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Let M = All Rectangular Arrays Of Two Rows And Three Columns With Real
Entries. Find A Basis For M, And In the realm of linear algebra, understanding the
structure and properties of various vector spaces is fundamental. One such space is the set
of all rectangular arrays, or matrices, with specific dimensions. In this case, we focus on the
set M of all 2×3 matrices with real entries. This exploration involves defining the vector
space, determining its dimension, and explicitly finding a basis that spans it. Whether
you're a student preparing for exams or a professional seeking a refresher, grasping how to
identify a basis for M provides insight into the foundational concepts of linear algebra.

---

Understanding the Vector Space M

Definition of M
The set M is defined as:

\[ M = \left\{ \begin{bmatrix} a_{11} & a_{12} & a_{13} \\ a_{21} & a_{22} & a_{23}
\end{bmatrix} \mid a_{ij} \in \mathbb{R} \right\} \]

This means each element of M is a 2×3 matrix with real entries. The entries \( a_{ij} \) can
be any real number, so M contains all possible 2×3 matrices over the real numbers.

Properties of M
- Vector Addition: The sum of two matrices in M is obtained by adding corresponding
entries.
- Scalar Multiplication: Multiplying a matrix in M by a real scalar affects each entry
proportionally.
- Closure: M is closed under addition and scalar multiplication, satisfying the axioms of a
vector space.

Because of these properties, M is indeed a vector space over the field \( \mathbb{R} \).

---



Dimension of M

Counting the Degrees of Freedom
Each matrix in M has 6 entries, and these entries are independent variables. Since each
entry can freely vary over \( \mathbb{R} \), the dimension of M equals the number of these
independent entries.

\[
\dim(M) = 6
\]

This is a crucial step because it indicates that any basis for M must consist of exactly 6
linearly independent matrices.

---

Finding a Basis for M

Approach to Constructing a Basis
To find a basis for M, we need to identify a set of matrices that:
- Are linearly independent
- Span the entire space M

Given the structure of M, a natural approach is to consider matrices where each matrix has
a single entry equal to 1 and all others equal to 0. These matrices form the building blocks
for any matrix in M.

Standard Basis Matrices
Define the following six matrices:

\[
E_{11} = \begin{bmatrix} 1 & 0 & 0 \\ 0 & 0 & 0 \end{bmatrix}, \quad
E_{12} = \begin{bmatrix} 0 & 1 & 0 \\ 0 & 0 & 0 \end{bmatrix}, \quad
E_{13} = \begin{bmatrix} 0 & 0 & 1 \\ 0 & 0 & 0 \end{bmatrix}
\]
\[
E_{21} = \begin{bmatrix} 0 & 0 & 0 \\ 1 & 0 & 0 \end{bmatrix}, \quad
E_{22} = \begin{bmatrix} 0 & 0 & 0 \\ 0 & 1 & 0 \end{bmatrix}, \quad
E_{23} = \begin{bmatrix} 0 & 0 & 0 \\ 0 & 0 & 1 \end{bmatrix}
\]

Each of these matrices has a single 1 in a unique position and zeros elsewhere.



Verifying Linearly Independence
To confirm that these six matrices form a basis, we need to verify that they are linearly
independent.

Suppose a linear combination equals the zero matrix:

\[
\alpha_{11} E_{11} + \alpha_{12} E_{12} + \alpha_{13} E_{13} + \alpha_{21} E_{21} +
\alpha_{22} E_{22} + \alpha_{23} E_{23} = 0
\]

This simplifies component-wise to:

\[
\begin{bmatrix}
\alpha_{11} & \alpha_{12} & \alpha_{13} \\
\alpha_{21} & \alpha_{22} & \alpha_{23}
\end{bmatrix} = \begin{bmatrix} 0 & 0 & 0 \\ 0 & 0 & 0 \end{bmatrix}
\]

which implies all \( \alpha_{ij} = 0 \). Therefore, the set is linearly independent.

Spanning M
Any matrix \( A \in M \) can be written as:

\[
A = a_{11} E_{11} + a_{12} E_{12} + a_{13} E_{13} + a_{21} E_{21} + a_{22} E_{22}
+ a_{23} E_{23}
\]

which confirms that these matrices span M.

Hence, the set \(\{E_{11}, E_{12}, E_{13}, E_{21}, E_{22}, E_{23}\}\) forms a basis for
M.

---

Conclusion and Summary

In summary, the space M of all 2×3 matrices over the real numbers is a 6-dimensional
vector space. A natural and convenient basis for M consists of matrices with a single entry
of 1 in each position and zeros elsewhere. This basis explicitly captures each degree of
freedom within the matrices and provides a straightforward framework for various linear
algebra operations, such as expressing any matrix as a linear combination of basis
elements or computing coordinate vectors.



Key points:
- The dimension of M is 6.
- The basis comprises six matrices with a single 1 in each position.
- These matrices are linearly independent and span the entire space.

Understanding how to determine a basis for a vector space like M is foundational for more
advanced topics in linear algebra, including linear transformations, matrix decompositions,
and eigenvalue problems. Recognizing the structure and constructing explicit bases
empower mathematicians and engineers to analyze and manipulate matrices effectively
across numerous applications, from computer graphics to data science.

Frequently Asked Questions

What is the set M in the context of rectangular arrays?
M is the set of all 2x3 matrices with real entries, i.e., all rectangular arrays with two rows
and three columns where each entry is a real number.

How can we interpret the set M as a vector space?
Since matrices can be added and scalar multiplied element-wise, the set M forms a vector
space over the real numbers.

What is a basis for M?
A basis for M can be constructed from the standard matrices where each matrix has a 1 in
one position and 0 elsewhere, totaling six matrices corresponding to each entry position.

How many vectors are in a basis for M?
Since M consists of 2x3 matrices, the basis contains 6 matrices, one for each entry position,
making the basis have 6 vectors.

Can you explicitly list the basis matrices for M?
Yes. The basis matrices are: E_{11} with 1 at position (1,1), zeros elsewhere; E_{12} with 1
at (1,2); E_{13} at (1,3); E_{21} at (2,1); E_{22} at (2,2); and E_{23} at (2,3).

Why are these matrices considered a basis for M?
Because they are linearly independent and span the entire space M, meaning any 2x3
matrix can be expressed as a linear combination of these basis matrices.

How do you express an arbitrary matrix in M as a linear



combination of the basis matrices?
Any matrix in M can be written as a sum of the basis matrices multiplied by the
corresponding entries of the matrix. For example, if A has entries a_{ij}, then A =
a_{11}E_{11} + a_{12}E_{12} + ... + a_{23}E_{23}.

What is the dimension of the vector space M?
The dimension of M is 6, corresponding to the six entries in a 2x3 matrix, which is the
number of basis vectors.

How does understanding the basis help in analyzing
matrices in M?
Knowing the basis allows us to uniquely represent any matrix in M, analyze linear
transformations, compute rank, determinant (if applicable), and understand the structure of
the space efficiently.

Additional Resources
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Basis For M, And

---

Introduction

In the realm of linear algebra, understanding the structure of vector spaces is fundamental.
One such space, denoted as M, consists of all 2-by-3 matrices with real entries. These
matrices can be thought of as arrays of numbers arranged in two rows and three columns,
where each entry is a real number. The question arises: what constitutes a basis for this
space? Finding a basis not only helps in understanding the dimension of M but also provides
insight into how these matrices can be expressed in terms of simpler, independent
elements. This article explores the nature of the space M, elucidates how to identify a basis,
and discusses the implications of this foundational concept.

---

Understanding the Space M: The Set of All 2x3
Real Matrices

Defining the Space

The set M can be formally described as:



- M = { A | A is a 2-by-3 matrix with real entries }

Any matrix A in M has the form:

\[ A = \begin{bmatrix}
a_{11} & a_{12} & a_{13} \\
a_{21} & a_{22} & a_{23}
\end{bmatrix} \]

where each \( a_{ij} \in \mathbb{R} \).

Because each entry is a real number, the entire space M embodies all possible
combinations of these entries. Conceptually, it can be viewed as the Cartesian product of
six real lines, i.e., \( \mathbb{R}^6 \), since each matrix has six independent entries.

Dimension of M

The dimension of a vector space is the number of vectors in any basis for that space. Since
M encompasses all 2x3 matrices with real entries, and each entry can be chosen
independently, the dimension of M is:

- dim(M) = 6

This is because there are six entries, each contributing one degree of freedom.

---

Constructing a Basis for M

What Is a Basis?

A basis of a vector space is a set of vectors that are:

- Linearly Independent: No vector in the set can be written as a linear combination of the
others.
- Spanning: Any vector in the space can be expressed as a linear combination of the basis
vectors.

In the context of M, a basis would be a minimal set of matrices from which any 2x3 matrix
with real entries can be constructed through linear combinations.

Methodology to Find a Basis



Because M is isomorphic to \( \mathbb{R}^6 \), the basis can be constructed from matrices
that each "activate" one entry at a time, with all other entries set to zero. This approach
simplifies the identification process.

Step-by-step:

1. Identify elementary matrices: For each position \( (i,j) \), define a matrix where that
position is 1 and all others are 0.
2. Verify linear independence: No matrix in this set can be written as a linear combination
of the others because each has a unique position with a non-zero entry.
3. Check spanning: Any arbitrary matrix can be expressed as a sum of these elementary
matrices, scaled by the corresponding entries.

Elementary matrices forming the basis:

- \( E_{11} = \begin{bmatrix} 1 & 0 & 0 \\ 0 & 0 & 0 \end{bmatrix} \)
- \( E_{12} = \begin{bmatrix} 0 & 1 & 0 \\ 0 & 0 & 0 \end{bmatrix} \)
- \( E_{13} = \begin{bmatrix} 0 & 0 & 1 \\ 0 & 0 & 0 \end{bmatrix} \)
- \( E_{21} = \begin{bmatrix} 0 & 0 & 0 \\ 1 & 0 & 0 \end{bmatrix} \)
- \( E_{22} = \begin{bmatrix} 0 & 0 & 0 \\ 0 & 1 & 0 \end{bmatrix} \)
- \( E_{23} = \begin{bmatrix} 0 & 0 & 0 \\ 0 & 0 & 1 \end{bmatrix} \)

These six matrices are linearly independent and span M, satisfying the criteria for a basis.

Formal Statement of the Basis

The basis for M is the set:

\[ \mathcal{B} = \{ E_{11}, E_{12}, E_{13}, E_{21}, E_{22}, E_{23} \} \]

where each matrix is as defined above.

---

Implications and Applications of the Basis

Understanding the Structure and Dimension

Having identified the basis, it's clear that any 2x3 matrix with real entries can be uniquely
expressed as a linear combination of these six elementary matrices:

\[ A = a_{11}E_{11} + a_{12}E_{12} + a_{13}E_{13} + a_{21}E_{21} + a_{22}E_{22}
+ a_{23}E_{23} \]

This expression makes explicit the linear independence and spanning properties,



confirming the dimension of M is 6.

Practical Applications

Understanding the basis of M has several practical implications in various fields:

- Computer Graphics: Transformations often involve matrices; knowing the basis helps in
constructing or decomposing transformations.
- Data Representation: In data science, matrices represent datasets; basis matrices can
serve as building blocks for data synthesis.
- Engineering: Signal processing and control systems utilize matrix representations; a basis
simplifies analysis and design.
- Mathematical Education: Provides an intuitive understanding of the structure of matrix
spaces, supporting teaching and learning.

Extensions and Related Concepts

The concept of bases extends beyond simple matrices:

- Subspaces: Smaller spaces within M, such as the space of symmetric matrices.
- Linear Transformations: Matrices as linear operators between vector spaces.
- Higher Dimensions: Spaces of larger matrices (e.g., 3x3, 4x4), where similar principles
apply but with increased complexity.

---

Conclusion

The space M, comprising all 2-by-3 matrices with real entries, is fundamental in linear
algebra, serving as a concrete example of a finite-dimensional vector space. Its dimension
is 6, matching the number of independent entries within each matrix. The natural basis for
M consists of matrices where each has a single entry equal to 1, and the rest are zero. This
set of six elementary matrices provides a clear, systematic way to generate any matrix in M
through linear combinations. Understanding this basis not only illuminates the structure of
M but also reinforces core concepts such as linear independence, spanning, and the
representation of matrices as coordinate vectors. As a foundational concept, the basis of M
serves as an essential building block for more advanced topics in linear algebra and its
applications across science, engineering, and mathematics.
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