- Chose filters or implement anti-windup schemes if integral control is used.

- Ensure that actuator saturation and other nonlinearities do not destabilize the system.

---



Advanced Topics and Further Considerations

1. Robust Control Design

- Since the plant has a RHP pole, robust control methods such as \( H_\infty \) or \( \mu \)-synthesis
can be employed to improve stability margins and robustness.

2. Pole-Zero Cancellation

- Attempting to cancel the RHP pole at \( s=3 \) with a zero in the controller can be risky, as perfect
cancellation is impractical and sensitive to parameter variations.

3. Alternative Control Strategies

- Model Predictive Control (MPC): For complex and constrained systems.

- Adaptive Control: To cope with plant uncertainties.

---

Conclusion

Designing a controller for the plant \( G(s) = 1/[(s+1)(s-3)] \) in a unity-gain configuration is a
challenging but instructive task. The key challenges stem from the plant's inherent instability due to
the RHP pole at \( s=3 \). Stabilization requires a controller that introduces phase lead, gain
adjustments, and possibly integral action for steady-state accuracy.

A systematic approach—starting from plant analysis, defining performance specifications, selecting an
appropriate controller type (such as a lead compensator or PID), and iterative tuning using simulation
tools—is essential. Achieving a balance between stability margins, transient response, and robustness
ensures that the control system performs reliably in practical scenarios.

In summary, the process involves:

- Careful analysis of plant dynamics

- Strategic controller design that stabil
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