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Understanding the concept of partitions in number theory is fundamental to many areas of mathematics and
computer science. In particular, the problem of counting the number of ways to partition an integer N into
specific types of parts — such as even parts, with particular restrictions — is a rich area of study. In this
comprehensive article, we explore the definition and properties of Bn, the number of partitions of an integer N
into even parts that are at most 6, with the added constraint that each part can appear at most once. We
will delve into the fundamental concepts, develop formulas, examine recurrence relations, and explore
applications and computational techniques related to Bn.

---

Understanding Integer Partitions and Constraints

Before diving into the specifics of Bn, it is essential to clarify the core concepts related to integer partitions
and the particular constraints considered in this problem.

What Is an Integer Partition?

An integer partition of a positive integer N is a way of expressing N as a sum of positive integers, where the
order of the summands does not matter. For example, the integer 5 can be partitioned into:

- 5
- 4 + 1
- 3 + 2
- 3 + 1 + 1
- 2 + 2 + 1
- 1 + 1 + 1 + 1 + 1

Each of these is considered a different partition. The number of partitions of N is denoted p(N).

Specific Constraints in Our Problem

In our problem, the partitions are subject to several restrictions:

- Parts must be even: Only parts 2, 4, and 6 are allowed.
- Parts are at most 6: No parts larger than 6.
- At most one occurrence of each part: Each part can appear at most once, meaning parts are distinct.

Putting this together, Bn counts the number of partitions of N into a subset of {2, 4, 6} with each part used
at most once, such that the sum of the parts equals N.

---



Defining Bn: The Counting Function

Given the constraints, Bn can be viewed as the count of all subsets of {2, 4, 6} whose sum is exactly N. Since
each part can appear at most once, this reduces the problem to a subset sum problem over a small set.

Formal Definition of Bn

Let us define the set:

\[ S = \{2, 4, 6\} \]

Then, Bn is the number of subsets \(A \subseteq S\) such that:

\[ \sum_{a \in A} a = N \]

Note that:

- The empty subset sums to 0, contributing to B0.
- For N > 0, Bn counts the number of subset combinations that sum exactly to N.

Hence,

\[ B_n = \\{A \subseteq S \mid \sum_{a \in A} a = N\} \]

---

Calculating Bn: Methodologies and Approaches

Since the set S is small, calculating Bn can be approached directly through enumeration, generating functions,
or recurrence relations.

Enumerating Subsets for Small N

Given the small size of S, the total number of subsets is \(2^3 = 8\). Each subset corresponds to a potential
partition:

| Subset | Sum | Description |
|---------|-------|--------------|
| {} | 0 | Empty subset (sum 0) |
| {2} | 2 | Single part 2 |
| {4} | 4 | Single part 4 |
| {6} | 6 | Single part 6 |
| {2,4} | 6 | Parts 2 and 4 |
| {2,6} | 8 | Parts 2 and 6 |
| {4,6} | 10 | Parts 4 and 6 |
| {2,4,6} | 12 | All parts |

From this, we see that:

- B0 = 1 (empty subset)
- B2 = 1
- B4 = 1



- B6 = 2 (subset {6} and {2,4})
- B8 = 1 ({2,6})
- B10 = 1 ({4,6})
- B12 = 1 ({2,4,6})

This enumeration provides the basis for a direct computation for N up to 12.

Generating Function Approach

The generating function encapsulates the counts of subset sums:

\[
G(x) = (1 + x^{2})(1 + x^{4})(1 + x^{6})
\]

Each factor corresponds to choosing whether or not to include a particular part.

Expanding G(x):

\[
G(x) = 1 + x^{2} + x^{4} + x^{6} + x^{2}x^{4} + x^{2}x^{6} + x^{4}x^{6} + x^{2}x^{4}x^{6}
\]

\[
G(x) = 1 + x^{2} + x^{4} + x^{6} + x^{6} + x^{8} + x^{10} + x^{12}
\]

Simplify:

\[
G(x) = 1 + x^{2} + x^{4} + 2x^{6} + x^{8} + x^{10} + x^{12}
\]

The coefficient of \(x^{N}\) in \(G(x)\) gives Bn.

---

Recurrence Relations for Bn

To compute Bn efficiently for larger N, recurrence relations are useful.

Deriving the Recurrence

Because the set of parts is small, Bn can be viewed as a sum over the choices of including or excluding each
part:

\[
\text{Number of subsets summing to } N = \text{Number of subsets without 6 that sum to } N \text{, plus
those with 6, etc.}
\]

Alternatively, for a systematic recurrence:



\[
B_n = B_{n-2} + B_{n-4} + B_{n-6}
\]

with base conditions:

\[
B_0 = 1, \quad B_n = 0 \text{ for } n < 0
\]

This recurrence reflects the fact that each subset sum builds by adding one of the parts if feasible.

Explicit Recurrence Formula

\[
\boxed{
B_n =
\begin{cases}
1, & \text{if } n=0 \\
0, & \text{if } n<0 \\
B_{n-2} + B_{n-4} + B_{n-6}, & \text{if } n > 0
\end{cases}
}
\]

This recurrence allows recursive computation or dynamic programming implementation.

---

Examples and Computations of Bn

Let's compute Bn for several values of N:

| N | Bn | Reasoning / Subsets |
|-----|------|---------------------|
| 0 | 1 | Empty subset |
| 1 | 0 | No subset sums to 1 |
| 2 | 1 | {2} |
| 3 | 0 | No subset sums to 3 |
| 4 | 1 | {4} |
| 5 | 0 | No subset sums to 5 |
| 6 | 2 | {6}, {2,4} |
| 7 | 0 | No subset sum to 7 |
| 8 | 1 | {2,6} |
| 9 | 0 | No subset sum to 9 |
| 10 | 1 | {4,6} |
| 11 | 0 | No subset sum to 11 |
| 12 | 1 | {2,4,6} |

We see the pattern and how the recurrence can generate these values efficiently.

---



Applications of Bn in Mathematical and Computational Contexts

Understanding Bn has several practical and theoretical applications:

1. Combinatorial Enumeration

Counting specific subset sums is a fundamental problem in combinatorics, with applications in partition theory,
subset sum problems, and combinatorial designs.

2. Algorithm Design and Optimization

The recurrence relations and generating functions enable efficient algorithms for computing Bn, which can be
extended to larger sets or more complex constraints.

3. Cryptography and Security

Subset sum problems are related to knapsack cryptosystems and other cryptographic algorithms. Variations
like Bn illustrate how restrictions on parts influence computational difficulty.

4. Probability and Statistical Models

Partition counts influence probabilistic models where certain outcomes (like specific sums) are restricted,
useful in statistical mechanics and information theory.

5. Educational Tool in Number Theory

Studying Bn provides insight into elementary number theory concepts, generating functions, recurrence
relations, and combinatorics.

---

Extensions and Generalizations


