If The 20-kg Wheel Is Displaced A Small Amount
And Released, Determine The Natural Period Of

Vibration.

Introduction

If the 20-kg wheel is displaced a small amount and released, determine the natural period of vibration.
This problem involves analyzing the oscillatory motion of a wheel undergoing small displacements from
its equilibrium position. Such a scenario is typical in the study of simple harmonic motion and rotational
dynamics, where the focus is on understanding how a system naturally oscillates without external
forcing or damping. Determining the natural period provides crucial insights into the system's dynamic
characteristics, enabling engineers and physicists to predict its response to initial disturbances and

design systems that either utilize or mitigate these vibrations.

Understanding the Physical System

Description of the Wheel

The system under consideration is a solid wheel with a mass of 20 kg. The wheel is assumed to be
rigid, uniform, and symmetric, which simplifies the analysis. It is mounted in a way that allows it to
rotate freely about a fixed horizontal axis or point. When displaced slightly from its equilibrium position,

gravity and the system's inertia cause it to oscillate about that equilibrium point.



Key Assumptions

The displacement is small, justifying the use of simple harmonic motion approximations.

No damping forces are considered in the initial analysis.

Frictional effects are negligible or accounted for separately.

The wheel's moment of inertia remains constant during oscillation.

Fundamental Concepts in Rotational Oscillations

Moment of Inertia

The moment of inertia (I) is a measure of an object's resistance to angular acceleration about a given

axis. For a solid disk or wheel, the moment of inertia about its central axis is given by:

I = \frac{1}{2} M R"2

where M is the mass of the wheel, and R is its radius.

Restoring Torque and Equations of Motion

When the wheel is displaced by a small angle Hfrom its equilibrium position, gravity or other restoring
forces generate a torque that tends to bring it back to equilibrium. For a wheel pivoted at its center,

the restoring torque can be expressed as:

T=-k6

where k is the torsional stiffness or equivalent restoring coefficient, depending on the system's setup.



The equation of motion for rotational oscillation is then:

I \frac{d"20}{dt"2} + k 6 =0

This is analogous to the simple harmonic oscillator in linear motion, with angular displacement

replacing linear displacement.

Determining the System's Restoring Force

Analysis of Small Displacements

For small angular displacements, the restoring torque can often be approximated linearly. The physical

origin of this torque depends on the configuration:

« If the wheel is displaced horizontally, gravity acting at the wheel's center creates a torque

proportional to the displacement.

¢ If the wheel is displaced vertically or angularly, the component of gravity and the geometry

determine the restoring torque.

Calculating the Restoring Torque

Suppose the wheel is pivoted at a fixed point on its rim or center, and displaced by a small angle U
The restoring torque due to gravity is given by:
T=Mgd \sin(8)

where g is acceleration due to gravity, and d is the distance from the pivot point to the center of mass

of the wheel projected in the direction of displacement.

For small angles, sin(ﬂ) Uﬂ(in radians), so:



T=Mgda®6

This linear approximation allows us to identify the equivalent torsional stiffness as:

k=Mgd

The value of d depends on the pivot point's position relative to the wheel's center of mass."

Calculating the Moment of Inertia

Moment of Inertia of the Wheel

Assuming the wheel is a solid disc, the moment of inertia about its central axis is:

I = \frac{1}{2} M R"2

where:
e M =20 kg

¢ Ris the radius of the wheel (usually provided or assumed based on typical sizes)

If the radius is not specified, it is necessary to assume a value or obtain it from the problem statement.

For the sake of this analysis, let's assume the radius R is known or given as R meters.

Deriving the Natural Period of Vibration

Formulating the Oscillation Equation

Using the linearized restoring torque, the equation of motion becomes:



I \frac{d"26}{dt"2} + Mg d 6 =0
which can be rewritten as:

\frac{d~20}{dt"2} + \frac{M g d}{I} 6 =0

This is a standard simple harmonic oscillator with angular frequency Hn given by:

w_n = \sqrt{\frac{k}{I}}\

Replacing k =M g d-

w n = \sqrt{\frac{M g d}{I}}

The natural period T of vibration is then:

T = \frac{2n}{w n} = 2 \sqrt{\frac{I}{M g d}}

Expression for the Natural Period

Putting it all together, the natural period is:

T = 2n \sqrt{\frac{I}{M g d}}

where:

| is the moment of inertia of the wheel

M = 20 kg

g [l 9.81 mss

d is the distance from the pivot point to the center of mass

This formula provides a direct way to compute the natural period once the physical parameters are



known.

Numerical Example

Assumptions for the Example

¢ Radius of the wheel R = 0.5 meters
¢ Pivot point is at the wheel's center

e Displacement d = R = 0.5 meters (assuming the pivot is at the edge or some specific point)

Calculations

1. Moment of Inertia:

I = \frac{1}{2} M R™2 = \frac{1}{2} \times 20 \times (0.5)"2 = 0.25 \times 20
\times 0.25 = 1.25 \text{ kg-m}"2

2. Applying the formula for T:

T = 2t \sqrt{\frac{I}{M g d}} = 2n \sgrt{\frac{1.25}{20 \times 9.81 \times
0.5}}

Calculate denominator:

20 \times 9.81 \times 0.5 = 20 \times 4.905 = 98.1

Calculate ratio:

\frac{1.25}{98.1} = 0.01275



Calculate square root:

\sqrt{0.01275} =~ 0.1129

Final period:

T = 2 \times 0.1129 = 6.2832 \times 0.1129 = 0.711 \text{ seconds}

Result: The natural period of vibration for this hypothetical wheel is approximately 0.71 seconds.

Factors Affecting the Natural Period

Mass of the wheel: Increasing mass generally increases the moment of inertia, affecting the

period.

Radius of the wheel: Larger radius increases the moment of inertia, potentially increasing the

period.

Pivot point location: Changing the pivot point alters the distance d and thus impacts the

restoring torque and period.

Gravity: Variations in gravitational acceleration influence the restoring torque and period.

Conclusion

Determining the natural period of vibration for a wheel displaced slightly and



Frequently Asked Questions

What is the natural period of vibration for a 20-kg wheel displaced
slightly and released?

The natural period depends on the wheel's moment of inertia and the torsional stiffness of the system.
It can be calculated using the formula T = 2[”:|(I / k), where | is the moment of inertia and k is the

torsional stiffness.

How do you determine the moment of inertia for a wheel in vibration
analysis?

For a solid wheel, the moment of inertia | = (1/2) m r?, where m is mass and r is radius. If the radius is

known, this formula helps in calculating the inertia needed for the period calculation.

What assumptions are made when calculating the natural period of a
vibrating wheel?

Key assumptions include small angular displacements, linear elastic behavior, no damping, and that

the system behaves as a simple harmonic oscillator for the initial analysis.
Why is it important to know the natural period of a wheel's vibration?
Knowing the natural period helps in designing the system to avoid resonance, which can cause

excessive vibrations and potential structural failure.

Which factors influence the natural period of a rotating wheel
subjected to small displacements?

Factors include the wheel's mass, radius, moment of inertia, and the torsional stiffness of the

supporting system or shaft.



How can the natural period of a wheel be experimentally determined?

By displacing the wheel slightly, releasing it, and measuring the time taken for multiple oscillations,

then calculating the period from the observed oscillation time.

Can damping affect the calculation of the natural period of the wheel's
vibration?

Damping primarily affects amplitude and decay of vibrations; the natural period is primarily determined

by the system's stiffness and inertia and is only slightly affected in lightly damped systems.

Additional Resources

Natural Period of Vibration of a 20-kg Wheel Displaced Slightly and Released: An Expert Analysis

Understanding the natural period of a vibrating system is fundamental in the fields of mechanical
engineering, structural dynamics, and vibration analysis. When dealing with a wheel—such as a 20-kg
wheel—displaced slightly from its equilibrium position and then released, determining its natural period
provides crucial insights into its dynamic behavior. This article offers a comprehensive examination of
how to analyze such a system, emphasizing the fundamental principles, calculation methods, and

practical considerations involved.

Introduction to Natural Frequency and Period

Before delving into the specifics of a 20-kg wheel, it’s essential to understand the core concepts of

natural frequency and natural period.



What is the Natural Frequency?

The natural frequency (\(f_n\)) of a system is the rate at which it oscillates when disturbed from its
equilibrium position without external forcing or damping. It is intrinsic to the system's properties, such

as mass, stiffness, and geometry.

What is the Natural Period?

The natural period (\(T_n\)) is the reciprocal of the natural frequency:
\[

T n = \frac{1Kf _n}

\

It represents the time it takes for the system to complete one full oscillation when free to vibrate.

Modeling the Wheel as a Mechanical Oscillator

To analyze the wheel’s vibration, we model it as a simple harmonic oscillator (SHO). This model
simplifies the complex dynamics into an idealized system characterized primarily by its mass and

stiffness.

Assumptions for the Model

- The wheel is rigid and symmetric.
- Displacement is small enough to justify linear approximations.
- Damping effects are negligible for initial analysis.

- The system behaves as a simple harmonic oscillator.



System Components

- Mass (\(m\)): The mass of the wheel, given as 20 kg.
- Stiffness (\(k\)): The effective restoring force per unit displacement, determined by the system's

properties.

Determining the System’s Restoring Force and Stiffness

The key to calculating the natural period lies in identifying the effective stiffness (\(k\)) of the system.

Nature of the Restoring Force

Depending on how the wheel is displaced, the restoring force can originate from:
- Elastic deformation of supporting structures (e.g., springs or flexible mounts).
- Gravitational restoring moments if the wheel is on an inclined or pendulum-like setup.

- Frictional or elastic elements in the mounting system.

In most typical scenarios, the system can be approximated as a mass-spring system with a known or

estimable stiffness.

Estimating the Stiffness

If the system involves a spring or elastic support:
\[

k = \frac{F}{x}

\

where:

- \(F\) is the restoring force,



- \(x\) is the small displacement.

If the stiffness isn't explicitly given, it can often be derived from experimental data or the design

specifications of the supporting elements.

Calculating the Natural Frequency and Period

Once the mass and stiffness are known, the natural frequency can be calculated using the
fundamental formula:

\[

f_n = \frac{1}{2\pi} \sqrt{\frac{k}{m}}

\]

The natural period then follows as:
\[

T_n = 2\pi \sqrt{\frac{m}{k}}

\

This formula is derived from the differential equation governing simple harmonic motion:
\[

m \frac{d*2x}{dt"2} + kx = 0

\



Application to the 20-kg Wheel System

Let’s consider potential scenarios and how to approach the calculation.

Scenario 1: Known Stiffness

Suppose the wheel is mounted on a support with an elastic stiffness \(k\). For example, assume:
\[

k = 500\, \text{N/m}

\]

Using the formula:

\[

T_n = 2\pi \sqrt{\frac{m}{k}} = 2\pi \sqrt{\frac{20\, \text{kg}}{500\, \text{N/m}}}
\

Calculating:

\[

T _n = 2\pi \sqrt{0.04} = 2\pi \times 0.2 \approx 1.2566\, \text{s}
\

Result: The natural period is approximately 1.26 seconds.

Scenario 2: Unknown Stiffness — Experimental Approach

If the stiffness is unknown, one can determine the natural period experimentally:
- Displace the wheel slightly (e.g., 1 cm).

- Release it and measure the time for multiple oscillations.



- Divide the total time by the number of oscillations to find the period.

Suppose:
- The wheel completes 10 oscillations in 12.5 seconds.

- Then, the period \(T_n \approx 1.25\, \text{s}\).

Using the formula, the effective stiffness can be back-calculated:

\[

k = \frac{4\pi*2 m}{T_n"2}

\

\[

k = \frac{4\pi*2 \times 20}{(1.25)"2} \approx \frac{4 \times 9.8696 \times 20}{1.5625} \approx
\frac{789.57}{1.5625} \approx 505.6\, \text{N/m}

\]

Result: The estimated stiffness aligns with the previous assumption, confirming the validity of the

approach.

Practical Considerations and Advanced Factors

While the simplified model offers a clear path to calculating the natural period, real-world systems

involve complexities that can influence the results.

Effects of Damping

- Damping causes oscillations to decay over time.
- Although damping doesn't alter the natural period significantly in lightly damped systems, it’s

essential for precise modeling.



- Damped natural frequency:
\[

f d=1 n\sqrt{1 - \zeta"2}

\

where \(\zeta\) is the damping ratio.

Nonlinearities and Large Displacements

- If the displacement isn't small, nonlinear effects can alter the natural frequency.

- For small displacements, the linear model remains valid.

Material and Structural Properties

- Material stiffness, mounting conditions, and boundary constraints affect \(k\).

- Accurate measurement or detailed finite element modeling can improve precision.

Measurement Techniques

- Use of accelerometers or displacement sensors to record oscillations.
- High-speed cameras for visual tracking.

- Signal processing tools to analyze oscillation data precisely.

Summary and Key Takeaways

- The natural period of a vibrating system depends primarily on its mass and stiffness.
- For a 20-kg wheel displaced slightly and released, modeling it as a simple harmonic oscillator

provides a straightforward calculation.



- If the stiffness is known or can be estimated, the natural period can be calculated directly.
- Experimental measurement is a practical alternative if stiffness isn't specified.
- Real-world factors such as damping, nonlinearities, and boundary conditions influence the accuracy

of theoretical calculations.

Final Remarks

Understanding the natural vibration characteristics of a wheel is vital in designing mechanical systems
for safety, durability, and performance. Whether in automotive applications, machinery supports, or
structural elements, the ability to predict the natural period informs decisions about damping

requirements, resonance avoidance, and overall system stability.

In practice, engineers combine theoretical calculations with experimental validation to ensure that the
dynamic behavior of the system aligns with design expectations. For the specific case of a 20-kg
wheel, applying these principles allows for precise estimation of its vibrational behavior, facilitating

better design, maintenance, and operational strategies.

In conclusion, determining the natural period of a 20-kg wheel displaced slightly and released hinges
on understanding its stiffness and mass properties. By employing the fundamental principles of
harmonic motion, along with practical measurement techniques and acknowledgment of real-world
complexities, engineers can accurately characterize and optimize such systems for safe and efficient

operation.
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