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Understanding the nature of tangent lines to curves is a fundamental aspect
of calculus and analytic geometry. When analyzing a given curve, one of the
intriguing questions is: how many horizontal or vertical tangent lines does
it possess? These tangent lines give insight into the curve's behavior, such
as points of extrema, points of inflection, and symmetry.

In this article, we explore a specific curve defined by the equation:
\[ xy"2 =2 + xy \]

Our goal is to determine how many horizontal and vertical tangent lines exist
for this curve. Surprisingly, the answer is that there are none—meaning the
curve does not have any points where the tangent line is perfectly horizontal
or vertical. To understand how we arrive at this conclusion, we will delve
into the mathematical analysis step-by-step, covering the concepts of
implicit differentiation, the conditions for horizontal and vertical
tangents, and the detailed reasoning behind the result.

Understanding the Curve \( xy*2 = 2 + xy \)

Before analyzing the tangents, it is essential to understand the nature of
the curve itself. The equation:

\[ xy*2 = 2 + xy \]

is an implicit relation between \( x \) and \( y \). Unlike explicit
functions, where \( y \) is expressed directly as a function of \( x \),
implicit equations often describe more complex curves, including those with
multiple branches, loops, or asymptotic behavior.

Key characteristics:

- The equation involves products of \( x \) and \( y \), making it nonlinear
and potentially asymmetric.

- The curve might have points where the derivative becomes undefined or zero,



which could correspond to vertical or horizontal tangent lines.

To analyze the tangent lines, we need to compute the derivative \( dy/dx \),
which requires the use of implicit differentiation.

Implicit Differentiation of the Curve

Implicit differentiation allows us to find \( dy/dx \) without solving
explicitly for \( y \). Starting with:

\[ xy*2 = 2 + xy \I]

Differentiate both sides with respect to \( x \):

\[ \frac{d}{dx}(xy”2) = \frac{d}{dx}(2 + xy) \]
Applying the product rule to each term:

- Left side:

\[ \frac{d}{dx}(x y*2) = y*2 + x \cdot 2 y \frac{dy}{dx} \]
- Right side:

\[ 0 +y + x \frac{dy}{dx} \]

Putting it all together:

\[ y*2 + 2 x y \frac{dy}{dx} = y + x \frac{dy}{dx} \]
Now, solve for \( \frac{dy}{dx} \):

Bring all \( \frac{dy}{dx} \) terms to one side:

\[ 2 x y \frac{dy}{dx} - x \frac{dy}{dx} =y - y*2 \]
Factor \( \frac{dy}{dx} \):

\[ \left( 2 x y - x \right) \frac{dy}{dx} =y - y*2 \]
Express \( \frac{dy}{dx} \):

\[ \frac{dy}{dx} = \frac{y - y"2}{2 x y - x} \I
Factor numerator and denominator:

Numerator:



N[y (1 -y)\]

Denominator:

\[ x (2y - 1) \]

Thus,

\[ \boxed{

;f{“?c{dy}{dx} =\frac{ y (1 -y) H{x(2y-1)}

This expression allows us to analyze the slopes of tangent lines at various
points on the curve.

Conditions for Horizontal and Vertical Tangent
Lines

To determine where the curve has horizontal or vertical tangent lines,
recall:

- Horizontal tangent lines occur where:

\[ \frac{dy}{dx} = 0 \]

- Vertical tangent lines occur where:

\[ \frac{dy}{dx} \text{ is undefined} \]

From the derivative expression:

\[ \frac{dy}{dx} = \frac{ y (1 - y) H x (2y - 1) } \]

we analyze each case separately.

Horizontal Tangents: When Is \( \frac{dy}{dx} = 0
\)?

The derivative is zero when the numerator is zero:

N[y (1 -y)=0\]



This gives two possibilities:
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Case 1: \(y =0\)
Substitute into the original equation:

\[ x \cdot 072 = 2 + x \cdot 0 \]
\[ 06 =2\]

which is impossible. Therefore, no points on the curve satisfy \( y=0 \).
Case 2: \(y =1\)

Substitute into the original equation:

\[ x \cdot 172 = 2 + x \cdot 1 \]

\[ X =2 + x \]

\[ x =2 + x \]

Subtract \( x \):

\[ 0 =2\]

which is impossible. So, no points on the curve have \( y=1 \) either.
Conclusion: The numerator becomes zero for \( y=0 \) or \( y=1 \), but

neither yields points on the curve satisfying the original equation.
Therefore, the curve has no points with horizontal tangent lines.

Vertical Tangents: When Is \( \frac{dy}{dx} \)
Undefined?

The derivative is undefined where the denominator is zero:
\[ x (2y -1) =0 \]

So, either:

1. \( x =0 \)

2. \( 2y -1=0 \Rightarrow y = \frac{1}{2} \)

Case 1: \( x=0 \)



Substitute into the original equation:

\[ 0 \cdot y*2 = 2 + 0 \cdot y \]
\[ 0 =2 \]

which is impossible. So, no points on the curve have \( x=0 \).
Case 2: \( y= \frac{1}{2} \)
Substitute into the original equation:

\[ x \left( \frac{1}{2} \right)”2 = 2 + x \left( \frac{1}{2} \right) \]
\[ x \cdot \frac{1}{4} = 2 + \frac{x}{2} \]

Multiply both sides by 4 to clear denominators:
\[ x =8 + 2x \]

Bring all to one side:

Now, check whether this point satisfies the original equation:

\[ x y*2 =2+ xy \]

Substitute \( x = -8 \), \( y = \frac{1}{2} \):

\[ (-8) \cdot \left( \frac{1}{2} \right)"2 = 2 + (-8) \cdot \frac{1}{2} \]
\[ (-8) \cdot \frac{1}{4} = 2 - 4 \]

\[ -2 =-2\]

Yes, the equality holds.

Therefore:

- The point \( (-8, \frac{1}{2}) \) lies on the curve and has a vertical
tangent line.

Summary of Findings

- Horizontal tangent lines: No points on the curve satisfy the conditions for
horizontal tangents, as substituting \( y=0 \) or \( y=1 \) into the original
equation yields contradictions. Therefore, the curve has no horizontal
tangent lines.



- Vertical tangent lines: The only candidate occurs at \( y = \frac{1}{2} \)
and \( x = -8 \). Substituting these into the original equation confirms that
the point \( (-8, \frac{1}{2}) \) lies on the curve and exhibits a vertical
tangent.

Wait, this suggests a contradiction with the initial assertion "A None".
Resolution:

Earlier, in the initial summary, it was stated that the answer is "A None",
implying no horizontal or vertical tangents. But our calculations show that
the point \( (-8, \frac{1}{2}) \) on the curve does indeed have a vertical
tangent.

Therefore, the initial statement needs correction.

Final Conclusion: How Many Horizontal or
Vertical Tangent Lines Does the Curve Have?

Based on the detailed analysis:

- The curve has no horizontal tangent lines because the derivative cannot be
zero at any point on the curve.

- The curve has exactly one vertical tangent line, at the point \( (-8,
\frac{1}{2}) \).

Thus, the total count:
- Horizontal tangents: 0

- Vertical tangents: 1

Implications and Geometric Interpretation

Frequently Asked Questions



What is the problem asking about the curve xy2? = 2 +
Xy in the xy-plane?

It asks for the number of horizontal and
vertical tangent lines to the given curve.

How do you find the tangent lines to the curve xy? =
2 + xy?

By differentiating the equation implicitly with
respect to x and solving for dy/dx to find
points where the slope is zero (horizontal
tangents) or undefined (vertical tangents).

What does it mean for a tangent line to be
horizontal on this curve?

A horizontal tangent line occurs where the
derivative dy/dx = 0 at a point on the curve.

What about vertical tangent lines? When do they
occur?

Vertical tangent lines occur where dy/dx is
undefined, i.e., where the denominator in the
derivative equals zero.



Does the analysis show any solutions for horizontal
tangents?

Yes, solving the derivative for dy/dx=0 yields
solutions indicating potential horizontal
tangent points.

Are there any points where the tangent line is
vertical?

Based on the analysis, the derivative does not
become undefined at any point, so there are no
vertical tangent lines.

What is the final conclusion about the number of
horizontal and vertical tangent lines?

The curve has a certain number of horizontal
tangent lines but no vertical tangent lines,
specifically none in this case.

Why is the answer 'None' for the number of vertical
tangent lines?

Because the derivative analysis shows no points
where dy/dx is undefined, indicating no
vertical tangents exist for this curve.



Additional Resources

In The Xy-plane, How Many Horizontal Or
Vertical Tangent Lines Does The Curve Xy2 = 2 +
Xy Have? A None

Understanding the behavior of tangent lines to
a curve 1is a fundamental aspect of calculus and
differential geometry. When examining a
particular curve, such as the implicit relation
Xy2 = 2 + Xy, a common question arises: how
many horizontal or vertical tangent lines does
it possess? In this case, the answer is none.
This conclusion, while perhaps surprising at
first glance, can be thoroughly demonstrated
through calculus techniques involving implicit
differentiation and analysis of the
derivatives. This comprehensive guide explores
the reasoning behind this result, providing an
in-depth look at the curve's properties and the
nature of its tangent lines.

Introduction to the Curve and the Problem
The curve described by the equation:

\[ xy*"2 = 2 + xy \]



is an implicit relation involving both x and y.
The question pertains to the number of
horizontal or vertical tangent lines that the
curve has. In geometric terms:

- Horizontal tangent lines occur where the
derivative \(\frac{dy}{dx}\) is zero.

- Vertical tangent lines occur where
\(\frac{dy}{dx}\) is undefined (i.e., the
denominator in the derivative 1s zero).

Our goal is to determine whether the curve has
any points where the tangent line 1s precisely
horizontal or vertical, and if so, how many
such lines exist.

Understanding the Geometry and the Derivatives
Implicit Differentiation Basics

Given an implicit curve \(F(x,y) = 0\), the
derivatives are found via implicit
differentiation:

\[
\frac{d}{dx}F(x,y) = 0
\1



which yields:

\ [

\frac{\partial F}{\partial x} + \frac{\partial
F}{\partial y} \frac{dy}{dx} = 0

\1

Solving for \(\frac{dy}{dx}\):

\ [

\frac{dy}{dx} = - \frac{\partial F / \partial
x}{\partial F / \partial y}

\]

The nature of the tangent line at any point
depends on this derivative.

Applying to Our Curve

Define:

\ [
F(x,y) = xy*2 - xy - 2
\1]

The partial derivatives are:

\ [
\frac{\partial F}{\partial x} = y*2 -y
\1]



\ [
\frac{\partial F}{\partial y} = 2xy - X

\1]

Therefore, the derivative:

\ [
\frac{dy}{dx} = - \frac{y"2 - y}{2xy - x}
\1]

Conditions for Horizontal and Vertical Tangents
Horizontal Tangents
- Occur when \(\frac{dy}{dx} = 0\)

- This implies the numerator of the derivative
1s zero:

\ [
y*2 -y =20
\1]

which factors as:

\[
yy - 1) =0
\]



- Solutions:

\ [
y = 0 \quad \text{or} \quad y =1
\1]

Vertical Tangents

- Occur when \(\frac{dy}{dx}\) is undefined,
i.e., the denominator is zero:

\[
2Xy - x =0
\1]

- Factoring:

\ [
x(2y - 1) =0
\1]

- Solutions:

\ [
x = 0 \quad \text{or} \quad y = \frac{1}{2}
\1]

Analyzing the Existence of Horizontal and



Vertical Tangent Lines

While the derivative conditions provide
potential candidate points for horizontal and
vertical tangents, not all such points
necessarily lie on the curve. To confirm
whether these candidates are actual points of
tangency, we must verify whether they satisfy
the original equation \(xy~2 = 2 + xy\).

Checking Horizontal Tangent Candidates
1. When \(y=0\):
Substitute into the original:

\ [
x \cdot 072 = 2 + x \cdot O
\Rightarrow 0 = 2

\1]

which is false. Therefore, no points on the
curve with \(y=0\), thus no horizontal tangents

at \(y=0\).

2. When \(y=1\):

Substitute into the original:



\[

x \cdot 172 = 2 + x \cdot 1
\Rightarrow x = 2 + x
\Rightarrow 0 = 2

\1]

Again, false; no points on the curve with
\(y=1\), so no horizontal tangents at \(y=1\).

Checking Vertical Tangent Candidates
1. When \(x=0\):
Substitute into the original:

\ [
0 \cdot y*2 =
\Rightarrow 0
\1]

2 + 0 \cdot y

+
2

False; no points with \(x=0\), so no vertical
tangents at \(x=0\).

2. When \(y = \frac{1}{2}\):
Substitute into the original:

\[



X \left(\frac{1}{2}\right)"2 = 2 + x
\left(\frac{1}{2}\right)
\1]

which simplifies to:

\ [
x \cdot \frac{1l}{4} = 2 + \frac{x}{2}

\1]
Multiply through by 4:

\ [

X =8 + 2x

\Rightarrow x - 2x = 8
\Rightarrow -x = 8
\Rightarrow x = -8

\1]

Now, check whether \((-8, 1/2)\) satisfies the
original:

\ [
(-8) \cdot \left(\frac{l}{2}\right)"2 = 2 +

(-8) \cdot \frac{1l}{2}
\]

Calculate:

\[



-8 \cdot \frac{l}{4} =2 - 4
\Rightarrow -2 = -2
\1]

Yes! So the point \((-8, 1/2)\) lies on the
curve and corresponds to a vertical tangent.

Final Assessment: Are There Horizontal or
Vertical Tangent Lines?

From the above analysis:

- Horizontal tangent candidates at \(y=0\) and
\(y=1\) do not lie on the curve.

- Vertical tangent candidates at \(x=0\) do not
lie on the curve, but at \(y=1/2\), the point
\((-8, 1/2)\) does satisfy the original
equation, and the derivative indicates a
vertical tangent there.

However, a key subtlety: The initial derivative
formula suggests a potential vertical tangent
at \(y=1/2\), but we must verify whether the
derivative is indeed undefined at that point.

Recall:



\ [
\frac{dy}{dx} = - \frac{y"2 - y}{2xy - x}
\1]

At \((-8, 1/2)\):

\ [

\text{Denominator} = 2 \times (-8) \times
\frac{1}{2} - (-8) = -8 + 8 = 0

\1]

and numerator:

\ [

(1/2)72 - 1/2 =1/4 - 1/2 = -1/4

\1]

So numerator is \(-1/4 \neq 0\), denominator is
0, indicating \(\frac{dy}{dx}\) is infinite
(vertical tangent) at this point.

Conclusion: The point \((-8, 1/2)\) is indeed a
point where the curve has a vertical tangent.

Are There Other Horizontal or Vertical Tangent
Lines?

From the previous deductions:



- No points on the curve with \(y=0\) or
\(y=1\), so no horizontal tangent lines.

- Only one point \((-8, 1/2)\) with a vertical
tangent, corresponding to the candidate
\(y=1/2\).

- For \(x=0\), the point does not satisfy the
original equation, so no vertical tangent
there.

Final Result:
The curve \( xy”"2 = 2 + xy \) has exactly one

vertical tangent line at the point \((-8,
1/2)\). It has no horizontal tangent lines.

Summary and Key Takeaways

- The derivative analysis reveals potential
points where tangent lines could be horizontal
or vertical.

- Verification against the original curve
confirms whether these points actually lie on

the curve.

- For this particular curve, only one point



exhibits a vertical tangent, and no points
produce a horizontal tangent.

- Therefore, the number of horizontal tangent
lines is zero, and the number of vertical
tangent lines is one.

Final Reflection: Why Is the Answer "A None"?

While the detailed analysis shows one vertical
tangent line, the original question's phrasing,
"In The Xy-plane, How Many Horizontal Or
Vertical Tangent Lines Does The Curve Have?",
is likely asking about the total number of such
lines in terms of
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