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Understanding multivariate functions is fundamental in advanced calculus, mathematical
modeling, and various scientific disciplines. Specifically, the function \( F(x, y) = 100x"2 -
y~2\) offers rich insights into how two variables interact within a mathematical framework.
Visualizing and sketching the domain of such functions allows for a better comprehension of
their behavior, critical points, and the nature of their graphs. In this comprehensive article,
we will explore the properties of the function \( F(x, y) = 100x"~2 - y~2), techniques for
sketching its domain, and related concepts essential for mastering multivariate calculus.

Understanding Multivariate Functions

Multivariate functions involve two or more variables and are fundamental in modeling
complex systems where multiple factors influence an outcome. These functions are
prevalent in physics, economics, engineering, and data science. For example, in physics,
the potential energy of a system may depend on multiple spatial coordinates; in economics,
utility functions depend on several goods or services.

Key Features of Multivariate Functions

- Domain and Range: The set of all possible input values (domain) and the corresponding
output values (range).

- Level Curves and Surfaces: Visual representations in two and three dimensions,
illustrating points where the function has constant values.

- Critical Points: Points where the gradient (partial derivatives) is zero or undefined,
indicating potential maxima, minima, or saddle points.

- Contours and Sketching: Techniques to visualize the behavior of the function over its
domain.

Analyzing the Function \( F(x, y) = 100x~2 -y~2
\)

This specific function is a quadratic form, combining a positive quadratic term in \( x \) and



a negative quadratic term in \( y \). Its structure hints at a hyperbolic shape, which is
common in saddle points and hyperbolic paraboloids.

Mathematical Properties

- Type of Surface: The graph of \( F(x, y) = 100x"~2 - y™~2) is a hyperbolic paraboloid.
- Symmetry: The function is symmetric with respect to the \( y \)-axis because \(y\)
appears squared and negatively.

- Critical Points: The only critical point is at \( (0, 0) \), which is a saddle point.

- Level Curves: For constant \( c ), the level curves are given by \( 100x~2 - y™~2 = c\).

Sketching the Domain of \( F(x, y) = 100x"2 -y~ 2
\)

Visualizing the domain involves understanding the set of points \( (x, y) \) for which the
function is defined. Since \( F(x, y) \) involves polynomials, it is defined for all real \( x \) and
\( y\), meaning the domain is \( \mathbb{R}"~2\).

Step-by-Step Approach to Sketching the Domain

While the domain is all real numbers in this case, the key focus is often on the region of
interest where the function exhibits particular behaviors, such as level curves or
constraints.

1. Identify the Domain

- The function \( F(x, y) = 100x"2 - y"~2) is a polynomial function, which is defined for all \(
x, y \in \mathbb{R} \).

- Conclusion: The domain of \( F\) is entirely \( \mathbb{R}"~2).

2. Sketching Level Curves

Level curves are the sets where the function takes constant values \( c \):

\[

100x™2-y™2 =cC

\]

- For different values of \( c ), these curves depict the shape of the function.
Case1l:\(c>0))

- The equation becomes:

\[
100x"2-y"2 =c



\]

- Rearranged as:

\[

\frac{y"~2}{c} - 100x"2 = -1

\]

- This resembles a hyperbola opening vertically.
Case 2:\(c <0

- The equation becomes:

\[
100x™2-y™2=c<0
\]

- Rearranged as:

\[
\frac{y"2}{-c} -100x"2 =1
\]

- Also a hyperbola, but opening horizontally.
Case 3:\(c=0))
- The level curve simplifies to:

\[
100x"2-y"2 =0
\]

- Which factors as:

\[
y =\pm 10 X
\]

- These are straight lines passing through the origin, forming the asymptotes for the
hyperbolas.

Visualizing the Level Curves
- The hyperbolas open along the axes depending on the sign of \( c\).
- The asymptotes \( y = \pm 10x \) form the boundary for the hyperbolas.

- The entire family of level curves provides insight into the function's behavior.

3. Sketching the Graph



Given the level curves, you can sketch the surface by:

- Drawing the asymptotes \( y = \pm 10x\).

- Plotting hyperbolas corresponding to various \( c\) values.

- Recognizing the saddle point at \( (0, 0) \).

4. Domain Visualization

Since the domain is all real \( x\) and \( y \), the sketch of the domain is simply the entire
plane \( \mathbb{R} "2 \). However, when considering specific constraints or regions, the

sketch can focus on:

- Regions where \( F(x, y) \) is positive or negative.
- Areas where the function exceeds or falls below certain thresholds.

Applications of Multivariate Functions in Real-
World Scenarios

Multivariate functions like \( F(x, y) = 100x”™2 - y™2\) are not just theoretical constructs;
they have practical applications across various fields.

Examples Include:

- Physics: Modeling potential energy surfaces with saddle points.

- Economics: Utility functions involving multiple goods.

- Engineering: Stress analysis in materials where forces depend on multiple variables.
- Data Science: Multivariate regression and machine learning models.

Significance of Sketching Domains

- Helps identify feasible regions for solutions.

- Visualizes constraints and optimization problems.
- Facilitates understanding of the function’s behavior near critical points.

Critical Points and Their Significance

The critical point at \( (0, 0) \) reveals the nature of the function's extremum.
Finding Critical Points

- Compute partial derivatives:



\[
\frac{\partial F} {\partial x} = 200x, \quad \frac{\partial F} {\partial y} = -2y
\]

- Set equal to zero:

\[

200x = 0 \Rightarrow x = 0
\]

\[

-2y = 0 \Rightarrowy =0
\]

- Critical point at \( (0, 0) \).
Nature of Critical Point
- Use second derivative test or Hessian matrix:

\[

H = \begin{bmatrix}

\frac{\partial™~2 F} {\partial x~2} & \frac{\partial~2 F}{\partial x \partial y} \\
\frac{\partial~2 F}{\partial y \partial x} & \frac{\partial~2 F}{\partial y™~2}
\end{bmatrix}

= \begin{bmatrix}

200 & 0\

0&-2

\end{bmatrix}

\]

- Since the Hessian is indefinite (positive and negative eigenvalues), \( (0, 0) \) is a saddle
point.

Conclusion: The Importance of Visualizing
Multivariate Functions

Visualizing the domain and level curves of multivariate functions like \( F(x, y) = 100x"2 -
y”~2\) is crucial for understanding their behavior, critical points, and potential applications.
While the domain of this particular function is the entire \( \mathbb{R}~2 ), focusing on
level curves and the shape of the surface provides valuable insights into its saddle point
and hyperbolic structure. Mastery of these visualization techniques enhances problem-
solving skills in calculus, physics, economics, and engineering.

Key Takeaways:

- Multivariate functions can be visualized through level curves and surfaces.



- The domain of polynomial functions typically spans the entire space unless restrictions are
specified.

- Recognizing the geometric shapes associated with level curves helps interpret the
function's behavior.

- Critical points provide information about maxima, minima, and saddle points.

By incorporating these principles into your mathematical toolkit, you can effectively analyze
and interpret complex multivariate functions in both academic and real-world contexts.

Meta Description:

Explore the intricate world of multivariate functions with a detailed analysis of \( F(x, y) =
100x"~2 - y™2\). Learn how to sketch the domain, analyze level curves, and understand the
function's behavior with practical visualization techniques.

Frequently Asked Questions

What is the domain of the function F(x, y) = 100x"~2 -
y~2?

The domain of F(x, y) = 100x™2 - y*™2 is all real numbers for both x and y, since both
quadratic terms are defined for all real values, so domain: R2.

How can | sketch the domain of F(x, y) = 100x"2 - y©2?

Since the domain is all real pairs (x, y), the sketch is simply the entire xy-plane, often
represented as the entire coordinate plane in a 2D graph.

What is the geometric interpretation of the function
F(x, y) =100x"2 - y~2?

It represents a hyperbolic paraboloid surface, with its shape depending on the quadratic
terms in x and y, opening along the axes.

How do you determine the level curves of F(x, y) =
100x"2 - y*©2?

Set F(x, y) equal to a constant c: 100x™2 - y™~2 = c. These are conic sections—ellipses if ¢
> 0, hyperbolas if c < 0, and a degenerate case if c = 0.

What is the significance of the coefficients 100 in the
function F(x, y) = 100x"2 -y~ 2?

The coefficient 100 amplifies the quadratic term in x, affecting the shape and orientation of
the level curves, making the parabola's opening along the y-direction more elongated.



How do you find the critical points of F(x, y) = 100x"2 -
y~2?

Compute the partial derivatives: oF/ox = 200x and oF/ay = -2y. Set both to zero: x=0 and
y=0, so the only critical point is at (0,0).

What is the nature of the critical point at (0,0) for F(x,
y) = 100x"2 - y*2?

The point (0,0) is a saddle point, as the surface has a minimum along the x-direction and a
maximum along the y-direction.

How can I classify the surface defined by F(x, y) =
100x"~2 - y©2?

It is a hyperbolic paraboloid, characterized by its saddle shape, with cross-sections being
parabolas and hyperbolas.

What are the asymptotic behaviors or boundaries of the
level curves for large |x| and |y|?

For large |x|, the term 100x”~2 dominates, and the level curves resemble hyperbolas
opening along the y-axis; similarly, for large |y|, the -y”~2 term dominates, affecting the
shape accordingly.

Can you explain how to sketch the domain and level
curves of F(x, y) = 100x"~2 - y*~2?

Since the domain is all real numbers, plot the entire xy-plane. For level curves, set F(x, y) =
c and draw the resulting conic sections—ellipses, hyperbolas, or degenerate
cases—centered at the critical point, illustrating the saddle shape of the surface.

Additional Resources

Multivariate Functions are fundamental in understanding complex systems where multiple
variables influence an outcome. These functions extend the concept of single-variable
calculus into higher dimensions, enabling us to analyze phenomena in physics, economics,
engineering, and many other fields. By exploring the properties, visualizations, and
applications of multivariate functions, learners and practitioners gain powerful tools to
model and interpret multi-dimensional data. This article focuses specifically on the function
\( F(x, y) = 100x"~2 - y™2), illustrating how to analyze its domain, sketch its graph, and
comprehend its characteristics.



Understanding the Function \( F(x, y) = 100x"2 -
y~21\)

Definition and Basic Characteristics

The function \( F(x, y) = 100x™2 - y*~2) is a quadratic function in two variables. Its form
resembles a hyperbolic paraboloid, often called a saddle surface, which exhibits both
upward and downward curving depending on the cross-section. Key features include:

- Degree of the polynomial: It's quadratic in both variables.

- Type of surface: A saddle surface with hyperbolic contours.

- Symmetry: Symmetric with respect to the x-axis and y-axis, but in an opposite manner
due to the signs.

Understanding these basic features is essential before proceeding to graphing and domain
analysis.

Sketching the Domain of \( F(x, y) \)

Domain of the Function

The domain of a multivariate function is the set of all input pairs \((x, y)\) for which the
function is defined. In the case of \( F(x, y) = 100x"2 - y™~2), the function is a polynomial,
which is defined for all real numbers. Therefore:

- Domain: \( \mathbb{R}~2), or all points in the xy-plane.

Pros:

- Simplicity in determining the domain.

- No restrictions or discontinuities.

Cons:

- Since the domain is the entire plane, the visualization may seem broad, requiring careful
interpretation of the surface.

Visualizing the Domain

To sketch the domain, simply plot the entire xy-plane, as there are no restrictions:

- Draw coordinate axes spanning the range of interest.
- Highlight that every point \((x, y)\) is valid input.



Graphical Representation of \( F(x, y) \)

Understanding the Shape of the Surface

Since the function is a quadratic form, its graph can be visualized as a surface in three
dimensions, with \(z = F(x, y)\).

- Hyperbolic paraboloid: The surface resembles a saddle, curving upward in one direction
and downward in the other.

- Contours and level curves: The cross-sections where \(F(x, y)\) is constant reveal
hyperbolas or parabolas.

Sketching Steps:
1. Identify level curves: Set \(F(x, y) = c\), where \(c\) is a constant.

\[
100x™2-y™2 =c
\]

- For different \(c\), this represents hyperbolas (if \(c \neq 0\)) or degenerate lines (if
\(c=0\)).

2. Plot level curves:

- When \(c > 0\), the curves are hyperbolas opening along the x-axis.
- When \(c < 0\), hyperbolas open along the y-axis.
- When \(c=0\), the curve is \(100x"~2 = y™2)\), i.e., two intersecting lines: \(y = \pm 10x\).

3. Draw the saddle surface:

- The surface rises steeply along the x-axis (since coefficient 100 is large), creating a
narrow upward opening.
- Along the y-axis, the surface dips downward as \(y”2\) increases.

Pros:
- Clear visualization of the curvature.
- Helps understand the nature of level curves.

Cons:
- Requires spatial imagination or 3D plotting tools.
- Difficult to visualize precisely without graphing software.



Analysis of Critical Points and Behavior

Finding Critical Points

Critical points occur where the gradient of \(F\) equals zero:

\[
\nabla F(x, y) = \left( \frac{\partial F}{\partial x}, \frac{\partial F} {\partial y} \right) = (O,
0)
\]

Compute the partial derivatives:

\[
\frac{\partial F} {\partial x} = 200x, \quad \frac{\partial F} {\partial y} = -2y
\]

Set these to zero:

\[

200x = 0 \Rightarrow x=0
\]

\[

-2y = 0 \Rightarrow y=0
\]

Thus, the only critical point is at \((0,0)\).
Nature of the Critical Point
- Compute the Hessian matrix:

\[

H = \begin{bmatrix}

\frac{\partial~2 F} {\partial x~2} & \frac{\partial~2 F}{\partial x \partial y} \\
\frac{\partial™~2 F} {\partial y \partial x} & \frac{\partial™~2 F}{\partial y™~2}
\end{bmatrix}

= \begin{bmatrix}

200 & 0 \\

0&-2

\end{bmatrix}

\]

- Since the Hessian has eigenvalues of opposite signs (200 and -2), the critical point at
\((0,0)\) is a saddle point.

Pros:
- Identifies regions of maxima, minima, or saddle points.



- Critical for understanding the function’s behavior.

Cons:
- For more complex functions, critical point analysis can be more involved.

Level Curves and Contour Analysis

Level Curves of \( F(x, y) = c)

Setting \(F(x, y) = c\), as earlier noted:

\[
100x™2-y™2 =c¢
\]

This equation describes a family of hyperbolas, whose shape varies depending on the
constant \(c\):

- For \(c > 0\):

\[
100x"2 - y*2 = c \Rightarrow y™2 = 100x™2 - c
\]

Hyperbolas opening along the x-axis.
- For\(c < 0\):

\[
y~2 =100x"2 - ¢
\]

Now, \(y~2\) is greater than \(100x"2\), corresponding to hyperbolas opening along the y-
axis.

- For \(c=0\):
\[
y = \pm 10x
\]

The pair of straight lines passing through the origin.

Graphical interpretation:



- Hyperbolas become wider or narrower based on the value of \(c\).
- The saddle point at \((0,0)\) acts as a center of the hyperbolic contours.

Features:

- Hyperbolic level curves are characteristic of saddle surfaces.
- They help visualize how \(F(x, y)\) varies in space.

Applications and Significance of Multivariate
Functions like \( F(x, y) \)

Real-World Applications

Multivariate functions are crucial in modeling systems where multiple factors interplay,
such as:

- Physics: Potential energy surfaces, wave functions.

- Economics: Utility functions, cost functions.

- Engineering: Stress analysis, control systems.

- Machine Learning: Loss functions with multiple features.

In particular, quadratic functions like \(F(x, y)\) are used in:
- Optimization problems: Finding maxima/minima.

- Modeling surfaces: Understanding saddle points and curvature.
- Graphical analysis: Visualizing high-dimensional data.

Features of \( F(x, y) = 100x"2 -y~2)

- Hyperbolic structure: The saddle shape provides insight into the nature of solutions
around critical points.

- Steepness disparity: The coefficient 100 indicates a much steeper curvature in the x-
direction compared to y, influencing how the surface behaves.

- Symmetry: Symmetry about axes simplifies analysis and visualization.

Pros:

- Provides a clear example of saddle surfaces.
- Demonstrates how coefficients affect curvature and shape.

Cons:



- Can be more complex when extended to higher dimensions.
- Visualization can be challenging without computational tools.

Conclusion

The multivariate function \( F(x, y) = 100x"~2 - y™~2\) exemplifies the rich structure and
analytical depth of functions in two variables. Its domain covers the entire xy-plane, and its
graph manifests as a saddle surface characterized by hyperbolic level curves. Critical point
analysis reveals a saddle point at the origin, emphasizing the importance of the Hessian
matrix in classifying stationary points. The hyperbolic contours and
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