| Have A Fair Coin And A Two-headed Coin. |
Choose One Of The Two Coins Randomly With
Equal Probability

| Have A Fair Coin And A Two-headed Coin. | Choose One Of The Two Coins Randomly With
Equal Probability

When considering probability, the choice between different types of coins can lead to intriguing
guestions about chance and randomness. In this article, we explore a scenario where an individual
possesses two distinct coins: a fair coin, which has an equal number of heads and tails, and a two-
headed coin, which has heads on both sides. The person randomly selects one of these coins with
equal probability, then flips it. Understanding the probabilities involved and their implications offers
valuable insights into basic and advanced probability concepts, including conditional probability,
expected outcomes, and real-world applications.

Understanding the Scenario: Fair Coin vs. Two-headed
Coin

Before diving into calculations, let’s clarify the two types of coins involved:

The Fair Coin

- Description: A standard coin with one head and one tail.

- Properties:

- Probability of Heads (H): 0.5

- Probability of Tails (T): 0.5

- Usage: Commonly used in games, decision-making, and probability experiments.

The Two-headed Coin

- Description: A coin with heads on both sides.

- Properties:

- Probability of Heads (H): 1

- Probability of Tails (T): 0

- Implication: No matter how many times it's flipped, it will always land on heads.



Probability of Selecting Each Coin

Since the choice between the two coins is made at random with equal probability:

1. Probability of selecting the fair coin: 0.5
2. Probability of selecting the two-headed coin: 0.5

This symmetry sets the stage for calculating the probability of various outcomes, such as the coin
landing on heads or tails after selection.

Calculating the Probability of Outcomes

The core question often posed in such scenarios is: What is the probability that the coin lands on
heads? To answer this, we utilize the law of total probability, which considers all possible paths
leading to an event.

Probability that the coin lands on heads (H)

\[

P(H) = P(\text{Fair Coin}) \times P(H | \text{Fair Coin}) + P(\text{Two-headed Coin}) \times P(H |
\text{Two-headed Coin})

\]

Breaking down:

- \( P(\text{Fair Coin}) = 0.5)

-\( P(H | \text{Fair Coin}) = 0.5)

-\( P(\text{Two-headed Coin}) = 0.5)
-\( P(H | \text{Two-headed Coin}) = 1)

Plugging in the values:

\[
P(H) = 0.5\times 0.5 + 0.5\times 1 =0.25+ 0.5 =10.75

\]

Result: There is a 75% probability that the coin lands on heads when randomly selecting and flipping
one of the two coins.



Probability that the coin lands on tails (T)

Similarly, the probability of tails:

\[

P(T) = P(\text{Fair Coin}) \times P(T | \text{Fair Coin}) + P(\text{Two-headed Coin}) \times P(T |
\text{Two-headed Coin})

\]

Values:

-\( P(T | \text{Fair Coin}) = 0.5)
-\( P(T | \text{Two-headed Coin}) = 0)

Calculation:

\[

P(T) = 0.5 \times 0.5 + 0.5 \times 0 = 0.25 + 0 = 0.25
\]

Result: The probability of the coin landing on tails is 25%.

Bayesian Perspective: Updating Probabilities Based on
Outcomes

Suppose you flip the coin and observe the outcome. Based on the result, what is the probability that
the coin you flipped was the fair coin? This is a classic application of Bayes' theorem.

Calculating the Probability the Selected Coin is Fair Given
Heads
Let’s define:

-\( A\): The event that the person selected the fair coin.
-\( B\): The event that the flip results in heads.

Using Bayes' theorem:

\[

P(A | B) = \frac{P(B | A) \times P(A)}{P(B)}
\]

From previous calculations:



-\(P(B|A) =0.5))
-\(P(A) =0.5))
-\(P(B) =0.75)
Substituting:

\[
P(A | B) = \frac{0.5 \times 0.5}{0.75} = \frac{0.25}{0.75} = \frac{1}{3} \approx 0.333
\]

Interpretation: If the coin flip results in heads, there’s approximately a 33.3% chance that the coin
was the fair coin, and conversely, a 66.7% chance that it was the two-headed coin.

Expected Outcomes and Variance

Understanding the expected number of heads over multiple flips provides insights into long-term
behavior.

Expected number of heads in a single flip

From earlier:

\[
E(\text{Heads}) = P(H) = 0.75
\]

This indicates that, on average, each flip has a 75% chance of being heads.

Expected outcomes over multiple flips

Suppose you flip the randomly selected coin \( n\) times:
- Expected number of heads:

\[
E(\text{Total Heads}) = n \times P(H) = n \times 0.75

\]

- Variance: Since the outcome of each flip is Bernoulli (heads or tails), the variance is:

\[
Var = n \times P(H) \times (1 - P(H)) = n \times 0.75 \times 0.25 = n \times 0.1875

\]



This helps in understanding the fluctuations around the expected value.

Real-World Applications of This Probability Model

The model of choosing between a fair coin and a two-headed coin exemplifies several real-world
scenarios involving randomness, bias, and decision-making.

Applications in Game Theory and Decision Making

- Designing Fair Games: Understanding probabilities helps in designing games where fairness is
crucial.

- Bias Detection: Recognizing the presence of biased elements (like the two-headed coin) is essential
in fairness assessments.

Cryptography and Security

- Random Selection Processes: Similar models are used in cryptographic algorithms where certain
outcomes are intentionally biased or deterministic.

- Testing Randomness: Analyzing outcomes from such experiments helps verify the fairness of
random number generators.

Machine Learning and Data Analysis

- Probabilistic Modeling: The concepts mirror classification problems where the goal is to infer the
underlying source based on observed outcomes.

- Bayesian Inference: Updating probabilities based on evidence, as in the Bayesian example, is
fundamental in predictive modeling.

Extending the Scenario: Multiple Coins and Complex
Probabilities

While this example involves only two coins, real-world probability models often involve more complex
systems.



Multiple biased coins

- Incorporate coins with varying degrees of bias.
- Calculate probabilities of outcomes across multiple coins.

Sequential Decision Processes

- Flipping coins multiple times, tracking outcomes.
- Updating beliefs after each flip using Bayesian inference.

Incorporating Failure and Error Rates

- Considering scenarios where coins or devices have imperfections.
- Adjusting probabilities considering error margins.

Conclusion: Insights and Takeaways

The scenario of choosing between a fair coin and a two-headed coin with equal probability illustrates
fundamental concepts in probability theory. By calculating the likelihood of different outcomes and
applying Bayesian reasoning, we gain a deeper understanding of how randomness and bias interact.
Whether in simple games, complex decision-making, or advanced data analysis, these principles are
essential tools for interpreting uncertain environments.

Key points to remember:

- When selecting between a fair and a biased coin, the probability of outcomes can be significantly
skewed.

- Bayesian inference allows updating beliefs based on observed results.

- Expected values and variances help predict long-term behaviors in probabilistic systems.

- Such models have broad applications across various fields, including cryptography, economics,
machine learning, and more.

Understanding these concepts empowers you to analyze complex probabilistic systems and make
informed decisions based on uncertainty, a skill invaluable in both academic and real-world contexts.

Frequently Asked Questions

What is the probability of choosing the fair coin when
selecting randomly from the two coins?

The probability of choosing the fair coin is 0.5 or 50%, since each coin is equally likely to be selected.



If | pick a coin at random and flip it, what is the probability of
getting heads?

The probability depends on which coin is chosen: with a fair coin, heads probability is 0.5; with the
two-headed coin, it's 1. Therefore, overall probability is (0.5 0.5) + (0.51) = 0.25 + 0.5 =0.75 or
75%.

What is the probability that | chose the two-headed coin given
that the result was heads?

Using Bayes' theorem, the probability is (0.5 1) /0.75 = 0.5/ 0.75 = 2/3 or approximately 66.67%.

If | flip the chosen coin twice, what is the probability of
getting two heads?

If the fair coin is chosen, probability of two heads is (0.5)"2 = 0.25. If the two-headed coin is chosen,
probability is 1. The overall probability is (0.5 0.25) + (0.5 1) = 0.125 + 0.5 = 0.625 or 62.5%.

What is the expected number of heads in a single flip after
choosing a coin at random?

The expected value is (0.5 0.5) + (0.5 1) = 0.25 + 0.5 = 0.75 heads on average per flip.

How does the presence of a two-headed coin affect the overall
probability of flipping heads?

It increases the overall probability of getting heads to 75%, compared to 50% if only the fair coin was
used.

Can you determine which coin was used after observing a
single flip that results in tails?

Yes. Since the two-headed coin cannot produce tails, observing tails means the fair coin was used,
with probability 1.

What is the probability of choosing the fair coin given that the
first flip resulted in tails?

Since tails can only occur with the fair coin, the probability that the fair coin was chosen given tails is
100% or 1.

If | perform multiple flips, how can | increase the likelihood of
identifying which coin | am flipping?

By performing multiple flips and analyzing the outcomes—if tails occurs, it's certain the fair coin was
used. Consistently getting heads suggests the two-headed coin, especially over many flips.



What are some real-world applications or scenarios where this
coin problem can be useful?

This problem illustrates concepts in probability, Bayesian inference, and decision-making under
uncertainty, applicable in fields like cryptography, statistics, machine learning, and game theory.

Additional Resources
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In the realm of probability and decision theory, simple experiments often unveil profound insights into
randomness, bias, and the nature of information. One classic scenario involves possessing two
distinct coins: a fair coin, which has equal probability (50-50) of landing heads or tails, and a two-
headed coin, which always lands on heads. When faced with the task of selecting one of these coins
at random with equal probability and then flipping it, intriguing questions arise. These questions
include: What is the probability that the coin will land on heads? If you observe a head, what is the
probability that you picked the two-headed coin? How does this experiment illustrate fundamental
concepts such as conditional probability, Bayesian inference, and the role of prior knowledge in
probabilistic reasoning?

This article offers a detailed, analytical exploration of this problem, breaking down each component to
elucidate the underlying principles. By examining this scenario, we gain insights not only into classical
probability but also into how information updates as outcomes are observed, which has broad
implications in fields ranging from statistics and machine learning to decision-making under
uncertainty.

The Basic Setup of the Problem

Defining the Coins

The experiment involves two coins:

1. Fair Coin: This coin has two equally likely outcomes:
- Heads (H) with probability 0.5
- Tails (T) with probability 0.5

2. Two-headed Coin: This coin is biased towards heads:
- Heads (H) with probability 1
- Tails (T) with probability 0

The problem states that these coins are available, and one is chosen at random with equal
probability:
- Probability of choosing the fair coin: 0.5



- Probability of choosing the two-headed coin: 0.5

After selection, the coin is flipped, and the outcome is observed. The core questions revolve around
the probabilities of subsequent events, especially given observed outcomes.

Key Probabilistic Questions

- What is the probability that the coin lands on heads in a single flip?

- If the observed flip results in heads, what is the probability that the selected coin was the two-
headed coin?

- Conversely, if tails are observed, what can be inferred about the coin chosen?

These questions exemplify the use of conditional probability and Bayes' theorem in updating beliefs
based on evidence.

Calculating Basic Probabilities: The Unconditional Case

Probability of Heads When Flipping the Randomly Selected
Coin

To find the overall probability of flipping heads, we consider both possibilities—choosing the fair coin
or the two-headed coin—and their respective probabilities:

\[

P(\text{Heads}) = P(\text{Choose Fair}) \times P(\text{Heads} | \text{Fair}) + P(\text{Choose Two-
headed}) \times P(\text{Heads} | \text{Two-headed})

\]

Substituting the known values:

\[
P(\text{Heads}) = 0.5 \times 0.5 + 0.5 \times 1 = 0.25 + 0.5 = 0.75

\]
This calculation reveals that, on average, the probability of observing a head in a single flip, given the

initial random choice, is 75%. Intuitively, this is because the two-headed coin ensures heads every
time, skewing the overall probability higher than 50%.

Conditional Probabilities and Bayes’ Theorem



Understanding the Posterior Probability: Given a Head, What
is the Likelihood that the Coin Is Two-Headed?

Suppose we observe a head after flipping the coin. The question now is: What is the probability that
we picked the two-headed coin? This is a classic case for Bayes’ theorem, which allows us to update
prior beliefs based on new evidence.

Bayes’ theorem states:

\[
P(\text{Coin is Two-headed} | \text{Head}) = \frac{P(\text{Head} | \text{Two-headed}) \times
P(\text{Two-headed})}{P(\text{Head})}

\]
Using the known probabilities:

- \(P(\text{Head} | \text{Two-headed}) = 1\)
-\(P(\text{Two-headed}) = 0.5\)
- \(P(\text{Head}) = 0.75\) (from earlier calculation)

Plugging these into the formula:

\[

P(\text{Two-headed} | \text{Head}) = \frac{1 \times 0.5}{0.75} = \frac{0.5}{0.75} = \frac{2}{3}
\approx 66.67\%

\]

Interpretation: If you flip the coin and observe heads, there is approximately a 66.67% chance that
the coin was the two-headed one. Conversely, the probability that it was the fair coin, given the same
observation, is:

\[
P(\text{Fair} | \text{Head}) = 1 - \frac{2}{3} = \frac{1}{3} \approx 33.33\%

\]

This Bayesian update demonstrates how evidence (an observed head) shifts the likelihood toward the
bias-heavy coin, as expected.

Implications of the Bayesian Update

This result is intuitive: the two-headed coin, always landing on heads, increases the probability of
seeing heads when chosen. Yet, since the selection was initially symmetric, the evidence of heads tilts
the posterior belief in favor of the two-headed coin, but does not guarantee it.

This kind of reasoning is foundational in statistical inference, where initial beliefs are revised in light of
observed data—a process that underpins techniques like Bayesian updating, machine learning, and
decision analysis.



What if a Tails is Observed?

The Bayesian perspective equally applies if the observed outcome is tails:

\[

P(\text{Two-headed} | \text{Tails}) = \frac{P(\text{Tails} | \text{Two-headed}) \times P(\text{Two-
headed})}{P(\text{Tails})}

\]

Since the two-headed coin can never produce tails:
-\(P(\text{Tails} | \text{Two-headed}) = 0\)
Additionally, the overall probability of tails:

\[

P(\text{Tails}) = P(\text{Choose Fair}) \times P(\text{Tails} | \text{Fair}) + P(\text{Choose Two-
headed}) \times P(\text{Tails} | \text{Two-headed}) = 0.5 \times 0.5 + 0.5 \times 0 = 0.25 + 0 =
0.25

\]

Applying Bayes' theorem:

\[
P(\text{Two-headed} | \text{Tails}) = \frac{0 \times 0.5}{0.25} =0

\]

Interpretation: If tails are observed, the probability that the coin was the two-headed one is zero. It is
certain that the coin was the fair coin, given the evidence.

This highlights how observing tails effectively eliminates the two-headed coin from consideration, a
straightforward example of how evidence can decisively update beliefs.

Broader Implications and Applications

Understanding Biases and Evidence in Real-World Contexts

This simplified coin-flip experiment encapsulates core principles relevant across numerous disciplines:

- Medical Diagnostics: A test with false positives or negatives can be modeled similarly, where the
prior probability of disease is updated based on test results.

- Spam Filtering: Email classification algorithms update the probability that a message is spam based
on observed features.

- Machine Learning: Bayesian models incorporate prior beliefs and update them as new data arrives,
akin to the coin experiment.



Decision Making Under Uncertainty

Decisions often hinge on updating beliefs based on evidence. Recognizing when an outcome
significantly shifts probabilities informs better choices, whether in finance, engineering, or everyday
life.

Limitations and Assumptions

While instructive, the scenario assumes perfect knowledge of coin biases and equal initial
probabilities. Real-world situations often involve uncertainties, measurement errors, and complex
dependencies, making probabilistic reasoning more nuanced.

Extensions and Variations of the Scenario

Multiple Coins and Complex Biases

Instead of just two coins, imagine a set with varying biases. Bayesian inference becomes crucial in
estimating the underlying distribution of biases based on observed outcomes.

Sequential Flips and Learning

Repeated flips and observing sequences allow for more refined posterior estimates, exemplifying the
power of Bayesian updating in ongoing processes.

Incorporating Prior Knowledge

Suppose you have prior knowledge about the likelihood of encountering a biased or fair coin in a
specific context; integrating this into the model further refines inference.

Concluding Thoughts

The simple act of choosing between a fair and a two-headed coin, then observing the result, serves as
a microcosm of probabilistic reasoning. It elegantly demonstrates how prior assumptions, evidence,
and Bayesian inference intertw
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