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Introduction to Newton-Raphson Method for
Systems of Equations

The Newton-Raphson method is a powerful numerical technique widely used for finding
roots of nonlinear equations. When extended to systems of equations, it allows us to
simultaneously solve multiple nonlinear equations efficiently. This iterative approach is
favored due to its quadratic convergence properties, meaning that it converges rapidly
once close to the root.

In this article, we will explore how to apply the Newton-Raphson iteration to solve a specific
system of nonlinear equations:

\[
\begin{cases}
x = 5 - y \\
x = y + 1 \\
x^3 = \text{Calculate}
\end{cases}
\]

We will clarify the equations involved, interpret the problem, and guide you through the
step-by-step process to find the solutions using the Newton-Raphson method.

Understanding the System of Equations

Before applying any numerical method, it's critical to understand the system of equations:

1. Equation 1: \( x = 5 - y \)
2. Equation 2: \( x = y + 1 \)
3. Equation 3: \( x^3 = \text{Calculate} \)

However, the statement "x= 5-yy+1=x3Calculate" appears ambiguous. It likely indicates a
typographical or formatting error. Based on context, a plausible interpretation is:

- The system involves two equations:



\( x = 5 - y \)
\( x = y + 1 \)

- And an additional nonlinear equation involving \( x^3 \), perhaps as part of the
calculation.

To proceed logically, we can assume the system consists of:

\[
\begin{cases}
f_1(x, y) = x - (5 - y) = 0 \\
f_2(x, y) = x - (y + 1) = 0 \\
\end{cases}
\]

The third portion, "x3Calculate," might refer to an additional equation:

\[
f_3(x) = x^3 - C = 0
\]

where \( C \) is a constant to be calculated or specified. Since the problem as given is not
fully clear, for demonstration purposes, let's assume the system involves solving for \( x \)
and \( y \) where:

- \( x = 5 - y \),
- \( x = y + 1 \),
- and perhaps \( x^3 = \text{some known value} \).

Alternatively, we can consider a simplified approach: the main focus is on solving the
system:

\[
\begin{cases}
f_1(x, y) = x - (5 - y) = 0 \\
f_2(x, y) = x - (y + 1) = 0 \\
\end{cases}
\]

which can be combined to find the solution.

Note: For the purpose of this article, we will demonstrate how to use Newton-Raphson to
solve the nonlinear equation \( x^3 = \text{Calculate} \), assuming "Calculate" is a
placeholder for a known constant, say \( C \).

---



Formulating the Problem for Newton-Raphson
Method

The Newton-Raphson method for systems involves defining a vector function \(
\mathbf{F}(\mathbf{x}) \), where \( \mathbf{x} \) is a vector of variables, and then
iteratively updating the solution.

Suppose we want to solve for \( x \) and \( y \) such that:

\[
\begin{cases}
f_1(x, y) = x - (5 - y) = 0 \\
f_2(x, y) = x - (y + 1) = 0 \\
f_3(x) = x^3 - C = 0
\end{cases}
\]

In this case, the system involves three equations with two variables \( x \) and \( y \). To
keep the problem consistent, let's focus on the first two equations, which relate \( x \) and \(
y \).

From equations 1 and 2:

\[
x = 5 - y \quad \text{and} \quad x = y + 1
\]

Setting these equal:

\[
5 - y = y + 1 \Rightarrow 5 - y = y + 1 \Rightarrow 5 - 1 = y + y \Rightarrow 4 = 2y
\Rightarrow y = 2
\]

Substituting back:

\[
x = 5 - y = 5 - 2 = 3
\]

Check:

\[
x = y + 1 = 2 + 1 = 3
\]

So, the solution is \( (x, y) = (3, 2) \).

However, if the goal is to find solutions numerically—particularly when the system is



nonlinear or more complex—the Newton-Raphson method becomes essential, especially
when equations are more complicated or not easily solvable algebraically.

---

Applying Newton-Raphson to the System of
Equations

Let's now assume that the actual system involves more complex nonlinear equations, for
example:

\[
\begin{cases}
f_1(x, y) = x - 5 + y = 0 \\
f_2(x, y) = x - y - 1 = 0 \\
f_3(x) = x^3 - C = 0
\end{cases}
\]

Suppose we want to solve these equations simultaneously for \( x \) and \( y \). To do this
using the Newton-Raphson method, we:

1. Define the vector function:

\[
\mathbf{F}(\mathbf{x}) = \begin{bmatrix}
f_1(x, y) \\
f_2(x, y) \\
f_3(x)
\end{bmatrix}
\]

2. Initialize guesses for \( x \) and \( y \), say \( x_0 \), \( y_0 \).

3. Compute the Jacobian matrix \( J \), which contains the partial derivatives:

\[
J = \begin{bmatrix}
\frac{\partial f_1}{\partial x} & \frac{\partial f_1}{\partial y} \\
\frac{\partial f_2}{\partial x} & \frac{\partial f_2}{\partial y} \\
\frac{\partial f_3}{\partial x} & 0
\end{bmatrix}
\]

4. Use the Newton-Raphson iterative formula:

\[
\mathbf{x}_{n+1} = \mathbf{x}_n - J^{-1}(\mathbf{x}_n) \cdot



\mathbf{F}(\mathbf{x}_n)
\]

Due to the system's structure, solving for the update involves matrix inversion or solving
linear equations at each step.

---

Step-by-Step Solution Process

Let's detail the iterative process for a specific example.

Initial guesses:

- \( x_0 = 1 \)
- \( y_0 = 0 \)

Iteration 1:

Calculate \( \mathbf{F}(\mathbf{x}_0) \):

\[
f_1(1, 0) = 1 - 5 + 0 = -4 \\
f_2(1, 0) = 1 - 0 - 1 = 0 \\
f_3(1) = 1^3 - C
\]

Assuming \( C = 1 \):

\[
f_3(1) = 1 - 1 = 0
\]

Calculate the Jacobian \( J \):

\[
J = \begin{bmatrix}
\frac{\partial f_1}{\partial x} & \frac{\partial f_1}{\partial y} \\
\frac{\partial f_2}{\partial x} & \frac{\partial f_2}{\partial y} \\
\frac{\partial f_3}{\partial x} & 0
\end{bmatrix} = \begin{bmatrix}
1 & 1 \\
1 & -1 \\
3x^2 & 0
\end{bmatrix}
\]

At \( x=1 \):



\[
J = \begin{bmatrix}
1 & 1 \\
1 & -1 \\
3(1)^2 & 0
\end{bmatrix} = \begin{bmatrix}
1 & 1 \\
1 & -1 \\
3 & 0
\end{bmatrix}
\]

Solve the linear system:

\[
J \cdot \begin{bmatrix} \Delta x \\ \Delta y \end{bmatrix} = -\mathbf{F}
\]

which yields the updates for \( x \) and \( y \).

Repeat this process iteratively until the solutions converge within a specified tolerance.

---

Practical Implementation Tips

When implementing Newton-Raphson for systems:

- Choose good initial guesses: The convergence depends heavily on the starting point.
- Check the Jacobian determinant: Ensure it's not close to zero to prevent numerical issues.
- Set convergence criteria: Define

Frequently Asked Questions

What is the Newton-Raphson method used for in solving
systems of equations?
The Newton-Raphson method is an iterative numerical technique used to find approximate
solutions to systems of nonlinear equations by linearizing the system around an estimate
and refining it.

Given the system x = 5 - y and 1 = x^3, how can the
Newton-Raphson method be applied to solve it?
By rewriting the system as functions f1(x, y) = x - (5 - y) and f2(x) = x^3 - 1, then



computing their Jacobian matrix and iteratively updating (x, y) estimates until convergence.

What are the main steps involved in applying Newton-
Raphson iteration to this system?
First, define the functions and their derivatives, compute the Jacobian matrix, evaluate it at
the current estimate, solve the linear system for corrections, and update the estimates
iteratively.

How do you construct the Jacobian matrix for this
system?
The Jacobian matrix consists of the partial derivatives: for f1(x, y) = x - (5 - y), ∂f1/∂x=1,
∂f1/∂y=1; for f2(x) = x^3 - 1, ∂f2/∂x=3x^2. Since f2 depends only on x, the Jacobian is a
2x2 matrix with these derivatives.

What initial guesses should be used for x and y in the
Newton-Raphson method for this system?
A reasonable starting point could be x=1, y=0, based on the approximate solution from the
equations, but the choice depends on the context and expected solution range.

How do you verify the convergence of the Newton-
Raphson iteration in this case?
By checking if the changes in x and y between iterations are below a set tolerance and
ensuring the functions evaluated at the current estimates are close to zero.

What challenges might arise when solving this system
using Newton-Raphson iteration?
Potential challenges include selecting an appropriate initial guess, divergence if the
Jacobian is singular or near-singular, and slow convergence near the solution.

What is the significance of the function 1 = x^3 in the
system, and how does it influence the solution?
It constrains x to be the cube root of 1, i.e., x=1, which simplifies the system and helps
determine the corresponding y from the first equation.

Can the Newton-Raphson method find all solutions to
this system, and why?
No, the method's convergence depends on the initial guess; it may find only one local
solution near the starting point and can miss other solutions if they exist.



Additional Resources
Newton-Raphson Iteration for Solving a System of Equations: An In-Depth Analysis

Solving nonlinear systems of equations is a fundamental task in applied mathematics,
engineering, and computational sciences. Among the myriad of methods available, the
Newton-Raphson method stands out for its quadratic convergence near the solution,
making it a powerful tool for such problems. In this detailed exploration, we focus on
applying the Newton-Raphson iteration to a specific system of equations:

\[
\begin{cases}
x = 5 - y \\
x^3 = 1
\end{cases}
\]

or equivalently,

\[
\begin{cases}
f_1(x, y) = x - (5 - y) = 0 \\
f_2(x) = x^3 - 1 = 0
\end{cases}
\]

This problem offers an excellent case study in applying Newton-Raphson to a coupled
system with both explicit and implicit relationships.

---

Understanding the System of Equations

Analyzing the Given Equations

The system comprises two equations:

1. \( x = 5 - y \)

2. \( x^3 = 1 \)

At first glance, the first equation directly relates \(x\) and \(y\), while the second provides a
condition solely on \(x\). The goal is to find the values of \(x\) and \(y\) that simultaneously
satisfy both equations.



Implications of the Equations

- Equation 1: Defines a linear relationship between \(x\) and \(y\). If \(x\) is known, \(y\) can
be immediately obtained.

- Equation 2: A cubic equation in \(x\), with solutions at \(x = 1\), considering only real roots.

Note: Since the second equation involves only \(x\), solving for \(x\) gives us potential
candidate solutions. Then, substituting into the first yields corresponding \(y\).

---

Reformulating the System for Newton-Raphson
Method

Defining the Function Vector

To apply Newton-Raphson iteration, the system must be expressed as a vector function:

\[
\mathbf{F}(\mathbf{X}) =
\begin{bmatrix}
f_1(x, y) \\
f_2(x, y)
\end{bmatrix}
\]

where

\[
f_1(x, y) = x - (5 - y) = x + y - 5
\]
\[
f_2(x, y) = x^3 - 1
\]

The goal is to find \(\mathbf{X} = \begin{bmatrix} x \\ y \end{bmatrix}\) such that
\(\mathbf{F}(\mathbf{X}) = \mathbf{0}\).

System Summary:

\[
\boxed{
\begin{cases}



f_1(x, y) = x + y - 5 = 0 \\
f_2(x, y) = x^3 - 1 = 0
\end{cases}
}
\]

---

Applying the Newton-Raphson Method

Iterative Formula for Systems

The Newton-Raphson iteration for a system of two equations is:

\[
\mathbf{X}_{n+1} = \mathbf{X}_n - \mathbf{J}^{-1}(\mathbf{X}_n) \cdot
\mathbf{F}(\mathbf{X}_n)
\]

where:

- \(\mathbf{X}_n = \begin{bmatrix} x_n \\ y_n \end{bmatrix}\) is the current
approximation.

- \(\mathbf{J}(\mathbf{X}_n)\) is the Jacobian matrix evaluated at \(\mathbf{X}_n\):

\[
\mathbf{J}(x, y) =
\begin{bmatrix}
\frac{\partial f_1}{\partial x} & \frac{\partial f_1}{\partial y} \\
\frac{\partial f_2}{\partial x} & \frac{\partial f_2}{\partial y}
\end{bmatrix}
\]

---

Calculating the Jacobian Matrix

Given the functions:

\[
f_1 = x + y - 5
\]
\[
f_2 = x^3 - 1



\]

the partial derivatives are:

\[
\frac{\partial f_1}{\partial x} = 1,\quad \frac{\partial f_1}{\partial y} = 1
\]
\[
\frac{\partial f_2}{\partial x} = 3x^2,\quad \frac{\partial f_2}{\partial y} = 0
\]

Hence,

\[
\mathbf{J}(x, y) =
\begin{bmatrix}
1 & 1 \\
3x^2 & 0
\end{bmatrix}
\]

---

Iterative Steps

1. Initial Guess (\(\mathbf{X}_0\)):

Choose an initial approximation for \(x\) and \(y\). For instance, start with:

\[
x_0 = 1,\quad y_0 = 4
\]

This is a reasonable guess because:

- From \(x^3=1\), \(x\) is near 1.

- Using \(x=1\) in the first equation: \(1 + y - 5 = 0 \Rightarrow y=4\), matching the initial
guess.

2. Compute \(\mathbf{F}(\mathbf{X}_0)\):

\[
f_1(1, 4) = 1 + 4 - 5 = 0
\]
\[
f_2(1, 4) = 1^3 - 1 = 0
\]



The residuals are zero; hence, the initial guess is already a solution. But to illustrate the
process, suppose we start with a different initial guess, say, \(x_0=0.5\), \(y_0=4.5\):

\[
f_1(0.5, 4.5) = 0.5 + 4.5 - 5 = 0
\]
\[
f_2(0.5, 4.5) = (0.5)^3 - 1 = 0.125 - 1 = -0.875
\]

Residuals indicate the need for iteration.

3. Calculate the Jacobian at \(\mathbf{X}_0\):

\[
\mathbf{J}(0.5, 4.5) =
\begin{bmatrix}
1 & 1 \\
3 \times (0.5)^2 & 0
\end{bmatrix}
=
\begin{bmatrix}
1 & 1 \\
0.75 & 0
\end{bmatrix}
\]

4. Solve for the correction \(\Delta \mathbf{X}\):

\[
\mathbf{J} \Delta \mathbf{X} = - \mathbf{F}(\mathbf{X}_0)
\]

which becomes:

\[
\begin{bmatrix}
1 & 1 \\
0.75 & 0
\end{bmatrix}
\begin{bmatrix}
\Delta x \\
\Delta y
\end{bmatrix}
=
\begin{bmatrix}
-0 \\
0.875
\end{bmatrix}
\]



From the first equation:

\[
1 \times \Delta x + 1 \times \Delta y = 0
\]
\[
\Rightarrow \Delta y = - \Delta x
\]

From the second:

\[
0.75 \times \Delta x = 0.875 \Rightarrow \Delta x = \frac{0.875}{0.75} \approx 1.1667
\]

Thus,

\[
\Delta y = -1.1667
\]

Update:

\[
x_1 = x_0 + \Delta x = 0.5 + 1.1667 = 1.6667
\]
\[
y_1 = y_0 + \Delta y = 4.5 - 1.1667 = 3.3333
\]

Repeat this process iteratively until the residuals are within desired tolerance.

---

Convergence and Practical Considerations

Convergence Criteria

- The Newton-Raphson method generally converges quadratically when close to the actual
solution.

- A typical stopping criterion is when the norm of \(\mathbf{F}(\mathbf{X}_n)\) falls below
a small threshold (e.g., \(10^{-6}\)).

- Alternatively, when \(\|\mathbf{X}_{n+1} - \mathbf{X}_n\|\) is sufficiently small.



Challenges and Limitations

- Initial Guess Dependency: The method's success heavily depends on a good initial
estimate. Poor guesses may lead to divergence or convergence to unintended solutions.

- Singular Jacobian: If the Jacob
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