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Introduction to the Pure Exchange Model

Understanding pure exchange economies is fundamental in microeconomics, as
they form the basis for analyzing how individuals or agents allocate their
resources without production. This article explores the specific exchange
scenario defined by the utility functions:

- Agent A: \( U_A = x_A + 0.6 y_A \)
- Agent B: \( U_B = x_B + 0.4 y_B \)

with initial endowments:

- \( A = (60, 25) \)
- \( B = (40, 25) \)

The goal is to analyze the potential equilibrium outcomes arising from the
exchange process between these agents, considering their utility functions
and initial endowments.

---

Understanding the Setup of the Exchange Economy

Initial Endowments

- Agent A starts with 60 units of good \(x\) and 25 units of good \(y\).
- Agent B begins with 40 units of good \(x\) and 25 units of good \(y\).

These initial endowments serve as the starting point for voluntary trade,
where agents aim to maximize their utility through reallocation of goods.



Utility Functions and Preferences

- Agent A: \( U_A = x_A + 0.6 y_A \)
- Agent B: \( U_B = x_B + 0.4 y_B \)

These are linear utility functions, implying that both agents have perfect
substitutability between goods \(x\) and \(y\), with different marginal
utilities.

- Agent A values each additional unit of \(x\) equally but values \(y\) at
0.6 per unit.
- Agent B values each additional unit of \(x\) equally but values \(y\) at
0.4 per unit.

This setup suggests that both agents will trade to maximize their utility
within the constraints of their total resource holdings.

---

Analyzing the Edgeworth Box and Feasible
Allocations

The Edgeworth Box Diagram

The Edgeworth box is a visual tool for analyzing trade possibilities between
two agents with given endowments and preferences.

- The total resources in the economy:

\[
X_{total} = 60 + 40 = 100
\]

\[
Y_{total} = 25 + 25 = 50
\]

- The box dimensions:

- Width: 100 units of \(x\)
- Height: 50 units of \(y\)

- The initial endowment point:

\[



(x_A, y_A) = (60, 25)
\]

\[
(x_B, y_B) = (40, 25)
\]

This initial point is located within the box, and the goal is to find
mutually beneficial exchanges that improve both agents’ utilities.

Feasible Allocations

Any allocation must satisfy:

\[
x_A + x_B = 100
\]
\[
y_A + y_B = 50
\]

with individual allocations:

\[
x_A, y_A \geq 0
\]
\[
x_B, y_B \geq 0
\]

---

Utility Maximization and Contract Curves

Marginal Rates of Substitution (MRS)

For linear utilities, the MRS between \(x\) and \(y\) for each agent is
constant:

- Agent A:

\[
MRS_A = \frac{\partial U_A / \partial y_A}{\partial U_A / \partial x_A} =
\frac{0.6}{1} = 0.6
\]



- Agent B:

\[
MRS_B = \frac{0.4}{1} = 0.4
\]

These MRS values indicate that:

- Agent A is willing to give up 0.6 units of \(y\) for 1 unit of \(x\).
- Agent B is willing to give up 0.4 units of \(y\) for 1 unit of \(x\).

Since these are constants, the agents' indifference curves are straight lines
with slopes 0.6 and 0.4, respectively.

Implication for Trading

- The contract curve (set of Pareto-efficient allocations) is characterized
by the point where the agents' MRS are equal:

\[
MRS_A = MRS_B
\]

\[
0.6 = 0.4
\]

This equality does not hold, suggesting that the initial endowment is not
Pareto efficient, and trade can occur to improve both agents' utility by
moving along the feasible allocations.

---

Identifying the Equilibrium and Final
Allocations

Potential Trade Outcomes

Given the utility functions and initial endowments, agents will trade in such
a way that:

- Agent A will attempt to increase \( y_A \) since the marginal utility is
higher compared to \( y_B \).
- Agent B will prefer to reallocate resources to maximize their utility,



considering their lower marginal utility for \( y \).

Because the utility functions are linear and preferences are perfect
substitutes, the optimal trade involves moving allocations until the MRS of
both agents align, which would be at the boundary where they are indifferent.

Finding the Pareto-Optimal Allocation

Given that:

- \( MRS_A = 0.6 \)
- \( MRS_B = 0.4 \)

The Pareto-efficient allocations occur at the points where the MRS are
equalized or when one agent's utility reaches its maximum at the boundary.

Since the MRSs are constants and not equal, the efficient frontier in this
case is characterized by the extremal points:

- The point where Agent A consumes all \( y \) (i.e., \( y_A = 50 \)) and
Agent B consumes none of \( y \).
- The point where Agent B consumes all \( y \), and Agent A consumes none.

---

Calculations for Endpoints

When Agent A consumes all \( y \):

- \( y_A = 50 \), \( y_B = 0 \)
- Remaining \( x \):

\[
x_A = \text{initial } x_A + \text{trade amount}
\]

\[
x_B = \text{initial } x_B - \text{trade amount}
\]

- To maximize \( U_A \):

\[
x_A + 0.6 \times 50 = x_A + 30
\]

Since \( x_A \) can be as high as 60 plus any trade, but resources are



limited, the maximum for \( x_A \) is constrained by initial endowments and
the total resources.

Similarly, for when Agent B consumes all \( y \):

- \( y_B = 50 \), \( y_A = 0 \)

- \( x_A \) and \( x_B \) adjust accordingly within resource constraints.

Trade-offs:

- Agent A prefers more \( y \) because of the higher marginal utility.
- Agent B prefers to allocate resources toward \( x \) or minimize \( y \)
consumption.

---

Conclusion: Equilibrium Outcomes and Policy
Implications

Summary of Key Findings

- The linear utility functions with different slopes imply that the agents
have perfect substitutability but differing preferences.
- The initial endowment is not Pareto efficient; trade can improve both
agents' utilities.
- The optimal exchange occurs along the boundary where the marginal rates of
substitution are equalized.
- Given the constraints, the final allocations tend toward the extremities
where one agent consumes all of \( y \), and the other maximizes \( x \).

Implications for Real-World Markets

- Trade Dynamics: Understanding agents' marginal utilities helps predict
trade directions.
- Market Efficiency: Initial endowments often do not reflect Pareto
efficiency; voluntary trade moves the economy toward more efficient
allocations.
- Policy Design: Recognizing preferences and initial resource distributions
can guide policies to promote optimal resource allocations.

---



Further Considerations and Extensions

- Non-linear Utility Functions: Introducing diminishing returns or convex
preferences would complicate the analysis.
- Multiple Goods and Agents: Extending the model to more goods or agents
increases complexity but provides richer insights.
- Market Frictions: Transaction costs, taxes, and externalities can influence
equilibrium outcomes.
- Dynamic Models: Considering time and investment adds layers of strategic
decision-making.

---

Summary

This comprehensive analysis of the pure exchange economy specified by the
utility functions \( U_A = x_A + 0.6 y_A \) and \( U_B = x_B + 0.4 y_B \),
with initial endowments \( (60,25) \) and \( (40,25) \), demonstrates

Frequently Asked Questions

What is the significance of the utility functions
U_A = x_A^{0.6} y_A^{0.4} and U_B = x_B^{0.4}
y_B^{0.6} in this pure exchange model?
These utility functions represent the preferences of agents A and B,
capturing how they derive satisfaction from different combinations of goods x
and y. The exponents indicate their relative importance for each good,
influencing the equilibrium allocation.

How do the initial endowments A = (60, 25) and B =
(40, 25) affect the potential Pareto optimal
exchanges?
The initial endowments determine the starting point of resource allocation.
They influence the feasible set of exchanges and help identify possible
Pareto improvements where both agents can be better off without making the
other worse off.

What method can be used to find the competitive



equilibrium in this pure exchange economy?
The typical approach involves setting up the agents' utility maximization
problems subject to budget constraints, then solving for prices and
allocations where markets clear, ensuring supply equals demand for both
goods.

How does the Cobb-Douglas form of the utility
functions impact the shape of the indifference
curves?
Cobb-Douglas utility functions produce convex, smooth indifference curves
with constant marginal rates of substitution, simplifying the analysis of
equilibrium and ensuring a unique, stable solution.

What role do the exponents in the utility functions
play in determining the agents' optimal consumption
bundles?
The exponents (0.6 and 0.4) reflect the agents' relative preferences for
goods x and y, influencing how they allocate their endowments to maximize
utility based on marginal utility ratios.

Can this exchange model reach a Pareto efficient
allocation, and under what conditions?
Yes, the model can reach a Pareto efficient allocation if the agents trade to
their utility-maximizing bundles given prices, and the market clears with no
excess supply or demand, considering their initial endowments and
preferences.

How do the initial endowments influence the
bargaining process in this pure exchange economy?
Initial endowments serve as the starting point for negotiations, affecting
the feasible set of trades and the bargaining power of each agent, ultimately
shaping the final allocation.

What insights can be gained about market efficiency
from analyzing this pure exchange scenario?
Analyzing the scenario reveals how preferences, endowments, and market
clearing conditions lead to efficient allocations, demonstrating fundamental
principles of general equilibrium theory and resource distribution.



Additional Resources
Question 2 U A=x A0.2y A0.6, B=x B0.4y B0.6, A=(60,25), B=(40,25): A
Comprehensive Guide to Pure Exchange Analysis

Understanding the intricacies of Question 2 U A=x A0.2y A0.6, B=x B0.4y B0.6,
A=(60,25), B=(40,25) requires a thorough grasp of the fundamentals of pure
exchange in economics. This scenario is a classic example used to illustrate
how two individuals or agents, A and B, exchange goods to reach a mutually
beneficial outcome without any production or creation of new goods—hence,
pure exchange. This guide aims to break down the problem step by step,
helping you understand the underlying principles, calculations, and
implications involved in such economic exchanges.

---

Introduction to Pure Exchange

Pure exchange models form a fundamental part of microeconomics, focusing on
how individuals or agents trade existing goods to improve their utility or
satisfaction. Unlike production models, pure exchange assumes that the total
amount of goods in the economy is fixed; the goal is to analyze how these
goods are allocated among agents.

In the context of the given problem, agents A and B start with initial
endowments and then engage in exchange to reach a more preferred
distribution, respecting their initial holdings and preferences.

---

The Given Data Breakdown

Endowments of Agents

- Agent A: (60, 25)
- Agent B: (40, 25)

These are the initial quantities of two goods (say, Good X and Good Y) that
each agent possesses.

Utility Functions

- Agent A: \( U_A = x_A^{0.2} y_A^{0.6} \)
- Agent B: \( U_B = x_B^{0.4} y_B^{0.6} \)

The utility functions are Cobb-Douglas, reflecting preferences that are
smooth, convex, and exhibit diminishing marginal returns.

Initial Endowment Totals

Total initial endowments are:



- Good X: \( 60 + 40 = 100 \)
- Good Y: \( 25 + 25 = 50 \)

---

Step 1: Understanding the Utility Functions

Cobb-Douglas Preferences

Cobb-Douglas utility functions are widely used because they imply constant
expenditure shares:

- Agent A spends approximately 20% of income on Good X and 60% on Good Y.
- Agent B spends approximately 40% of income on Good X and 60% on Good Y.

The exponents indicate the relative importance of each good in the utility.

---

Step 2: Determining the Pareto Efficient Allocation

What is a Pareto Efficient Allocation?

An allocation is Pareto efficient if no one can be made better off without
making someone else worse off. In pure exchange, the core idea is to find the
contract curve—the set of all Pareto optimal allocations.

Approach

- Step 2.1: Set up the problem with the initial endowments.
- Step 2.2: Use the marginal rate of substitution (MRS) to find the Pareto
boundary.
- Step 2.3: Derive the contract curve by equating the MRSs of the two agents
at the points of optimality.

---

Step 3: Calculating Marginal Rates of Substitution (MRS)

The MRS for each agent is the rate at which they are willing to trade one
good for the other, holding utility constant.

Agent A:

\[
\text{MRS}_A = \frac{\partial U_A / \partial x_A}{\partial U_A / \partial
y_A} = \frac{0.2 \times x_A^{-0.8} y_A^{0.6}}{0.6 \times x_A^{0.2}
y_A^{-0.4}} = \frac{0.2}{0.6} \times \frac{y_A}{x_A} = \frac{1}{3} \times
\frac{y_A}{x_A}
\]



Agent B:

\[
\text{MRS}_B = \frac{0.4 \times x_B^{-0.6} y_B^{0.6}}{0.6 \times x_B^{0.4}
y_B^{-0.4}} = \frac{0.4}{0.6} \times \frac{y_B}{x_B} = \frac{2}{3} \times
\frac{y_B}{x_B}
\]

Interpretation:

- Agent A is willing to trade at a rate proportional to \( \frac{1}{3} \times
\frac{y_A}{x_A} \).
- Agent B at \( \frac{2}{3} \times \frac{y_B}{x_B} \).

At Pareto efficiency, their MRSs are equal:

\[
\frac{1}{3} \times \frac{y_A}{x_A} = \frac{2}{3} \times \frac{y_B}{x_B}
\]

which simplifies to:

\[
\frac{y_A}{x_A} = 2 \times \frac{y_B}{x_B}
\]

---

Step 4: The Contract Curve Equation

From the above, the contract curve is characterized by:

\[
\boxed{
\frac{y_A}{x_A} = 2 \times \frac{y_B}{x_B}
}
\]

Expressed in terms of total resources:

\[
x_A + x_B = 100, \quad y_A + y_B = 50
\]

and the condition:

\[
\frac{y_A}{x_A} = 2 \times \frac{50 - y_A}{100 - x_A}
\]

Alternatively, expressing \( y_A \) in terms of \( x_A \):



\[
y_A = 2 \times \frac{50 - y_A}{100 - x_A} \times x_A
\]

which can be solved for specific allocations.

---

Step 5: Finding the Initial Endowment Point

The initial endowment point is:

\[
A = (60, 25), \quad B = (40, 25)
\]

Total initial resources:

- \( x_{total} = 100 \)
- \( y_{total} = 50 \)

---

Step 6: Optimal Allocation for Each Agent

Step 6.1: Utility Maximization

Given the budget constraints (total resources), each agent maximizes utility
subject to their resource constraints.

For Agent A:

\[
\text{Maximize } U_A = x_A^{0.2} y_A^{0.6}
\]
Subject to:

\[
x_A + x_B = 100
\]
\[
y_A + y_B = 50
\]

Similarly for Agent B.

Step 6.2: Use of Lagrangian Method

For Agent A, the Lagrangian:

\[



\mathcal{L}_A = x_A^{0.2} y_A^{0.6} + \lambda_A (100 - x_A - x_B)
\]

But since the total resources are fixed, and the problem involves both
agents, the solution involves the core of the economy:

- Each agent chooses their bundle to maximize utility, given the overall
resource constraints, and the exchange occurs along the contract curve.

---

Step 7: The Walrasian Equilibrium

Step 7.1: Equilibrium Prices

- Find prices \( p_x \) and \( p_y \) such that both agents maximize their
utility given their budget constraints.

Step 7.2: Budget Constraints

- Agent A:

\[
p_x x_A + p_y y_A = p_x \times 60 + p_y \times 25
\]

- Agent B:

\[
p_x x_B + p_y y_B = p_x \times 40 + p_y \times 25
\]

Step 7.3: Marginal Rate of Substitution Equals Price Ratio

\[
\frac{\text{MRS}_A}{\text{MRS}_B} = \frac{p_x}{p_y}
\]

From earlier:

\[
\frac{1/3 \times y_A / x_A}{2/3 \times y_B / x_B} = \frac{p_x}{p_y}
\]

which simplifies to:

\[
\frac{1/3}{2/3} \times \frac{y_A / x_A}{y_B / x_B} = \frac{p_x}{p_y}
\]

\[



\frac{1}{2} \times \frac{y_A / x_A}{y_B / x_B} = \frac{p_x}{p_y}
\]

---

Step 8: Practical Steps to Find the Equilibrium

1. Set the MRSs equal at the optimal point, as derived.
2. Solve for the allocation satisfying the resource constraints and MRS
equality.
3. Determine the price ratio \( p_x / p_y \) from the MRS.
4. Verify the utility maximization under the budget constraints.

---

Final Remarks and Implications
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