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Understanding the structure of linear transformations is fundamental to
linear algebra, and one of the key tools in this exploration is the minimal
polynomial of an endomorphism. When studying a linear endomorphism T: V - V
over a field F, where V is a finite-dimensional vector space, the minimal
polynomial N = Pr(t) encapsulates vital information about T's behavior, such
as its eigenvalues, diagonalizability, and Jordan canonical form. This
article delves into the definition, properties, and significance of the
minimal polynomial, providing a comprehensive understanding tailored for
students, mathematicians, and enthusiasts alike.

What Is The Minimal Polynomial?

Definition of the Minimal Polynomial

The minimal polynomial of a linear transformation T: V - V over a field F 1is
the monic polynomial N(t) in F[t] of least degree such that:

e N(T) = 0, meaning when N(t) is applied to T, the resulting endomorphism
is the zero map.

e N(t) divides any other polynomial p(t) in F[t] satisfying p(T) = 0.

In simpler terms, it captures the smallest polynomial relation satisfied by
T. The minimal polynomial is always a divisor of the characteristic
polynomial of T, which makes it an essential link between algebraic and
geometric properties of T.

Relation to the Characteristic Polynomial

The characteristic polynomial, denoted as y T(t), is defined as:

X T(t) = det(tI - T),



where I is the identity transformation on V. The Cayley-Hamilton theorem
states that:

meaning the characteristic polynomial annihilates T. The minimal polynomial
divides the characteristic polynomial, ensuring that the roots of N(t) are
among the eigenvalues of T, and their algebraic multiplicities influence the
structure of T.

Properties of the Minimal Polynomial

Understanding the properties of the minimal polynomial helps in analyzing T's
structure.

Monic and Degree
The minimal polynomial N(t):
e Is monic, meaning the coefficient of the highest-degree term is 1.

e Has degree at least 1 (unless T is the zero transformation).

e Has degree at most equal to the dimension of V.

Uniqueness

The minimal polynomial is unique for a given linear transformation T, which
makes it a reliable invariant for classifying linear transformations.

Divisibility

Since N(t) is the minimal polynomial, it divides any polynomial p(t) such
that p(T) = 0. In particular, N(t) divides the characteristic polynomial
X_T(t).

Eigenvalues and Roots

The roots of N(t) in an algebraic closure of F are exactly the eigenvalues of



T. The multiplicity of each eigenvalue as a root of N(t) indicates the size
of the largest Jordan block associated with that eigenvalue.

Calculating The Minimal Polynomial

The process of determining N(t) involves analyzing T's action on V, often
through its matrix representation.

Steps to Find the Minimal Polynomial

1. Choose a basis for V and represent T as a matrix A over F.

2. Compute the powers of A to find the smallest polynomial p(t) satisfying
p(A) = 0.

3. Factor the polynomial p(t) over an algebraic closure of F to understand
its roots and multiplicities.

4. Identify the monic polynomial of least degree dividing the
characteristic polynomial that annihilates A.

The minimal polynomial can be explicitly computed using techniques such as:
- The Cayley-Hamilton theorem.

- The Jordan canonical form.
- The rational canonical form.

The Significance of The Minimal Polynomial

The minimal polynomial plays a vital role in understanding the structure of
linear transformations.

Diagonalizability

A transformation T is diagonalizable over F if and only if its minimal
polynomial splits into distinct linear factors, i.e.,

N(t) = (t - A1)(t - A2)...(t - AK),

with each A i being an eigenvalue. In this case, the minimal polynomial's



roots correspond to the eigenvalues, each with multiplicity one.

Jordan Canonical Form

The size of the largest Jordan block corresponding to an eigenvalue A is
equal to the multiplicity of (t - A) in N(t). Thus, the minimal polynomial
determines the Jordan form's structure by indicating the size of the largest
Jordan block for each eigenvalue.

Nilpotent Transformations

If T is nilpotent (i.e., T"m = 0 for some m), its minimal polynomial is a
power of t:

N(t) = t7k,

where k is the index of nilpotency, i.e., the size of the largest Jordan
block associated with 0.

Applications of The Minimal Polynomial

The minimal polynomial's versatility makes it crucial across various areas of
linear algebra and related fields.

Solving Differential Equations

In systems of linear differential equations, the minimal polynomial helps
determine the form of the general solution, especially when dealing with
repeated eigenvalues.

Matrix Functions

When computing functions of matrices, such as the matrix exponential,
knowledge of the minimal polynomial simplifies calculations via the Cayley-
Hamilton theorem and polynomial reduction.

Invariant Subspaces and Decomposition

The minimal polynomial helps identify invariant subspaces and facilitates the



decomposition of V into T-invariant subspaces, crucial for canonical form
computations.

Examples and Illustrations

Example 1: Diagonalizable Transformation

Suppose T: V - V over F has eigenvalues A 1, A 2, ..., Ak, and T is
diagonalizable. The minimal polynomial is:

N(t) = (t - A1)(t - A 2)...(t - AK).

This polynomial has simple roots, indicating T's diagonalizability.

Example 2: Nilpotent Transformation

Let T be a nilpotent transformation with T3 = 0 but T2 # 0. The minimal
polynomial is:

N(t) = t73.

This indicates that the largest Jordan block associated with eigenvalue 0 has
size 3.

Conclusion

The minimal polynomial N = Pr(t) of a linear endomorphism T: V - V over a
field F is a cornerstone concept in linear algebra. It encapsulates essential
properties of T, such as eigenvalues, diagonalizability, and Jordan form
structure. Its unique, divisibility, and annihilating polynomial features
make it a powerful tool for understanding and classifying linear
transformations. Whether analyzing matrix functions, solving differential
systems, or decomposing vector spaces, the minimal polynomial offers profound
insights that are fundamental to both theoretical and applied linear algebra.
Mastery of this concept enhances one's ability to navigate the intricate
landscape of linear operators and their algebraic structures.

Frequently Asked Questions



What is the minimal polynomial of a linear
endomorphism T on a vector space V over a field F?

The minimal polynomial of T, denoted N = Pr(T), is the monic polynomial of
least degree with coefficients in F such that N(T) = 0.

How does the minimal polynomial N relate to the
characteristic polynomial of T?

The minimal polynomial divides the characteristic polynomial, and both have
the same roots, but the minimal polynomial captures the sizes of the largest
Jordan blocks associated with each eigenvalue.

What is the significance of the minimal polynomial
being equal to the characteristic polynomial?

If the minimal polynomial equals the characteristic polynomial, T is cyclic
with a single Jordan block per eigenvalue, indicating that T is similar to a
single companion matrix.

How can the minimal polynomial be used to determine
whether T 1s diagonalizable?

T is diagonalizable if and only if its minimal polynomial splits into
distinct linear factors over F, i.e., has no repeated roots.

What does it mean if the minimal polynomial of T has
repeated roots?

Repeated roots in the minimal polynomial indicate that T is not
diagonalizable and has Jordan blocks of size greater than one for the
corresponding eigenvalues.

How is the minimal polynomial related to the
invariant factors of T?

The minimal polynomial is the least common multiple of the elementary
divisors or invariant factors of T, reflecting the largest size of Jordan
blocks for each eigenvalue.

Can the minimal polynomial be used to find the
nilpotency of T?

Yes, if the minimal polynomial is of the form x~k, then T"k = 0 but T~{k-1} =
0, indicating that T is nilpotent of index k.



Is the minimal polynomial always guaranteed to split
over the field F?

No, over some fields, the minimal polynomial may be irreducible and not split
into linear factors; it only factors over an algebraic closure of F.

How does the minimal polynomial help in classifying
linear operators up to similarity?

The minimal polynomial, along with the characteristic polynomial, helps
determine the Jordan canonical form and, consequently, the similarity class
of T.

What is the process to compute the minimal
polynomial of a linear operator T?

To find the minimal polynomial, one can compute successive powers of T - I,
or use the structure of T's matrix, to identify the smallest monic polynomial
N such that N(T) = 0,

Additional Resources
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Introduction to Linear Endomorphisms and
Polynomials

In linear algebra, understanding the structure of linear transformations (or
endomorphisms) is fundamental. When working with a vector space \(V\) over a
field \(F\), an endomorphism \(T: V \to V\) encapsulates a linear
transformation from the vector space into itself. This linear operator can be
analyzed through various polynomial invariants, notably the minimal
polynomial and the characteristic polynomial.

The minimal polynomial, denoted often by \( \operatorname{Pr}(t) \) or \(
\mu T(t) \), is a monic polynomial of least degree over \(F\) that
annihilates \(T\), meaning:

\ [
\operatorname{Pr}(T) = 0

\1]



or equivalently,

\ [
\operatorname{Pr}(T) = 0V,
\1

where \(0 V\) is the zero transformation on \(V\). Its properties, roots, and
relation to the structure of \(T\) are central to understanding the nature of
linear transformations, especially when analyzing their diagonalizability,
Jordan canonical form, and invariant factors.

Defining the Minimal Polynomial \(
\operatorname{Pr}(t) \)

What Is the Minimal Polynomial?

The minimal polynomial of a linear operator \(T: V \to V\) over a field \(F\)
is the unique monic polynomial \( \operatorname{Pr}(t) \in F[t] \) such that:

- \( \operatorname{Pr}(T) = 0 \),

- and for any polynomial \(p(t) \in F[tI\) with \( p(T) =0 \), \(
\operatorname{Pr}(t) \) divides \( p(t) \).

This polynomial encapsulates the smallest algebraic relation satisfied by

\(T\). Its degree provides a measure of the complexity of \(T\)'s action on
\(V\), with lower degrees indicating simpler structures.

Properties of the Minimal Polynomial

1. Uniqueness and Monicity: The minimal polynomial is unique and monic.
2. Divisibility: It divides the characteristic polynomial \( \chi T(t) \).

3. Roots: The roots of \( \operatorname{Pr}(t) \) over an algebraic closure
contain the eigenvalues of \(T\).

4. Multiplicity and Factorization: The multiplicities of roots in \(
\operatorname{Pr}(t) \) relate to the sizes of the largest Jordan blocks
associated with each eigenvalue.

5. Degree and Invariant Factors: The degree of \( \operatorname{Pr}(t) \) is
at most the dimension of \(V\), and it equals the degree of the largest



invariant factor in the invariant factor decomposition of \(T\).

Relationship Between the Minimal Polynomial and
the Structure of \(T\)

Decomposition of \(V\) via \(T\)

The minimal polynomial plays a pivotal role in decomposing \(V\) into
invariant subspaces:

- Primary Decomposition: If \( \operatorname{Pr}(t) \) factors into powers of
prime polynomials over \(F\), then \(V\) decomposes into a direct sum of
\(T\)-invariant subspaces associated with these factors.

- Jordan Normal Form: The sizes of Jordan blocks are directly related to the
powers of eigenvalues in \( \operatorname{Pr}(t) \).

Relation to Eigenvalues and Roots

- The roots of \( \operatorname{Pr}(t) \) are precisely the eigenvalues of
\(T\), possibly over an extension field if the polynomial does not split over

\(F\).

- The multiplicity of a root in \( \operatorname{Pr}(t) \) corresponds to the
size of the largest Jordan block associated with that eigenvalue.

- If the minimal polynomial splits into distinct linear factors (i.e., 1is
square-free), then \(T\) is diagonalizable.

Connection to Diagonalizability and Jordan Canonical
Form

- Diagonalizability: \(T\) is diagonalizable over \(F\) iff its minimal
polynomial splits into distinct linear factors, i.e., no repeated roots.

- Jordan Blocks: The structure of \(T\), in Jordan form, is determined by the
degrees of the factors of \( \operatorname{Pr}(t) \) and their
multiplicities.



Computing the Minimal Polynomial \(
\operatorname{Pr}(t) \)

Method 1: Using Cayley-Hamilton Theorem

Every linear operator satisfies its characteristic polynomial:

\ [
\chi T(t) = 0 \Rightarrow \chi T(T) =0
\1

Since \( \operatorname{Pr}(t) \) divides \( \chi T(t) \), it can be obtained
as a factor of the characteristic polynomial.

Steps:
1. Compute the characteristic polynomial \( \chi T(t) \).
2. Factor \( \chi T(t) \) over \(F\).

3. Test divisors of \( \chi T(t) \) to find the minimal polynomial by
checking which polynomial annihilates \(T\).

Method 2: Using the Cyclic Decomposition and
Invariant Factors

- When \(V\) is cyclic, the minimal polynomial is the same as the generator’s
minimal polynomial.

- For general \(V\), one can find the minimal polynomial by examining the

invariant factors obtained via the Smith normal form of \(T - \lambda I\)
matrices.

Method 3: Explicit Computation via Matrix Powers

- Choose a basis for \(V\).
- Compute successive powers of \(T\) acting on basis vectors.

- Find the minimal linear dependence among these vectors, which yields \(
\operatorname{Pr}(t) \).



Properties and Significance of the Minimal
Polynomial \( \operatorname{Pr}(t) \)

Key Properties

- Monic Polynomial: The minimal polynomial is monic by definition.

- Divides the Characteristic Polynomial: \( \operatorname{Pr}(t) \) always
divides \( \chi T(t) \).

- Eigenvalues as Roots: All eigenvalues of \(T\) over an algebraic closure
are roots of \( \operatorname{Pr}(t) \).

- Reflects the Jordan Structure: The multiplicities and degrees of roots
indicate the sizes of Jordan blocks.

- Invariant Under Similarity: The minimal polynomial is a similarity
invariant; it does not depend on the basis chosen.

Implications for Diagonalization and Jordan Form

- If \( \operatorname{Pr}(t) \) splits into distinct linear factors, then
\(T\) is diagonalizable.

- If \( \operatorname{Pr}(t) \) has repeated factors, the size of the largest
Jordan block for each eigenvalue equals the multiplicity of that eigenvalue
in \( \operatorname{Pr}(t) \).

- The minimal polynomial, together with the characteristic polynomial, fully
determines the Jordan canonical form up to permutation of Jordan blocks.

Application of Minimal Polynomial in
Theoretical and Practical Contexts



Eigenvalue Problems and Spectral Theory

- The minimal polynomial provides a tool for determining whether an operator
is diagonalizable, which simplifies spectral analysis.

- It helps identify the algebraic and geometric multiplicities of
eigenvalues.

Solving Differential and Difference Equations

- Linear recurrences and differential equations often involve solving systems
where the minimal polynomial determines the form of solutions.

Matrix Functions and Functional Calculus

- Polynomial functions of matrices, such as exponentials, can be simplified
using the minimal polynomial via the Cayley-Hamilton theorem and polynomial
remainder theorem.

Control Theory and System Stability

- In systems theory, the minimal polynomial relates to controllability and
observability properties.

Computational Aspects

- Algorithms for computing the minimal polynomial are essential in computer
algebra systems, especially when dealing with large matrices or symbolic
computations.

Extensions and Generalizations

Minimal Polynomial over Extension Fields

- When \(T\) is not diagonalizable over \(F\), extending the scalars to an
algebraic closure can reveal additional structure.



- The roots of \( \operatorname{Pr}(t) \) may lie in an algebraic extension
of \(F\).

Minimal Polynomial of a Matrix vs. Endomorphism

- For matrices, the minimal polynomial directly relates to the characteristic
polynomial via the invariant factors.

- For abstract endomorphisms, the minimal polynomial is defined via the
module structure over \(F[t]\).

Relation to the Rational Canonical Form

- The minimal polynomial is the least common multiple of the minimal
polynomials of the companion blocks in the rational canonical form.

Conclusion

The minimal polynomial \( \operatorname{
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