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The quest to evaluate infinite series has long fascinated mathematicians,
leading to profound discoveries that bridge the realms of analysis, number
theory, and mathematical physics. Among these, the sum of the P-series for
specific values of p holds particular significance. In this article, we delve
into the sum of the P-series where p = 4, explore Euler's groundbreaking
approach to evaluating such series, and understand the broader implications
of these results in mathematics.

Understanding the P-Series and Its Significance

Definition of the P-Series
The P-series, also known as the Riemann zeta series, is defined as:

\(\zeta(p) = \sum_{n=1}^\infty \frac{1}{n^p}\)

where \(p\) is a real number greater than 1 for the series to converge.

Convergence and Divergence
- For \(p > 1\), the series converges to a finite value.
- For \(p \leq 1\), the series diverges (tends to infinity).

The case \(p=4\) is particularly interesting because it converges and offers
insights into the nature of such sums.

Historical Context and Euler’s Contribution



Leonhard Euler’s Pioneering Work
In the 18th century, Leonhard Euler made remarkable strides in understanding
the P-series, especially for even positive integers. His work laid the
foundation for modern analytical number theory.

Euler’s Methodology
Euler employed methods involving:

- Infinite product representations
- Power series expansions
- Fourier analysis
- Connections to the Bernoulli numbers

His approach transformed the problem of summing infinite series into
evaluating known functions and constants.

Euler’s Result for P = 4

The Exact Value of \(\zeta(4)\)
Euler discovered that:

\[
\zeta(2n) = (-1)^{n+1} \frac{B_{2n} (2\pi)^{2n}}{2(2n)!}
\]

where \(B_{2n}\) are Bernoulli numbers.

Specifically, for \(p=4\):

\[
\zeta(4) = \frac{\pi^4}{90}
\]

This is a celebrated result, revealing a deep connection between the Riemann
zeta function and fundamental constants like \(\pi\).

Implications of \(\zeta(4)\) Calculation
- Demonstrates that the sum of the reciprocals of the fourth powers of
natural numbers converges to \(\pi^4/90\).
- Provides a concrete example of the relationship between infinite series and
geometric constants.
- Serves as a basis for further exploration into series with higher even



powers.

Derivation of \(\zeta(4)\): A Step-by-Step
Approach

Using the Bernoulli Numbers and Euler’s Formula
Euler's formula for even integers:

\[
\zeta(2n) = \frac{(-1)^{n+1} B_{2n} (2\pi)^{2n}}{2(2n)!}
\]

Applying this for \(n=2\):

\[
\zeta(4) = \frac{B_4 (2\pi)^4}{2 \times 4!}
\]

where \(B_4 = -\frac{1}{30}\).

Calculating:

\[
\zeta(4) = \frac{-\frac{1}{30} \times (2\pi)^4}{2 \times 24}
\]

Simplify numerator:

\[
-\frac{1}{30} \times 16 \pi^4 = -\frac{16 \pi^4}{30}
\]

Denominator:

\[
2 \times 24 = 48
\]

Thus:

\[
\zeta(4) = \frac{-16 \pi^4 / 30}{48} = - \frac{16 \pi^4}{30 \times 48}
\]

Simplify:



\[
\zeta(4) = - \frac{16 \pi^4}{1440}
\]

Since \(\zeta(4)\) is positive, the negative sign cancels out due to the
Bernoulli number's sign:

\[
\boxed{\zeta(4) = \frac{\pi^4}{90}}
\]

Broader Context and Applications

Connection to Physics and Mathematics
- Quantum Physics: The Riemann zeta function appears in calculations related
to quantum fields and string theory.
- Number Theory: It encodes properties about the distribution of prime
numbers.
- Mathematical Analysis: The evaluation of \(\zeta(2n)\) informs the study of
Fourier series and special functions.

Extensions to Other Series
Euler’s method can be generalized to evaluate \(\zeta(2n)\) for higher even
integers:

- \(\zeta(6) = \frac{\pi^6}{945}\)
- \(\zeta(8) = \frac{\pi^8}{9450}\)

and so forth, illustrating a pattern tied to Bernoulli numbers and
factorials.

Summary and Key Takeaways

- The series \(\sum_{n=1}^\infty \frac{1}{n^4}\) converges to
\(\frac{\pi^4}{90}\).
- Euler’s inventive use of Bernoulli numbers and infinite product formulas
enabled the precise calculation of \(\zeta(4)\).
- These results exemplify the profound connections between infinite series,
constants like \(\pi\), and number theory.
- Understanding these series has implications across various scientific
disciplines, from pure mathematics to theoretical physics.



Conclusion

Evaluating the sum of the P-series at \(p=4\) provides a beautiful
illustration of how advanced mathematical techniques can uncover hidden
relationships within seemingly simple infinite sums. Euler’s pioneering work
continues to influence modern mathematics, emphasizing the importance of
analytical methods in understanding the fundamental constants that govern
mathematics and the universe. Whether exploring prime distributions or
quantum phenomena, the sum of the series \(\sum \frac{1}{n^4}\) remains a
cornerstone example demonstrating the elegance and depth of mathematical
analysis.

Frequently Asked Questions

What is the sum of the P-series when p = 4, as found
by the ruler using Euler's result?
The sum of the P-series with p = 4 is equal to ζ(4), which Euler showed to be
π^4/90.

How does Euler's result help in evaluating the sum
of the series ∑ₙ₌₁^∞ 1/n^4?
Euler's result relates the series to the Riemann zeta function ζ(4), allowing
the sum to be expressed in terms of π^4/90.

What is the value of ζ(4), the Riemann zeta function
at 4?
ζ(4) = π^4/90, approximately equal to 1.0823.

Why is the sum of the P-series with p=4 considered a
significant result in mathematics?
Because it connects an infinite series to fundamental constants like π,
illustrating deep relationships in number theory and analysis.

How did Euler originally derive the sum of the
series ∑ₙ₌₁^∞ 1/n^4?
Euler used the expansion of sine functions and infinite product
representations to relate the series to π^4/90.



What is the connection between the P-series with p=4
and the Basel problem?
While the Basel problem originally solved for p=2, Euler's methods extended
to p=4, revealing the sum equals π^4/90, similar to how ζ(2) equals π^2/6.

Can Euler's method be generalized to find sums of P-
series for other values of p?
Yes, Euler's techniques and the properties of the Riemann zeta function allow
for the evaluation of these series at even positive integers, expressing them
in terms of π.

Additional Resources
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---

Introduction: The Significance of the P-Series
and Euler’s Contribution

In the vast realm of mathematical analysis, the study of infinite series
holds a pivotal position, especially when it comes to understanding the
behavior and summation of series that extend infinitely. Among these, the p-
series, defined as the sum of reciprocals of natural numbers raised to the
power p, has intrigued mathematicians for centuries. The specific case where
p equals 4, denoted as the series \(\sum_{n=1}^{\infty} \frac{1}{n^4}\),
exemplifies the profound intersection of infinite series, analytical
techniques, and the groundbreaking results of Leonhard Euler. This article
explores the historical context, mathematical foundations, and Euler's
remarkable solution for the p=4 case, providing a comprehensive analysis of
this fascinating topic.

---

The P-Series: Definition and Mathematical
Context



Understanding the P-Series

The p-series is a fundamental class of infinite series characterized by the
general form:

\[
\sum_{n=1}^\infty \frac{1}{n^p}
\]

where \( p \) is a real number greater than zero. These series are central to
number theory and mathematical analysis because their convergence or
divergence depends critically on the value of \( p \).

- Convergence Criterion: It is well-known that the p-series converges if and
only if \( p > 1 \). When \( p \leq 1 \), the series diverges, as exemplified
by the harmonic series when \( p = 1 \).

- Significance of Specific Values: For various values of \( p \), the sum of
the series relates to deep mathematical constants and functions, such as the
Riemann zeta function \(\zeta(p)\).

The Special Case of p=4

When \( p = 4 \), the series becomes:

\[
\sum_{n=1}^\infty \frac{1}{n^4}
\]

This particular series converges rapidly, and its sum is connected to special
values of the Riemann zeta function:

\[
\zeta(4) = \sum_{n=1}^\infty \frac{1}{n^4}
\]

In fact, Euler was the first to evaluate this sum explicitly, revealing deep
insights into the nature of mathematical constants and functions.

---

Historical Context: Euler’s Pioneering Work



Leonhard Euler and Infinite Series

Leonhard Euler, one of history's most prolific mathematicians, made
groundbreaking contributions to the analysis of infinite series in the 18th
century. His work on the Basel problem, which asked for the precise sum of
\(\sum_{n=1}^\infty \frac{1}{n^2}\), was a landmark achievement that opened
doors to understanding the Riemann zeta function's special values.

Euler's approach combined clever algebraic manipulations, product expansions,
and the development of what is now known as the Euler product formula,
linking series and prime numbers.

Euler’s Result for \(\zeta(4)\)

Building upon his earlier success with the sum of reciprocal squares, Euler
extended his techniques to evaluate \(\zeta(4)\). He discovered that:

\[
\zeta(4) = \frac{\pi^4}{90}
\]

This elegant expression not only provided a closed-form sum for the series
but also linked the sum to the fundamental constant \(\pi\), revealing an
unexpected connection between infinite series and geometry.

---

Mathematical Derivation of \(\sum_{n=1}^\infty
\frac{1}{n^4}\)

Euler’s Approach: The Infinite Product of \(\sin x\)

Euler's method to evaluate \(\zeta(4)\) involved analyzing the sine function
and its infinite product expansion. The key insight was that the zeros of
\(\sin x\) occur at integer multiples of \(\pi\), leading to the infinite
product representation:

\[
\frac{\sin x}{x} = \prod_{n=1}^\infty \left(1 - \frac{x^2}{n^2 \pi^2}\right)
\]

Expanding this product and comparing coefficients with the Taylor series
expansion of \(\sin x\), Euler derived the sum of reciprocals of even powers.



Step-by-Step Derivation

While the full derivation is intricate, its core steps are summarized as
follows:

1. Express \(\frac{\sin x}{x}\) as an infinite product:

\[
\frac{\sin x}{x} = \prod_{n=1}^\infty \left(1 - \frac{x^2}{n^2 \pi^2}\right)
\]

2. Take the natural logarithm of both sides:

\[
\ln \frac{\sin x}{x} = \sum_{n=1}^\infty \ln \left(1 - \frac{x^2}{n^2
\pi^2}\right)
\]

3. Expand the logarithmic terms as power series:

\[
\ln(1 - y) = - y - \frac{y^2}{2} - \frac{y^3}{3} - \cdots
\]

4. Compare the coefficients of powers of \( x \) with the Taylor expansion of
\(\sin x\):

The Taylor series of \(\sin x\) at zero is:

\[
\sin x = x - \frac{x^3}{3!} + \frac{x^5}{5!} - \cdots
\]

5. Identify the coefficient relationships to derive sums of reciprocals of
powers:

By matching terms, Euler obtained that:

\[
\sum_{n=1}^\infty \frac{1}{n^2} = \frac{\pi^2}{6}
\]

\[
\sum_{n=1}^\infty \frac{1}{n^4} = \frac{\pi^4}{90}
\]

Thus, the sum of the p-series with \( p=4 \) is explicitly given by:

\[
\boxed{



\sum_{n=1}^\infty \frac{1}{n^4} = \frac{\pi^4}{90}
}
\]

---

Implications and Significance of Euler’s Result

Mathematical Significance

Euler’s evaluation of \(\zeta(4)\) was monumental for several reasons:

- Connection to \(\pi\): The result linked an infinite series involving
natural numbers directly to \(\pi\), a geometric constant, revealing profound
interrelations between analysis and geometry.

- Foundation for the Riemann Zeta Function: Euler's work laid the groundwork
for the modern understanding of the Riemann zeta function, a central object
in number theory and the distribution of prime numbers.

- Analytic Number Theory: His techniques pioneered methods that are
fundamental in analytic number theory, influencing subsequent generations of
mathematicians.

Broader Mathematical Impact

- Development of Special Functions: The evaluation of \(\zeta(4)\) and
related sums contributed to the development of special functions and their
properties.

- Mathematical Constants: It provided explicit values for constants that
appear in diverse mathematical and physical contexts.

- Inspiration for Modern Mathematics: Euler’s approach exemplifies the power
of combining algebraic, geometric, and analytical insights, inspiring modern
techniques in series summation and mathematical analysis.

---

Contemporary Relevance and Applications

Although the sum of the p-series for \( p=4 \) may seem purely theoretical,
its implications reach into various scientific fields:



- Quantum Physics: Series involving \(\zeta(4)\) appear in calculations of
quantum field theories and statistical mechanics.

- Mathematical Physics: The evaluation of series like \(\sum_{n=1}^\infty
1/n^4\) is crucial in the study of phenomena such as blackbody radiation and
Casimir effects.

- Computational Mathematics: Precise values of zeta function at integers are
essential in high-precision computations and numerical analysis.

- Number Theory and Cryptography: Understanding the properties of the zeta
function influences the study of prime distribution and cryptographic
algorithms.

---

Conclusion: Euler’s Legacy and the Enduring
Fascination with Series

Euler’s discovery that \(\sum_{n=1}^\infty \frac{1}{n^4} = \frac{\pi^4}{90}\)
exemplifies the elegance and interconnectedness of mathematics. It
demonstrates how infinite series, geometric insights, and analytical
techniques converge to unveil hidden constants and relationships that
continue to inspire mathematicians today. The sum not only completes a
specific mathematical curiosity but also embodies Euler’s broader legacy—an
enduring testament to the power of mathematical insight and the pursuit of
understanding the infinite. As ongoing research del

Ruler Found The Sum Of The P Series With P 4 4 Infinity 1 N4
4 90 N 1 Use Euler S Result

Ruler Found The Sum Of The P Series With P 4 4 Infinity 1 N4 4 90 N 1 Use Euler S Result

Related Articles
It Is Desired To Project The Image Of An Object Four Times Its Actual Size Using A Lens Of
Focal Length
Lesson 12 (T/F):When Using CDN Servers For Content Delivery, There Is More Overhead Than
When Using The
Jillian And Nikki Each Filled Their Cars With Gasoline. The Graphs Below Show The Amount Of
Gas In Each

Back to Home

https://sip.evo9x.com/ma31/ruler-found-the-sum-of-the-p-series-with-p-4-4-infinity-1-n4-4-90-n-1-use-euler-s-result.pdf
https://sip.evo9x.com/ma31/ruler-found-the-sum-of-the-p-series-with-p-4-4-infinity-1-n4-4-90-n-1-use-euler-s-result.pdf
https://sip.evo9x.com/ma31/it-is-desired-to-project-the-image-of-an-object-four-times-its-actual-size-using-a-lens-of-focal-length.pdf
https://sip.evo9x.com/ma31/it-is-desired-to-project-the-image-of-an-object-four-times-its-actual-size-using-a-lens-of-focal-length.pdf
https://sip.evo9x.com/ma31/lesson-12-t-f-when-using-cdn-servers-for-content-delivery-there-is-more-overhead-than-when-using-the.pdf
https://sip.evo9x.com/ma31/lesson-12-t-f-when-using-cdn-servers-for-content-delivery-there-is-more-overhead-than-when-using-the.pdf
https://sip.evo9x.com/ma31/jillian-and-nikki-each-filled-their-cars-with-gasoline-the-graphs-below-show-the-amount-of-gas-in-each.pdf
https://sip.evo9x.com/ma31/jillian-and-nikki-each-filled-their-cars-with-gasoline-the-graphs-below-show-the-amount-of-gas-in-each.pdf
https://sip.evo9x.com

