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The statement “Let M and N be any integers. The product Mn is divisible” suggests an
exploration into the divisibility properties of the product of two integers. To understand
which statements are true in this context, we must delve into fundamental concepts of
number theory, divisibility, and properties of integers. This article will analyze various
assertions related to divisibility involving the product of two integers, M and N, and
determine which are universally true, conditionally true, or false. The examination will help
clarify common misconceptions and provide a clear understanding of divisibility criteria
when working with integer products.

Understanding Divisibility and Its Role in Integer
Products

What Is Divisibility?
Divisibility is a fundamental concept in number theory. An integer a is said to be divisible by
another integer b (where b ≠ 0) if there exists an integer k such that:

a = bk

In this case, we say b divides a, often written as b | a. For example, 12 is divisible by 3
because 12 = 3 × 4, and 3 divides 12.

Properties of Divisibility Relevant to the Product Mn

If b divides a and b divides c, then b divides any integer linear combination of a and c.

If b divides a and c, then b divides their product.

The divisibility of a product Mn depends on the divisibility properties of M and N



individually.

Key Statements About Divisibility of the Product
Mn

Statement 1: If a prime p divides M, then p divides the
product Mn for any integer N.
This statement is true. Because if p | M, then M = p × a for some integer a. Therefore, the
product Mn = (p × a) × N = p × (a × N), which is divisible by p. This property holds for any
integer N when p divides M.

Statement 2: If a prime p divides N, then p divides the
product Mn for any integer M.
This statement is symmetric to Statement 1. If p | N, then N = p × b for some integer b.
Thus, Mn = M × (p × b) = p × (M × b), which is divisible by p. Therefore, the statement is
true.

Statement 3: If p is a prime that divides both M and N,
then p divides the product Mn.
This is a direct consequence of the previous statements. Since p divides both M and N, p
divides their product, and consequently, p divides Mn for any integer N or M. This is always
true, regardless of N, because if p divides M, it automatically divides any product involving
M, including Mn.

Statement 4: If M is divisible by a number d, then the
product Mn is divisible by d for any integer N.
This statement is true. If d | M, then M = d × a for some integer a. Therefore, Mn = (d × a)
× N = d × (a × N), which is divisible by d for any N.

Statement 5: If N is divisible by a number d, then the
product Mn is divisible by d for any integer M.
This statement is analogous to Statement 4 and is also true. If d | N, then N = d × b, so Mn
= M × (d × b) = d × (M × b), which is divisible by d.



Statement 6: If M and N are coprime (their greatest
common divisor is 1), then the product Mn is divisible
by a particular integer d only if d divides either M or N.
This statement is false. The coprimality of M and N implies that they share no common
divisors greater than 1, but it does not restrict the divisibility of their product by integers
that do not divide either M or N individually. For example, if M and N are coprime, their
product might still be divisible by some integer d that is not a factor of either alone, such as
a common multiple of their individual divisors, which is not necessarily a divisor of M or N
separately.

Summarizing Which Statements Are True

Universal Truths About Divisibility of Mn

Prime p divides M → p divides Mn for any N.1.

Prime p divides N → p divides Mn for any M.2.

If p divides both M and N, then p divides Mn.3.

If d divides M → d divides Mn for any N.4.

If d divides N → d divides Mn for any M.5.

Conditional and False Statements

False: If M and N are coprime, then the divisibility of Mn by some d depends solely on
whether d divides M or N.

Implications and Applications of These Divisibility
Principles

Understanding Prime Factorization in Products
Prime factorization plays a crucial role in understanding the divisibility of products. If M and
N are expressed as products of primes, then the prime factors of the product Mn are simply



the union of the prime factors of M and N, each raised to the appropriate powers. This
means that the divisibility of Mn by a particular integer d depends on whether the prime
factorization of d is contained within the combined prime factors of M and N.

Divisibility and Greatest Common Divisors (GCD)
The concept of GCD is pivotal. If M and N are coprime, their GCD is 1, and their least
common multiple (LCM) is simply M × N. The divisibility properties in this case show that
the product is divisible by any common divisor of M and N, which, in the case of coprimality,
is only 1.

Divisibility Rules in Number Theory
These principles extend to various divisibility rules used for integers, such as divisibility by
2, 3, 5, etc. Understanding how these rules apply to products can simplify complex
divisibility problems in algebra and number theory.

Conclusion

In summary, the key truths regarding the divisibility of the product Mn, where M and N are
any integers, are rooted in the fundamental properties of divisibility and prime factors. The
statements that are universally true include:

If a prime divides M, it divides Mn for any N.

If a prime divides N, it divides Mn for any M.

If a prime divides both M and N, it divides Mn.

If a number divides M, it divides Mn for any N.

If a number divides N, it divides Mn for any M.

Conversely, the notion that coprimality restricts divisibility in the manner suggested by
some statements is false; the product's divisibility can involve integers that do not divide
either M or N individually, as long as those integers are factors of the product itself.

Understanding these principles equips mathematicians and students with tools to analyze
divisibility problems effectively, whether in pure number theory or applied mathematics
fields such as cryptography, coding theory, and algorithm design.



Frequently Asked Questions

If M and N are integers, and their product Mn is
divisible by a prime number p, does that imply M is
divisible by p or N is divisible by p?
Yes, if the product Mn is divisible by a prime p, then at least one of M or N must be divisible
by p.

Is it true that for any integers M and N, the product Mn
is divisible by 4 if both M and N are even?
Yes, if both M and N are even integers, their product Mn is divisible by 4.

Can the product Mn be divisible by a number k if
neither M nor N is divisible by k?
It depends on the factors of k; in general, if Mn is divisible by k, then at least one of M or N
must be divisible by some factor of k.

Is it always true that if M and N are integers and their
product is divisible by a certain number, then both M
and N are divisible by that number?
No, it's not necessarily true; only one of them needs to be divisible by that number for the
product to be divisible.

If M and N are integers, and their product Mn is
divisible by 6, does that mean M or N must be divisible
by 6?
No, it only means that M or N (or both) share factors such that their product is divisible by
6; one of them could be divisible by 2 or 3, not necessarily both.

Is the statement 'The product of any two integers is
divisible by 1' true for all integers M and N?
Yes, since every integer is divisible by 1, the product Mn is always divisible by 1.

If M and N are integers and their product Mn is divisible
by 12, what can be said about M and N?
At least one of M or N must contain the prime factors of 12 (2 and 3), but both do not
necessarily have to be divisible by 12 individually.
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---

Introduction

In the realm of number theory and basic algebra, understanding the divisibility properties of
integers plays a crucial role in solving equations, proving theorems, and developing
algorithms. When examining the relationship between two integers, M and N, a
fundamental question often arises: under what conditions is their product divisible by a
given number? This question not only touches on core concepts of divisibility and factors
but also invites us to explore the logical structure of statements about integers.

This article aims to dissect various assertions related to the divisibility of the product Mn,
where M and N are arbitrary integers. By systematically analyzing these statements, we will
identify which are true, which are false, and why. This exploration provides insight into how
properties of individual integers influence the divisibility of their product, a concept that
underpins much of elementary number theory.

---

Understanding Basic Divisibility and Factors

Before delving into specific statements, it’s essential to clarify some foundational concepts:

- Divisibility: An integer A is divisible by another integer B (B ≠ 0) if there exists an integer
K such that A = B × K.
- Prime and Composite Numbers: Prime numbers are divisible only by 1 and themselves,
whereas composite numbers have additional factors.
- Factors and Multiples: If B divides A, then B is a factor of A, and A is a multiple of B.

With these definitions in mind, we can analyze various claims about the divisibility of the
product Mn.

---

The Core Question: When Is Mn Divisible?

The key statement under scrutiny is:

> "Let M and N be any integers. The product Mn is divisible by some number (say, a fixed
integer k)."

The question is whether certain conditions on M and N imply that their product Mn is
divisible by a particular integer, or vice versa. To better understand, we examine specific
assertions related to this statement.

---



Analysis of Statements About Divisibility

1. If M is divisible by a number k, then Mn is divisible by k for any integer N.

Elaboration:

Suppose M is divisible by k, meaning M = k × a for some integer a. Then, the product Mn
becomes:

Mn = (k × a) × N = k × (a × N).

Since a and N are integers, their product (a × N) is also an integer. Therefore, Mn is
divisible by k.

Conclusion:

> True. If M is divisible by k, then for any integer N, Mn is divisible by k.

---

2. If N is divisible by a number k, then Mn is divisible by k for any integer M.

Elaboration:

Similarly, if N = k × b for some integer b, then:

Mn = M × (k × b) = k × (M × b).

Again, M and b are integers, so their product is an integer, ensuring Mn is divisible by k.

Conclusion:

> True. If N is divisible by k, then Mn is divisible by k for any integer M.

---

3. The product Mn is divisible by a prime number p only if either M or N is divisible by p.

Elaboration:

This statement suggests that if a prime p divides the product Mn, then it must divide at
least one of the factors M or N.

Counterexample:

In integers, this is a well-known property: If a prime p divides a product, then p divides at
least one of the factors. This is a fundamental theorem in number theory, often called
Euclid's lemma.

Implication:



- If p is prime and p divides Mn, then either p divides M or p divides N.

Conclusion:

> True. For prime p, divisibility of the product implies divisibility of at least one factor.

---

4. The product Mn is divisible by a composite number k only if both M and N are divisible by
some factors of k.

Elaboration:

Suppose k is composite, meaning it can be factored into prime factors, say, k = p₁^{a₁} ×
p₂^{a₂} × ... . The divisibility of Mn by k depends on the divisibility of M and N by these
prime factors.

Analysis:

- Mn being divisible by k does not necessarily mean both M and N are divisible by k.
- For example, if k = 6 (which factors into 2 × 3), then Mn divisible by 6 could occur if:

- M is divisible by 2 and N is divisible by 3, or
- M is divisible by 3 and N is divisible by 2, or
- M is divisible by 6, or
- N is divisible by 6.

This indicates that the divisibility of the product by a composite number k depends on the
factors of M and N relative to k.

Counterexample:

- M = 2, N = 3, then Mn = 6, divisible by 6, but neither M nor N is divisible by 6 individually.

Conclusion:

> False. The product Mn being divisible by a composite number k does not require both M
and N to be divisible by the factors of k individually.

---

5. If the product Mn is divisible by a number k, then M is divisible by some divisor of k, or N
is divisible by some divisor of k.

Elaboration:

This statement aims to connect the divisibility of the product with the divisibility of
individual factors by divisors of k.

Analysis:



- It is generally not true that divisibility of Mn by k guarantees that M or N is divisible by a
divisor of k.
- For example, consider M = 2, N = 3, and k = 6. The product Mn = 6, which is divisible by
6, but neither M nor N is divisible by 6. However, M divides 2 (a divisor of 6), and N divides
3 (also a divisor of 6). In this particular case, M and N are divisible by divisors of k, but this
is not necessarily true in all cases.

Counterexample:

- M = 2, N = 3, Mn = 6, divisible by 6, but M and N are only divisible by their own factors (2
and 3), which are divisors of 6. But if we consider M=1, N=6, and k=6, then Mn=6, which is
divisible by 6. M=1 is not divisible by 2 or 3, but N=6 is divisible by 6.

Conclusion:

> Partially true in specific cases, but not universally true. The general statement is false
because divisibility of Mn by k does not guarantee that M or N individually divides a divisor
of k.

---

Summarizing the True and False Statements

Based on the detailed analysis above, the statements that are generally true are:

- Statement 1: If M is divisible by k, then Mn is divisible by k for any N.
- Statement 2: If N is divisible by k, then Mn is divisible by k for any M.
- Statement 3: If p is a prime and p divides Mn, then p divides M or p divides N.

Statements that are false in general:

- Statement 4: The product Mn is divisible by a composite number k only if both M and N
are divisible by some factors of k.
- Statement 5: If Mn is divisible by k, then M or N is divisible by some divisor of k (not
necessarily true in all cases).

---

Broader Implications and Applications

Understanding these divisibility principles is more than an academic exercise; it has
practical implications across various fields:

Cryptography

Divisibility properties form the backbone of many encryption algorithms, including RSA,
where prime factorization is essential. Recognizing when a product is divisible by certain
numbers informs key generation and security analysis.

Computer Science



Algorithms that involve factorization, modular arithmetic, and divisibility checks rely on
these core principles. For example, algorithms determining the primality of numbers or
factoring large integers depend on understanding these relationships.

Mathematical Proofs

Number theory proofs often hinge on the properties of divisibility, such as Euclid's lemma,
the Fundamental Theorem of Arithmetic, and the Chinese Remainder Theorem. Recognizing
which statements hold true guides mathematicians in constructing rigorous arguments.

---

Final Thoughts: The Power of Logical Reasoning in Number Theory

The investigation into the divisibility of products underscores the importance of logical
reasoning and a deep understanding of fundamental concepts in mathematics. Recognizing
the nuances—such as when divisibility of a product implies divisibility of factors—helps
prevent misconceptions and builds a solid foundation for further mathematical exploration.

By carefully analyzing various assertions, we see that some intuitively appealing
statements hold universally, while others are only true under specific conditions. This
nuanced understanding is vital for students, educators, and professionals working with
numbers, whether in theoretical pursuits or practical applications.

---

Closing Remarks

In conclusion, the question "Select ALL The Statements Below That Are True" about the
divisibility of the product Mn with arbitrary integers M and N opens a window into the
elegant structure of integers. The principles explored here—ranging from simple divisibility
to properties involving prime and composite numbers—are foundational to the discipline of
number theory. Mastery
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