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Introduction to Subspaces and Orthogonal
Decomposition

Understanding the structure of vector spaces is fundamental in linear
algebra, and the concepts of subspaces, orthogonality, and projections form
the backbone of many applications—from solving systems of equations to data
analysis and machine learning. The notion that any vector in a vector space
can be expressed uniquely as a sum of a vector in a particular subspace and a
vector orthogonal to that subspace is a powerful idea, often referred to as
the orthogonal decomposition theorem or the projection theorem.

In this article, we explore the scenario where a subspace W is spanned by a
set of vectors U = {ui, u2, ..., un}, and any vector Y in the ambient space
can be decomposed into a component in W and a component orthogonal to W. We
will develop the theoretical foundation, describe the methods for finding
these components, and discuss their significance through various examples.

Preliminaries and Definitions

Subspace and Spanning Sets

- Subspace (W): A subset of a vector space V that is itself a vector space
under the same operations of addition and scalar multiplication.

- Span of U: The set of all linear combinations of vectors in U, denoted as
span{ui, uz, ..., Un}.

- Spanning Set: A set of vectors whose linear combinations fill the subspace
W.



Orthogonality and Orthogonal Complement

- Orthogonal Vectors: Two vectors u and v are orthogonal if their inner
product (dot product in R") is zero: u - v = 0.

- Orthogonal Complement (WL): The set of all vectors in V that are orthogonal
to every vector in W:

We={y€eV ]|y -w=0 forallw©e€W}.

- Properties:

-WnWwL = {0}
-V =We WL (direct sum) in finite-dimensional spaces.

The Orthogonal Decomposition Theorem

Statement of the Theorem

Given a finite-dimensional inner product space V and a subspace W of V, any
vector Y € V can be uniquely written as

Y =W+ WL
where:

- Projection component (Y W): The vector in W closest to Y.
- Orthogonal component (Y L): The vector orthogonal to W such that

Y=YW+Y.L,

with Y W € W and Y L € WL.

Implications of the Theorem

This decomposition has significant implications:

- It simplifies many problems by reducing complex vectors into manageable
parts.

- It enables the computation of best approximations in least squares
problems.

- It facilitates understanding the structure of vector spaces.



Constructing the Projection onto W

Using the Spanning Set U = {ui, uz, ..., un}

Suppose W = span{ui, uz2, ..., uUn}. To decompose Y, we first find its
projection onto W, denoted as P _W(Y). This projection is the unique vector in
W such that:

Y - P W(Y) 1L W.

Method:

1. Form the basis matrix: Create a matrix U whose columns are the basis
vectors ui, Uz, ..., Un.

2. Set up the normal equations:

Find scalars ¢ = (c1, c2, ..., Cn) such that
P W(Y) = Cc1 ur + C2 u2 + ... + Cn Un.

3. Solve for c:

The coefficients c satisfy the system:

ut Uc=uUty

where U is the matrix with basis vectors as columns, and Ut denotes its
transpose.

4. Compute the projection:

P W(Y) = U c.

Explicit formula:

If U has full rank, the coefficients are given by:

c = (Ut U)-* ury.

Orthogonal Projection Theorem

- The vector P _W(Y) is the orthogonal projection of Y onto W.
- The residual vector:



YL=Y-PWY)

is orthogonal to every vector in W.

Expressing Y as the Sum of Vectors in W and Wl

Decomposition Process

Given the projection P _W(Y), the decomposition is straightforward:

- Component in W:
Y W =P W(Y)

- Component orthogonal to W:
YL1L=Y-YW

This decomposition is unique in finite-dimensional inner product spaces,

meaning that for a given Y and W, there is exactly one way to write Y as the
sum of a vector in W and a vector orthogonal to W.

Verification of Orthogonality

To confirm that Y 1L € WL, verify that:
Y1 -w=20 for all w € W.

Since Y L =Y

Y Wand Y WEW, it suffices to check that:

(Y - YW - w

0.
But because Y W is the projection, by construction:

O for all w € W.

(Y - YW - w

Applications and Examples



Least Squares Approximation

In data fitting, the goal is often to find the best approximation of data
points using a subspace of simpler functions. The orthogonal projection
minimizes the squared error, making the decomposition essential in regression
analysis.

Example: Decomposing a Vector in R3

Suppose:

- W= span{u: = (1, 0, @), u2 = (0, 1, 0)} (the xy-plane),
Y = (2, 3, 4).

Steps:
1. Construct U= [(1, 06, @), (6, 1, O)].
2. Compute Ut U and Ut Y:

ut U = \[
\begin{bmatrix}
1 & 0 \\

0&1
\end{bmatrix}
\1

(identity matrix)

uty = \[
\begin{bmatrix}
2 \\

3

\end{bmatrix}
\1

3. Solve for c:

c = (Ut U)y-* Uty =\[
\begin{bmatrix}

2 \\

3

\end{bmatrix}

\1]

4. Find the projection:

YW=1c¢C1ur +cCcz2uz= (2, 3, 0).



5. Find the orthogonal component:
Y1L=Y-YW= (0, 0, 4).

Result:

-Y=1(2, 3, 4) =(2, 3, 0) + (0, 0, 4),

- with (2, 3, 0) € W,
- and (0, 0, 4) € Wl1L.

Significance and Broader Implications

Geometric Intuition

The decomposition of a vector into parts lying in a subspace and its
orthogonal complement provides a geometric understanding of the vector's
structure. It allows visualization of how vectors relate to subspaces in
terms of projections and orthogonality.

Functional Analysis and Hilbert Spaces

In infinite-dimensional settings, such as Hilbert spaces, the same principles
apply, enabling the study of function spaces, Fourier series, and signal
processing through projections and orthogonal decompositions.

Computational Aspects

Efficient algorithms for orthogonal projections underpin many numerical
methods, including QR decomposition, Gram-Schmidt orthogonalization, and
singular value decomposition, which are critical in scientific computing.

Conclusion

The ability to decompose any vector Y into a sum of a vector in a subspace W
and a vector orthogonal to W is a cornerstone of linear algebra with
extensive applications across mathematics, engineering, and data science.
When W is spanned by a set of vectors U, the process involves computing the



orthogonal projection of Y onto W, typically through solving a system of
linear equations derived from the inner product structure. This decomposition
not only provides geometric insight but also facilitates practical
computations such as least squares approximation, orthogonalization, and
dimensionality reduction.

Understanding and applying this principle deepens our comprehension of vector
spaces' structure and enhances our ability to

Frequently Asked Questions

What does it mean to write a vector Y as the sum of
a vector in subspace W and an orthogonal vector?

It means expressing Y as Y = W + Z, where W is a vector in subspace W, and Z
is orthogonal (perpendicular) to W. This decomposition is useful in
projections and understanding the structure of vectors relative to W.

How is the vector W, spanned by the U's, related to
the original vector Y in this decomposition?

The vector W is the projection of Y onto the subspace W spanned by the U's.
It captures the component of Y that lies within W, allowing us to write Y as
W plus an orthogonal residual.

What is the significance of the orthogonal component
Z in the decomposition Y = W + Z?

The orthogonal component Z represents the part of Y that is perpendicular to
W, providing insight into how Y extends outside W and enabling orthogonal
projections and least squares approximations.

How can this decomposition be used in solving least
squares problems?

By expressing Y as the sum of a vector in W and an orthogonal vector, we find
the best approximation of Y within W, minimizing the error in least squares
solutions, especially when W is spanned by U's.

What conditions must be satisfied for the
decomposition Y = W + Z to be unique?

The decomposition is unique if W is a closed subspace (which is always true
in finite-dimensional inner product spaces) and Z is orthogonal to W,
ensuring a well-defined orthogonal projection.



Additional Resources

Let W Be A Subspace Spanned By The U's, And Write Y As The Sum Of A Vector In
W And A Vector Orthogonal

In the realm of linear algebra, the geometric interpretation of vector spaces
and their subspaces forms the backbone of many advanced concepts, from
projections to orthogonality and beyond. One of the fundamental ideas is the
decomposition of a vector into components that lie within a subspace and
components orthogonal to it. This concept not only simplifies complex
calculations but also enables a deeper understanding of the structure and
behavior of vectors in high-dimensional spaces.

In this article, we explore the scenario where \( W \) is a subspace spanned
by a set of vectors \( \{ U 1, U 2, \ldots, U k \} \), and examine how an
arbitrary vector \( Y \) in the ambient space can be expressed as the sum of
a vector in \( W \) and a vector orthogonal to \( W \). We will delve into
the theoretical foundations, mathematical derivations, and practical
implications of this decomposition, providing comprehensive insights suitable
for students, educators, and practitioners alike.

Understanding Subspaces and Their Spanning Sets

What Is a Subspace?

A subspace \( W \) of a vector space \( V \) over a field \( \mathbb{F} \)
(commonly \( \mathbb{R} \) or \( \mathbb{C} \)) is a subset of \( V \) that
itself satisfies the axioms of a vector space. Specifically, \( W \) must be
closed under vector addition and scalar multiplication, and contain the zero
vector.

Formally, \( W \subseteq V \) is a subspace if:

1. \( \mathbf{0} \in W \).

2. If \( \mathbf{u}, \mathbf{v} \in W \), then \( \mathbf{u} + \mathbf{v} \in
W\).

3. If \( c \in \mathbb{F} \) and \( \mathbf{v} \in W \), then \( c \mathbf{v}
\in W \).

This structure allows us to analyze complex vector spaces via their
subspaces, which serve as building blocks or simplified components.



Spanning Sets and Their Role

A set of vectors \( \{ U 1, U 2, \ldots, U k \} \subseteq V \) is said to
span a subspace \( W \) if every vector in \( W \) can be written as a linear
combination of these vectors:

[

= -

= \operatorname{span}\{ U 1, U 2, \ldots, U k \} = \left\{ \sum {i=1}"k c i
1 \mid c i \in \mathbb{F} \right\}
|

~

The importance of a spanning set lies in its ability to generate the entire
subspace from a finite collection of vectors. When \( W \) is spanned by \(
\{ U i \} \), any vector in \( W \) can be uniquely described in terms of
these basis vectors, facilitating calculations such as projections,
decompositions, and coordinate transformations.

Orthogonal Decomposition: The Core Concept

The Fundamental Idea

Given a subspace \( W \subseteq V \), the orthogonal decomposition theorem
states that any vector \( Y \in V \) can be uniquely expressed as the sum of
two vectors:

\ [
Y=WY+Z
\1]

where:

-\N(WYA\in W \), i.e., \( WY \) is in the subspace spanned by \( \{ U i \}
\).

- \( Z \in W™\perp \), i.e., \( Z \) is orthogonal to every vector in \( W
\).

The component \( W Y \) is often called the orthogonal projection of \( Y \)
onto \( W \), while \( Z \) is the orthogonal residual or the orthogonal
complement of \( Y \) relative to \( W \).

This decomposition is not only theoretically elegant but also practically
powerful, enabling solutions to least squares problems, data approximations,
and more.



The Mathematical Statement

Orthogonal Decomposition Theorem:

Let \( W \subseteq V \) be a subspace with an orthogonal basis \( \{ U 1,

U 2, \ldots, U k \} \). For any \( Y \in V \), there exists a unique pair \(
(WY, Z) \) such that:

\ [
Y =WY + Z, \quad \text{where} \quad W Y \in W, \quad Z \in W™\perp
\1]

Furthermore, \( W Y \) can be explicitly computed as the orthogonal
projection of \( Y \) onto \( W \).

Constructing the Decomposition: Step-by-Step
Analysis

Step 1: Establishing an Orthonormal Basis for \( W
\)

While the subspace \( W \) 1is initially spanned by vectors \( \{ U 1, U 2,
\ldots, U k \} \), these vectors are not necessarily orthogonal or
normalized. To facilitate calculations, especially projections, it is
advantageous to convert this set into an orthonormal basis \( \{ e 1, e 2,
\ldots, e k \} \).

This transformation is typically achieved via the Gram-Schmidt process:
1. Take \( U 1 \), normalize it:

\ [
e 1 = \frac{U 1}{\] U 1 \]| }
\1]

2. For each subsequent \( U j \), subtract its projections onto the
previously obtained basis vectors:

\ [
vj=U3j - \sum {i=1}"{j-1} \langle U j, e i \rangle e i
\1

and normalize:



\ [

e j = \frac{v_j}{\| v_j \[}

\1

This yields an orthonormal basis \( \{ e 1, \ldots, e k \} \) for \( W \).

Why orthonormal basis?
The orthogonality simplifies the projection calculations:

\ [

\text{Projection of } Y \text{ onto } W = \sum {i=1}"k \langle Y, e i \rangle
e i

\1

and the orthogonal component:

Z =Y - \text{Projection} {W}(Y)

Step 2: Computing the Orthogonal Projection \( WY
\)

Given the orthonormal basis \( \{ e i \} \) for \( W \), the projection of \(
Y \) onto \( W \) is:

\ [

W Y = \sum {i=1}"k \langle Y, e i \rangle e i

\1]

This formula leverages the orthogonality to simplify each component, as the
inner product \( \langle Y, e i \rangle \) captures how much of \( Y \)
aligns with each basis vector.

Key properties:

- \N( WY \in W \).
- \( \langle W Y, Z \rangle = 0 \) for any \( Z \in W™\perp \).

Step 3: Finding the Orthogonal Complement \( Z \)

Once the projection \( W Y \) is computed, the residual vector:



is automatically orthogonal to \( W \), satisfying:

\ [
\langle Z, e i \rangle
\1

0 \quad \text{for all } i=1,\ldots, k

because:

\ [

\langle Z, e i \rangle = \langle Y - WY, e i \rangle = \langle Y, e i
\rangle - \langle W Y, e i \rangle = \langle Y, e i \rangle - \langle Y, e i
\rangle = 0

\1]

Thus, \( Z \in W™\perp \).

Theoretical Significance and Practical
Applications

Uniqueness and Existence of Decomposition

The orthogonal decomposition is guaranteed by the fundamental theorem of
orthogonal projections, asserting both existence and uniqueness:

- Existence: For any \( Y \), such a decomposition exists.
- Uniqueness: The decomposition components \( W Y \) and \( Z \) are unique.

This property is crucial in numerous applications, guaranteeing consistent
solutions and interpretations.

Applications in Data Analysis and Signal Processing

- Least Squares Approximation: When data points cannot be exactly fitted by a
model (subspace), the orthogonal projection provides the best least-squares
fit.

- Principal Component Analysis (PCA): Decomposing data vectors along
orthogonal directions to reduce dimensionality.

- Signal Filtering: Separating a signal into components aligned with known



subspaces (e.g., noise vs. signal subspace).
- Machine Learning: Feature extraction and dimensionality reduction often
hinge on projections onto subspaces.

Practical Example: Least Squares
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