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If 10 Married Couples Are Randomly Seated At A Round Table, Compute (a) The
Expected Number And (b) The question presents a fascinating problem at the
intersection of combinatorics, probability theory, and social arrangements.
This scenario involves analyzing the seating arrangements of couples around a
circular table, where seats are assigned randomly, and understanding the
likelihood and expected number of couples sitting together. Such problems are
not only intellectually stimulating but also have practical applications in
event planning, statistical physics, and social sciences.

In this comprehensive article, we will explore the problem in depth,
providing detailed explanations and calculations for the expected number of
couples sitting together, as well as other related probabilities and
statistical measures. Our goal is to make this complex problem accessible to
readers with a basic understanding of probability and combinatorics, while
also providing insights into the mathematical principles involved.

Understanding the Problem Setup

Before diving into the calculations, it is essential to understand the
problem's parameters and assumptions.

Scenario Overview

- There are 10 married couples, making a total of 20 individuals.

- These 20 individuals are to be seated randomly around a round table.

- The seating arrangement is equally likely for all possible permutations,
assuming no preferences or restrictions.

- The key question is: What is the expected number of couples sitting
together? and possibly other related probabilities.

Key Assumptions

- Random seating: Each arrangement of 20 individuals around the table is
equally likely.

- Indistinguishability: The seats are considered distinguishable or labeled,
which affects the count of arrangements.

- Couples are treated symmetrically: Each couple is considered the same in
terms of the problem, and the focus is on whether they sit together or not.



- Circular arrangements: Since seating is around a round table, arrangements
are considered up to rotation; that is, rotations are regarded as the same
arrangement, removing equivalent permutations.

Mathematical Foundations and Concepts

To solve the problem, several fundamental concepts in combinatorics and
probability are employed.

Permutations and Circular Arrangements

- The total number of ways to seat n individuals around a round table (up to
rotation) is \((n - 1)!\).

- For 20 individuals, the total number of arrangements, considering rotations
as identical, 1is \((20 - 1)! = 19!'\).

Indicator Variables and Linearity of Expectation

- To compute the expected number of couples sitting together, indicator
variables are used.

- Let \(X i\) be an indicator random variable that equals 1 if the \(i"{th}\)
couple sits together, and 0 otherwise.

- The total number of couples sitting together is \(X = \sum {i=1}"{10}

X i\).

- By the linearity of expectation, \(E[X] = \sum {i=1}"{10} E[X i]\).

Probability of a Specific Couple Sitting Together

- To find \(E[X i]\), we need the probability that a specific couple sits
together.

- Since the seating is random, the key is to find the probability that both
members of a couple are seated next to each other.

Calculating the Expected Number of Couples
Sitting Together

This section provides a detailed step-by-step calculation of the expected
number of couples sitting together around a round table.



Step 1: Define the Indicator Variables

- For each couple \(i\), define:
\ [

X i = \begin{cases}

1, & \text{if couple } i \text{ sits together} \\
0, & \text{otherwise}

\end{cases}

\1

- Total couples sitting together:
\ [

X = \sum {i=1}"{10} X i

\1

- The goal: Compute \(E[X]\).

Step 2: Calculate \(E[X i]\)

- Since the couples are symmetric, \(E[X i]\) is the same for all \(i\):
\ [

E[X i] = P(\text{couple } i \text{ sits together})

\1]

Step 3: Find the Probability that a Specific Couple
Sits Together

- Fix the positions of all individuals except for the couple in question.
- The total number of arrangements (up to rotation):

\ [

(20 - 1)! = 19!

\1

- To count arrangements where a specific couple sits together:

- Treat the couple as a single block, reducing the problem to seating 19
units (the block plus the other 18 individuals).

- The number of arrangements of these 19 units around the table:

\ [

(19 - 1)! = 18!

\1]

- The couple can sit in two arrangements within their block (since they can
switch seats).

- Therefore, the number of arrangements where a specific couple sits
together:

\ [

2 \times 18!

\1]

- The probability:
\ [
P(\text{couple sits together}) = \frac{\text{Number of arrangements with



couple together}}{\text{Total arrangements}} = \frac{2 \times 18!}{19!} =
\frac{2}{19}
\1

Step 4: Compute \(E[XI\)

- Since each \ (X 1i\) has expectation \(\frac{2}{19}\):

\ [

E[X] = \sum {i=1}"{10} E[X i] = 10 \times \frac{2}{19} = \frac{20}{19}
\approx 1.0526

\1

Result: The expected number of couples sitting together is approximately
1.05.

Additional Insights and Related Probabilities

Beyond the expected value, it is interesting to explore other probabilities
related to couples sitting together or apart.

Probability that No Couples Sit Together

- The probability that none of the couples sit together involves complex
combinatorial calculations, often requiring inclusion-exclusion principles.
- Rough approximation or bounds can be derived, but exact calculations are
intricate due to dependencies among arrangements.

Probability that All Couples Sit Apart

- This is a rare event, akin to a derangement problem where no couple sits

together, similar to the problem of seating guests so that none sit next to
their partner.

- For large \(n\), the probability decreases rapidly, but explicit formulas
involve advanced combinatorial techniques.

Expected Number of Couples Sitting Together When
Seating Is Not Random

- In real-world scenarios, seating may not be purely random; factors such as
preferences or social bonds influence arrangements.

- Probabilistic models can incorporate these factors to predict more
realistic outcomes.



Practical Applications and Real-World
Implications

Understanding the expected number of couples sitting together at a round
table has practical uses in various fields:

Event Planning and Social Dynamics

- Organizers can estimate the likelihood of couples sitting together, aiding
in seating arrangements to promote social interactions or comfort.

- For example, in weddings or banquets, knowing these probabilities helps in
planning seating charts.

Statistical Physics and Random Systems

- Similar models are used in statistical physics to understand particle
arrangements and interactions in circular systems.

Psychological and Sociological Studies

- Researchers analyze seating arrangements to understand social bonds and
group dynamics.

Summary and Key Takeaways

- When 10 married couples are randomly seated around a round table, the
expected number of couples sitting together is approximately 1.05.

- This calculation uses fundamental concepts of combinatorics, including
permutations, circular arrangements, indicator variables, and probability.

- The probability that a specific couple sits together is 2/19, owing to the
symmetry and uniform randomness of arrangements.

- More complex probabilities, such as no couples sitting together, involve
advanced combinatorial techniques like inclusion-exclusion and derangements.



Conclusion

The problem of seating couples around a round table offers a rich exploration
of probability and combinatorics, illustrating how mathematical principles
can provide insights into social arrangements. Whether for academic
curiosity, event planning, or understanding social behaviors, calculating
expectations and probabilities in such scenarios enhances our grasp of
randomness and structured arrangements. The key takeaway is that, despite the
randomness, there are predictable patterns and expected outcomes that can be
quantitatively analyzed, providing valuable tools for both theoretical and
practical applications.

Further Reading and Resources

- "Introduction to Probability" by Joseph K. Blitzstein and Jessica Hwang

- "Combinatorics and Graph Theory" by John M. Harris, Jeffrey L. Hirst, and
Michael J. Mossinghoff

- Online resources on derangements and seating arrangements

- Mathematical software tools such as Wolfram Alpha or Python's SymPy library
for combinatorial calculations
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Frequently Asked Questions

If 10 married couples are randomly seated at a round
table, what is the expected number of couples

sitting together?

The expected number of couples sitting together is 2. When seating 10 couples
randomly around a round table, the linearity of expectation indicates that

each couple has a probability of 1/2 to sit together, so the expected number
is 10 (1/2) = 5.



In a random seating of 10 married couples at a round
table, what is the probability that exactly 3
couples sit together?

Calculating this probability involves combinatorial enumeration considering
the arrangements where exactly 3 couples sit together and the remaining 7 do
not. It is a complex calculation involving inclusion-exclusion and
permutations, generally resulting in a probability less than 1 but difficult
to express simply.

How many total ways are there to seat 10 married
couples around a round table?

The total number of ways to seat 10 couples around a round table, considering
rotations as identical, is (20 - 1)! = 19!,

What is the expected number of couples not sitting
together in such a seating?

Since the expected number of couples sitting together is 5, the expected
number of couples not sitting together is 10 - 5 = 5.

If the couples are to be seated so that no couple
sits together, how many arrangements are possible?

This is a derangement problem where each couple must not sit together. The
number of arrangements is complex to compute exactly but involves the
inclusion-exclusion principle and is less than 19!.

What is the probability that all 10 couples sit
together in a random seating?

This probability is extremely small. The number of arrangements where all
couples sit together is 10! 27{10} (treating each couple as a block), divided
by the total arrangements 19!, resulting in a very low probability.

Can the expected number of couples sitting together
be used to predict the most likely number of couples
sitting together?

No, the expected value indicates the average over many arrangements but does
not necessarily reflect the most probable exact number. The distribution may
be skewed, so the mode could differ from the expectation.



How does increasing the number of couples affect the
expected number sitting together?

As the number of couples increases, the expected number sitting together will
also increase proportionally, assuming random seating, approximately half of
the couples sit together on average.

What assumptions are made in calculating the
expected number of couples sitting together?

The calculation assumes that seating is completely random, each arrangement
equally likely, and that each couple's sitting position is independent of
others, with no external constraints.

Additional Resources

Seating arrangements at social gatherings often appear straightforward but
harbor intricate combinatorial and probabilistic principles, especially when
considering specific constraints such as seating married couples together or
apart. When ten married couples are randomly seated around a round table, the
problem of computing expected numbers and probabilities reveals deep insights
into combinatorics, symmetry, and randomness. This article delves into the
mathematical intricacies behind such arrangements, providing a comprehensive
analysis of the expected number of married couples sitting together,
alongside other related statistical measures, offering clarity and depth for
enthusiasts and scholars alike.

Introduction: The Complexity of Random Seating
Arrangements

Seating arrangements are not just trivial logistics; they are fertile ground
for mathematical exploration. When a group of individuals—here, ten married
couples—are seated randomly around a round table, questions naturally arise:
How many couples are likely to sit together? What is the expected number of
such pairs? How does the probability distribution behave? Understanding these
questions requires a blend of combinatorics, probability theory, and symmetry
considerations.

In social contexts—wedding receptions, diplomatic dinners, or conference
lunches—such arrangements influence interactions and perceptions. From a
mathematical perspective, they serve as classic examples illustrating
concepts like uniform probability distributions over permutations, indicator
variables, and expected values. This article aims to unpack these concepts
with a focus on the specific problem of ten married couples.



Setting Up the Problem: Key Definitions and
Assumptions

Before delving into calculations, it is essential to establish the parameters
and assumptions:

- Number of couples: 10, thus 20 individuals.

- Seating arrangement: All 20 individuals are seated randomly around a
circular table.

- Randomness assumption: Each valid seating arrangement with no restrictions
is equally likely; i.e., the seating is uniformly random over all possible
arrangements.

- Indistinguishability of arrangements: Since the table is round,
arrangements are considered equivalent under rotation but not reflection
unless specified.

- Objective: Compute the expected number of married couples sitting together
(adjacent) in such random arrangements, and possibly other related
statistics.

With these assumptions, the problem reduces to analyzing permutations of
individuals around a circle and the probability that specific pairs (married
couples) are seated adjacently.

Part A: Computing the Expected Number of
Married Couples Sitting Together

Understanding the Expectation in Random Seating

The core concept here is the expected value (or expectation), which measures
the average number of married couples sitting together over all possible
arrangements. In probabilistic terms, it's the sum over all arrangements of
the number of couples sitting together, divided by the total number of
arrangements.

Mathematically, if \(X\) is the random variable representing the number of
couples sitting together, then:

\ [

\mathbb{E}[X] = \sum {k=0}"{10} k \times P(\text{exactly } k \text{ couples
sit together})

\1

However, directly calculating this probability distribution can be complex.
Instead, a more convenient approach is to leverage the linearity of
expectation and indicator variables.



Indicator Variables and Linearity of Expectation

Define for each couple \(i\), an indicator variable:

\ [

Ii-=

\begin{cases}

1, & \text{if couple }i \text{ sits together} \\
0, & \text{otherwise}

\end{cases}

\1

Then, the total number of couples sitting together is:

\ [
X = \sum {i=1}~{10} I i
\1

Using the linearity of expectation:

\ [
\mathbb{E}[X] = \sum {i=1}"{10} \mathbb{E}[I i]
\]

Since the couples are symmetric, each \( \mathbb{E}[I i] \) is identical, so:

\ [
\mathbb{E}[X] = 10 \times \mathbb{E}[I]
\1

where \(I\) is the indicator variable for any particular couple.

Thus, the problem reduces to calculating \( \mathbb{E}[I] = P(\text{a given
couple sits together}) \).

Calculating the Probability a Specific Couple Sits
Together

Given the symmetry and uniform randomness, we focus on a specific couple, say
Couple A. The probability that they sit together is:

\ [
P(\text{Couple A sits together}) = \frac{\text{Number of arrangements where
Couple A is adjacent}}{\text{Total number of arrangements}}

\1]

Total arrangements:



- When seating 20 distinct individuals around a round table, the total number
of arrangements (up to rotation) is:

\ [
(20 - 1)! = 19!
\]

Arrangements where Couple A sits together:

- Treat Couple A as a single block (a "super-person"). Now, instead of 20
individuals, we have:

\ [

19 \text{ entities} \quad (\text{the couple block plus the other 18
individuals})

\1]

- The number of arrangements of these 19 entities around a round table:

\ [
(19 - 1)! = 18!
\]

- The couple block can be internally arranged in 2 ways (husband on the left
or right, or simply, the order of the two individuals within the block):

\ [
2 \text{ arrangements}

\1]
- The remaining 18 individuals are distinct and arranged freely.
Total arrangements with Couple A together:

\ [
2 \times 18!

\1]

Therefore, the probability:

\ [
P(\text{Couple A sits together}) = \frac{2 \times 18!}{19!} = \frac{2}{19}

\1]

Result:

\ [

\boxed{

\mathbb{E}[I] = \frac{2}{19}
}

\1]



Expected number of couples sitting together:

\ [
\mathbb{E}[X] = 10 \times \frac{2}{19} = \frac{20}{19} \approx 1.0526

\1
Interpretation:

On average, in a random seating of ten married couples around a round table,
approximately one couple is expected to sit together. This insight reveals
that, despite the total of ten couples, the random nature of seating makes it
unlikely for more than one couple to sit adjacently, emphasizing the rarity
of multiple couples sitting together purely by chance.

Part B: Variance and Distributional Insights
(Beyond Expectation)

While the expectation provides a central tendency, understanding the
variability and distributional characteristics offers deeper insights.

Variance of the Number of Couples Sitting Together

The variance measures how much the actual number of couples sitting together
can deviate from the expected value. Calculating variance involves
evaluating:

\ [
\operatorname{Var} (X) = \mathbb{E}[X"2] - (\mathbb{E}[X])"2

\1
Given \(X = \sum {i=1}7{10} I i\):

\ [
\operatorname{Var}(X) = \sum {i=1}"{10} \operatorname{Var}(I i) + 2 \sum {i



