SeT Up THE TrRIPLE INTEGRAL OF AN ARBITRARY CONTINUOUS
FuncTioN F(x, Y, Z) IN SpHerICAL COORDINATES OVER

SeT Up THe TRIPLE INTEGRAL OF AN ARBITRARY CONTINUOUS FUNCTION F(X, Y, Z) IN SPHERICAL COORDINATES OVER IS A
FUNDAMENTAL TASK IN MULTIVARIABLE CALCULUS, ESPECIALLY WHEN DEALING WITH VOLUME INTEGRALS OVER REGIONS THAT
ARE NATURALLY EXPRESSED IN SPHERICAL COORDINATES. THIS PROCESS INVOLVES TRANSFORMING THE CARTESIAN
COORDINATES (X, Y, Z) INTO SPHERICAL COORDINATES (R, ©, ®), AND THEN CAREFULLY SETTING UP THE LIMITS OF INTEGRATION
TO ACCURATELY DESCRIBE THE REGION OF INTEGRATION.

(UNDERSTANDING HOW TO CONVERT AND SET UP THESE INTEGRALS IS ESSENTIAL FOR SOLVING COMPLEX PROBLEMS IN PHYSICS,
ENGINEERING, AND MATHEMATICS, SUCH AS CALCULATING MASS, CHARGE DISTRIBUTIONS, OR PROBABILITY DENSITIES OVER
SPHERICAL DOMAINS. IN THIS COMPREHENSIVE GUIDE, WE WILL EXPLORE THE STEP-BY-STEP PROCEDURE TO SET UP THE TRIPLE
INTEGRAL OF AN ARBITRARY CONTINUOUS FUNCTION F(X, Y, Z) IN SPHERICAL COORDINATES, INCLUDING THE DEFINITIONS, THE
JACOBIAN DETERMINANT, AND PRACTICAL EXAMPLES.

INTRODUCTION TO SPHERICAL COORDINATES

BEFORE DIVING INTO THE SETUP PROCESS, IT IS IMPORTANT TO UNDERSTAND THE BASICS OF SPHERICAL COORDINATES AND HOW
THEY RELATE TO CARTESIAN COORDINATES.

DerINITION OF SPHERICAL COORDINATES

SPHERICAL COORDINATES (R/ o, (D) ARE A COORDINATE SYSTEM THAT DESCRIBES A POINT IN THREE-DIMENSIONAL SPACE USING:

- R: THE DISTANCE FROM THE ORIGIN TO THE POINT, WITH \( R \GeQ O \).
- © (THETA): THE POLAR ANGLE MEASURED FROM THE POSITIVE Z-AXIS DOWN TO THE POINT, WITH \( O \LEQ \THETA \LEQ \PI
\).

- ¢ (PHI): THE AZIMUTHAL ANGLE MEASURED IN THE XY-PLANE FROM THE POSITIVE X-AXIS, WITH \( O \LEQ \PHI < 2\PI \).

THE RELATIONSHIPS BETWEEN CARTESIAN AND SPHERICAL COORDINATES ARE GIVEN BY:

\[

\BEGIN{CASES}

x =R \sIN \THETA \cos \pHi \\
vy =R \siNn \THETA \sIN \PHI \\
z=r \cos \THETA
\eno{cases}

\]

VISUAL REPRESENTATION

IMAGINE A SPHERE CENTERED AT THE ORIGIN; THE POINT’S POSITION IS DETERMINED BY HOW FAR IT IS FROM THE CENTER (R), ITS
ANGLE FROM THE Z-AXIS (@), AND ITS ROTATION AROUND THE Z-AXIS (CD) THIS COORDINATE SYSTEM IS PARTICULARLY
CONVENIENT FOR REGIONS WITH SPHERICAL SYMMETRY.



TRANSFORMING THE VOLUME ELEMENT

A CRUCIAL STEP IN SETTING UP THE TRIPLE INTEGRAL IN SPHERICAL COORDINATES IS TO UNDERSTAND THE VOLUME ELEMENT \(
oV \), WHICH REPRESENTS AN INFINITESIMAL VOLUME IN THE COORDINATE SYSTEM.

THE JACOBIAN DETERMINANT

W/HEN CHANGING VARIABLES FROM CARTESIAN TO SPHERICAL COORDINATES, THE VOLUME ELEMENT TRANSFORMS AS:

\[
bV = |J| or\, D\THETA\, D\PHiI

\]

WHERe \( JJ| \) Is THE JACOBIAN DETERMINANT OF THE TRANSFORMATION. CALCULATING THIS DETERMINANT INVOLVES TAKING
THE PARTIAL DERIVATIVES OF (X, Y, 2) WITH RESPECT TO (R, ©, 0):

\[

J = \peT

\BeGIN{BMATRIX}

\rrac{\ParTIAL x}{\PARTIAL R} § \FRAC{\PARTIAL X}{\PARTIAL \THETA} & \FrRAC{\PARTIAL x}{\PARTIAL \PHI} \\
\Frac{\PArTIAL YH\PARTIAL R} & \FrAC{\PARTIAL Y \PARTIAL \THETA} & \FRAC{\PARTIAL Y}{\PARTIAL \PHi} \\
\rrAC{\PARTIAL Z}{\PARTIAL R} G \FrRAC{\PARTIAL Z}{\PARTIAL \THETA} & \FrRAC{\PARTIAL Z}{\PARTIAL \PHI}
\eno{BMATRIX}

\]

CALCULATING THESE DERIVATIVES:

\[

\BeGIN{ CASES}

\rrAC{\PARTIAL x3}{\PARTIAL R} = \sIN \THETA \cos \pHi \\
\rrAc{\PArTIAL x3}{\PARTIAL \THETA} = R \cos \THETA \cos \pHi \\
\rrAac{\ParTIAL x}{\PARTIAL \PHI} = - R \sIN \THETA \sIN \PHI \\
\rrAac{\ParTIAL Y}{\PARTIAL R} = \sIN \THETA \sIN \PHiI \\
\rrRAC{\PARTIAL Y}{\PARTIAL \THETA} = R \cos \THETA \siN \PHi \\
\rrRAc{\ParTIAL Y}{\PARTIAL \PHI} = & \sIN \THETA \cos \pHi \\
\rrAac{\ParTIAL ZX\PARTIAL R} = \cos \THETA \\

\rrac{\ParTIAL Z}{\PARTIAL \THETA} = - R \sIN \THETA \\
\rrAc{\PArTIAL zZ}{\PARTIAL \PHI} =0

\eno{cases}

\]

THE JACOBIAN DETERMINANT SIMPLIFIES TO:
\[

Il =r"2 \siNn \THETA

\]

THEREFORE, THE VOLUME ELEMENT IN SPHERICAL COORDINATES IS:

\[
bV =Rr"2 \sin \THETA\, DR\, D\THETA\, D\PHi

\]



SeTTING UP THE TRIPLE INTEGRAL

HAVING ESTABLISHED THE COORDINATE SYSTEM AND THE VOLUME ELEMENT, WE CAN NOW PROCEED TO SET UP THE TRIPLE
INTEGRAL FOR AN ARBITRARY CONTINUOUS FUNCTION \( F(x, v, z) \).

EXPRESSING THE FUNCTION IN SPHERICAL COORDINATES

THE FIRST STEP IS TO SUBSTITUTE THE CARTESIAN VARIABLES IN \( F(X, Y, Z) \) WITH THEIR SPHERICAL COUNTERPARTS:

\[
F(r, \THETA, \PHI) = F(R \sIN \THETA \cos \PHI, & \sIN \THETA \siN \pHi, R \cos \THETA)

\]

THIS SUBSTITUTION TRANSFORMS THE INTEGRAND INTO A FUNCTION OF \( R, \THETA, \PHI \).

DEFINING THE REGION OF INTEGRATION

THE LIMITS OF INTEGRATION DEPEND ON THE SPECIFIC REGION \( S \) OVER WHICH THE INTEGRAL IS TAKEN. FOR EXAMPLE:

- SoLIb SPHERE OF RADIUS R:
-\(O \teqr \LeQR \)

-\( 0 \LeQ \THETA \LEQ \PI )
-\( 0 \Le@ \PHI \LEQ 2\PI \)

- SPHERICAL SHELL OR SECTOR:
- THe LiMiTs of \( R, \THETA, \PHI \) ARE ADJUSTED ACCORDINGLY.

CHOOSING THESE LIMITS REQUIRES UNDERSTANDING THE GEOMETRY OF THE REGION.

GENERAL SETUP OF THE TRIPLE INTEGRAL

THE TRIPLE INTEGRAL OF A CONTINUOUS FUNCTION \( F(x, v, z) \) over A ReGioN \('S \) IN SPHERICAL COORDINATES IS:

\[
\iNT_S F(x, v, 2)\, oV = \inT_{\pri_{MNn}3*{\Pri_{MaX3} \INT_{\THETA_{MIN}} {\THETA_{MAX]}
\INT_{r_{MiNJ(\THETA \PHD I {R_{MAXI(\THETA \PHI)} F(R, \THETA, \PHI) \, R"2 \sIN \THETA), DR\, D\THETA), D\PHI

\]

IN MANY CASES, THE LIMITS ARE INDEPENDENT, SIMPLIFYING THE INTEGRAL.:

\[
\IINT_S F(R, \THETA, \PHI) \ R"2 \sin \THETA\, DR\, D\THETA\, D\PHI

\]

WITH THE APPROPRIATE BOUNDS.



PRACTICAL EXAMPLES OF SETTING UP THE INTEGRAL

TO BETTER UNDERSTAND THE PROCESS, LET'S EXPLORE SOME SPECIFIC EXAMPLES.

ExAMPLE 1: INTEGRATING OVER A SPHERE OF RADIUS R

Reclon \('S \): THe soLID spHERE OF RADIUS \( R \), CENTERED AT THE ORIGIN.

LiMITS:

-\(r\):FROM O TO \(R\)
-\C\THETA \): FROM O TO \(\P1 )

-\C\pHi )i From O To \( 2\P1 \)

INTEGRAL SETUP:

\[
\IINT_{Xx"2 +¥"2 + 2" 2 \LeQ R"2} F(x, v, 2) \, oV = \inT_O™{2\pi} \inT_O*{\P1} \INT_O"{R} F(&, \THETA, \PHD) \,
R"2 \sin \THETA\, DR\, D\THETA), D\PHI

\]

ExAMPLE 2: REGION BOUNDED BY A SPHERE AND A CONE

SUPPOSE WE WANT TO INTEGRATE OVER THE REGION BOUNDED BY THE SPHERE \( R = R \) AnD THe cone \( \THETA =
\THETA_O \) (wWHere \( O < \THETA_O < \P1 \)).

LiMITS:

-\(r\):FROM O TO \(R\)
-\(\tHeTA \): FROM O TO \( \THETA_O\)

-\C\pHE )i Frrom O To \( 2\P1 \)

INTEGRAL SETUP:

\[
\INT_O™{2\Pi} \INT_O"{\7HeTA_O} \inT_O"{R} F(r, \THETA, \PHI) \, R"2 \siN \THETA)\, DR\, D\THETA\, D\PHI
\]

SpeciAL CONSIDERATIONS FOR ARBITRARY CONTINUOUS FUNCTIONS

\W/HEN SETTING UP INTEGRALS FOR AN ARBITRARY CONTINUOUS FUNCTION \( F(x, v, z) \), KEEP IN MIND:

- CONTINUITY: ENSURES THE INTEGRAL IS WELL-DEFINED AND THE LIMITS CAN BE SET PRECISELY.
- SYMMETRY: EXPLOIT SYMMETRY OF THE REGION OR FUNCTION TO SIMPLIFY LIMITS AND INTEGRAND.
- ReGION BOUNDARIES: CAREFULLY ANALYZE THE GEOMETRY TO DEFINE THE BOUNDS OF INTEGRATION ACCURATELY.



SUMMARY AND TIPS FOR EFFECTIVE SETUP

- ALWAYS

FREQUENTLY ASkeD QUESTIONS

How Do | SET UP A TRIPLE INTEGRAL OF A CONTINUOUS FUNCTION F(x, v, 2) IN
SPHERICAL COORDINATES OVER A SPECIFIC REGION?

TO SET UP THE TRIPLE INTEGRAL IN SPHERICAL COORDINATES, EXPRESS F(X, Y, 2) AS F(P, ©, ®), WHERE X=P SING COS©, Y=P
SING SIN®, AND Z=P COS®. DETERMINE THE BOUNDS FOR P, ©, AND ¢ BASED ON THE REGION, AND INCLUDE THE JACOBIAN
DETERMINANT P2 SIN® IN THE INTEGRAND. THE INTEGRAL BECOMES [?] _REGION F(P, ©, ) P? SING DP DO DO.

\WHAT ARE THE TYPICAL BOUNDS FOR SPHERICAL COORDINATES WHEN INTEGRATING
OVER A SPHERE?

FOR A SPHERE OF RADIUS R, THE BOUNDS ARE USUALLY: P FROM O TO R/ orroM O TO 2n (FULL ROTATION AROUND THE Z-
AXIS), AND ¢ FROM O TO N (FROM THE POSITIVE Z-AXIS DOWN TO THE NEGATIVE Z‘AXIS). THESE BOUNDS COVER THE ENTIRE
SPHERE.

\WHY IS THE JACOBIAN p2 SIN® USED IN THE SPHERICAL COORDINATE TRIPLE INTEGRAL?

THE_JACOBIAN p2 SING ACCOUNTS FOR THE CHANGE OF VARIABLES FROM CARTESIAN TO SPHERICAL COORDINATES,
REPRESENTING THE VOLUME ELEMENT DV IN SPHERICAL COORDINATES. |T ENSURES THE INTEGRAL CORRECTLY MEASURES VOLUME
IN THE TRANSFORMED COORDINATE SYSTEM.

How CAN | ADJUST THE LIMITS OF INTEGRATION FOR A PARTIAL REGION IN SPHERICAL
COORDINATES?

IDENTIFY THE REGION'S BOUNDARIES IN TERMS OF P, ©, AND O. For EXAMPLE, IF INTEGRATING OVER A SPHERICAL CAP OR SHELL,
SET P, ©, AND ¢ BOUNDS ACCORDINGLY. ENSURE THE BOUNDS PRECISELY DESCRIBE THE REGION TO ACCURATELY SET UP THE
INTEGRAL.

WHAT IS THE GENERAL PROCESS FOR CONVERTING AN ARBITRARY CONTINUOUS
FUNCTION F(X, Y, Z) TO SPHERICAL COORDINATES FOR INTEGRATION?

EXPRESS X, Y, AND Z IN TERMS OF P, ©, AND ®: X=P SIN® COS®, Y=P SIN® SIN®, Z=P COS®. SUBSTITUTE THESE INTO F TO GET
F(P, ©, ®). THEN, DETERMINE THE BOUNDS FOR EACH VARIABLE BASED ON THE REGION, INCLUDE THE JACOBIAN P2 SIN®, AND SET
UP THE TRIPLE INTEGRAL ACCORDINGLY.

ARE THERE SPECIFIC TECHNIQUES OR TIPS FOR SIMPLIFYING THE SET-UP OF TRIPLE
INTEGRALS IN SPHERICAL COORDINATES?
YES, FIRST VISUALIZE OR SKETCH THE REGION TO UNDERSTAND THE BOUNDS CLEARLY. USE SYMMETRY PROPERTIES TO REDUCE

COMPLEXITY, AND ALWAYS DOUBLE-CHECK THEJACOBIAN AND BOUNDS. W/HEN POSSIBLE, CHOOSE COORDINATE BOUNDS THAT
ALIGN WITH THE SYMMETRY OF THE REGION TO SIMPLIFY CALCULATIONS.



ADDITIONAL RESOURCES

SeT Up THE TrIPLE INTEGRAL OF AN ARBITRARY CONTINUOUS FUNCTION F(X, v, ) IN SPHERICAL COORDINATES OVER

IN THE WORLD OF CALCULUS AND MULTIVARIABLE ANALYSIS, UNDERSTANDING HOW TO EVALUATE INTEGRALS OVER THREE-
DIMENSIONAL REGIONS IS FUNDAMENTAL. W/HEN DEALING WITH FUNCTIONS DEFINED IN THREE-DIMENSIONAL SPACE, ESPECIALLY
THOSE THAT EXHIBIT SYMMETRY OR SPECIFIC GEOMETRIC PROPERTIES, TRANSFORMING FROM CARTESIAN COORDINATES TO
SPHERICAL COORDINATES OFTEN SIMPLIFIES THE INTEGRATION PROCESS. THIS ARTICLE EXPLORES HOW TO SET UP THE TRIPLE
INTEGRAL OF AN ARBITRARY CONTINUOUS FUNCTION \(F(X, Y, Z)\) IN SPHERICAL COORDINATES OVER A GIVEN REGION,
PROVIDING A COMPREHENSIVE GUIDE SUITABLE FOR STUDENTS, EDUCATORS, AND PROFESSIONALS ALIKE.

UNDERSTANDING THE BAsIcs: CARTESIAN VS. SPHERICAL COORDINATES

BEFORE DELVING INTO THE SETUP PROCESS, IT'S CRUCIAL TO UNDERSTAND THE DIFFERENCE BETWEEN CARTESIAN AND SPHERICAL
COORDINATE SYSTEMS.

CARTESIAN COORDINATES

IN THE CARTESIAN SYSTEM, ANY POINT IN SPACE IS REPRESENTED BY AN ORDERED TRIPLET \((X, v, z)\). THE AXES ARE
MUTUALLY PERPENDICULAR, AND THE POSITION OF A POINT IS GIVEN DIRECTLY BY ITS DISTANCES ALONG THESE AXES.

SPHERICAL COORDINATES

SpHerICAL COORDINATES \((\rHO, \THETA, \PHI)\) DESCRIBE A POINT IN SPACE RELATIVE TO A FIXED ORIGIN USING THREE
PARAMETERS:

- Rabius (\(\rHO\)): THE DISTANCE FROM THE ORIGIN TO THE POINT.

- PoLar ANGLE (\(\THETA\)): THE ANGLE BETWEEN THE POSITIVE \(Z\)-AXIS AND THE LINE CONNECTING THE ORIGIN TO THE
POINT, RANGING FRoM \(0\) To \(\p1\).

- AzMUTHAL ANGLE (\(\PHI\)): THE ANGLE BETWEEN THE POSITIVE \(X\)-AXIS AND THE PROJECTION OF THE POINT ONTO THE
\(xy\)-PLANE, RANGING FROM \(0)) To \(2\PI\).

THE CONVERSION FORMULAS BETWEEN CARTESIAN AND SPHERICAL COORDINATES ARE:
\[

x = \rHO \sIN \THETA \cos \PHI

\]

\[

v = \rHO \sIN \THETA \sIN \PHI

\]

\[

z = \rHo \cos \THETA

\]

WHY Use SpHerICAL COORDINATES FOR TRIPLE INTEGRALS?

SPHERICAL COORDINATES ARE ESPECIALLY ADVANTAGEOUS WHEN INTEGRATING FUNCTIONS OVER REGIONS WITH SPHERICAL
SYMMETRY, SUCH AS SPHERES, SPHERICAL SHELLS, OR REGIONS BOUNDED BY SPHERICAL SURFACES. THEY OFTEN SIMPLIFY THE
LIMITS OF INTEGRATION AND MAKE THE INTEGRAND EASIER TO HANDLE, ESPECIALLY WHEN THE FUNCTION OR THE REGION EXHIBITS
SYMMETRY.

FOR EXAMPLE, INTEGRATING A FUNCTION OVER A SPHERE OF RADIUS \(R\):
\l

\texT{Recion } R = \{(x,vy,z) \MD x"2 + v*2 + "2 \Leq R"2 \}

\]

BECOMES STRAIGHTFORWARD IN SPHERICAL COORDINATES BECAUSE THE BOUNDARY IS siMPLY \(\rHo \LEQ R\).



STEP-BY-STEP: SETTING UP THE TRIPLE INTEGRAL IN SPHERICAL COORDINATES
1. IDENTIFY THE REGION OF INTEGRATION

THE FIRST STEP IS TO THOROUGHLY UNDERSTAND THE REGION \(V\) OVER WHICH THE INTEGRATION IS PERFORMED. THIS
INVOLVES!

- DESCRIBING THE BOUNDARIES IN CARTESIAN COORDINATES.
- TRANSLATING THESE BOUNDARIES INTO SPHERICAL COORDINATES.
- DeTErMINING THE LIMITS FOR \(\rRHO\), \(\THETA\), AND \(\PHI\).

ExAMPLE: SUPPOSE THE REGION IS A SPHERE OF RADIUS \(R\):
\[

x"2 +v*2 +7"2 \Leq R"2

\]

WHICH IN SPHERICAL COORDINATES BECOMES:

\[
0 \Leq \rrHo \LEQ R, \QUAD O \Le@ \THETA \LEQ \PI, \QUAD O \LEQ \PHI \LEQ 2\PI

\]
2. Express THE FuncTion \(F(x, v, 2)\) IN SpHErICAL COORDINATES

RepLACE CARTESIAN VARIABLES WITH THEIR SPHERICAL EQUIVALENTS:

\[

F(x, v, z) \To F(\kHo \siNn \THETA \cos \pHi, \; \rHO \siIN \THETA \siN \PHI, \; \rRHO \cos \THETA)
\]

THIS STEP ENSURES THE INTEGRAND IS COMPATIBLE WITH THE COORDINATE TRANSFORMATION.
3. DeTerMINE THE JacosiaN (VoLume ELeMenT) \(DV\)

IN CARTESIAN COORDINATES, THE VOLUME ELEMENT IS \(DV = Dx\ DY\ 0z\). WHEN SWITCHING TO SPHERICAL COORDINATES,
THIS BECOMES:

\[
bV = \rHO"2 \sin \THETA \, D\rHO \, D\THETA \, D\PHI

\]

THIS FACTOR ACCOUNTS FOR THE STRETCHING OR COMPRESSION OF VOLUME ELEMENTS UNDER THE COORDINATE
TRANSFORMATION, ENSURING THE INTEGRAL ACCURATELY REPRESENTS THE VOLUME IN SPHERICAL COORDINATES.

4. SeT UpP THE LIMITS OF INTEGRATION
BAseD oN THE REGION \(V\), SPECIFY THE LIMITS FOR EACH VARIABLE:

- \(\rHO\): FROM THE INNERMOST BOUNDARY (OFTEN O OR SOME FUNCTION OF ANGLES) TO THE OUTER BOUNDARY.

- \(\THETA\): FROM THE STARTING ANGLE (USUALLY O) To THE ENDING ANGLE (USUALLY \(\PI\)), OrR AS DICTATED BY THE
REGION’S BOUNDARIES.

= \(\pHi\): From O To \(2\pI\) FOR FULL ROTATIONS, OR A SUBSET IF THE REGION IS A SECTOR.

ExXAMPLE: FOR A FULL SPHERE:

\[
0 \Leq \rHO \LEQ R, \QuAD 0 \LeqQ \THETA \LEQ \PI, \QUAD O \LEQ \PHI \LEQ 2\PI
\]

PrACTICAL EXAMPLE: INTEGRATING OVER A SPHERE



TO ILLUSTRATE, CONSIDER THE TASK OF SETTING UP THE TRIPLE INTEGRAL OF A CONTINUOUS FUNCTION \(F(x, ¥, 2)\) over A
soLID sPHERE OF rADIUS \(R\).

STeP 1: ReGIoN IN SPHERICAL COORDINATES

- \(\rHO\) vARrIES FROM O TO \(R\).
-\(\tHETA\) vARES FROM O To \(\PI\).
- \(\PHI\) variEs FroM O To \(2\Pi\).

STEP 2: EXPRESS THE FUNCTION
Suppose \(F(x, v, 2)\) I1s GIVen, For exaMpLE, \(F(x, v, z) = x"2 + v"2 + 2"2\).

IN SPHERICAL COORDINATES:

\[

F(\rHo, \THETA, \PHI) = (\rHO \sIN \THETA \cos \PHD)"2 + (\rHoO \sIN \THETA \sIN \PHI)"2 + (\rHO \cOS \THETA)"2
\]

\WHICH SIMPLIFIES TO:

\[

F(\rHo, \THETA, \PHI) = \RHO"2 (\sIN"2 \THETA \cos”2 \pHI + \sIN"2 \THETA \SIN"2 \PHI + \cOos"2 \THETA) =
\rHO™2 (\sIN*2 \THETA (\cos”2 \pHI + \sIN*2 \PHI) + \cos"2 \THETA)

\]

\[

= \rHO"2 (\sIN*2 \THETA \coOT 1 + \cos™2 \THeTA) = \rRHO"2 (\SIN*2 \THETA + \cos"2 \THETA) = \RHO"2

STeP 3: WRITE THE INTEGRAL

THE VOLUME ELEMENT:

\[
bV = \rHO"2 \siN \THETA \, D\rHO \, D\THETA \, D\PHI

\]

THE TRIPLE INTEGRAL:

\[

\inT_{V3F(x, v, 2) \, oV = \inT_{0}*{2\pi} \inT_{O}*{\P1} \inT_{0O3"{R} \rHO"2 \cDOT \RHO"2 \sIN \THETA \,
p\rHO \, D\THETA \, D\PHI

\]

WHICH SIMPLIFIES TO:

\[

\iNT_{O03M{2\pi} \inT_{O3*{\P} \iInT_{03}"{R} \rHO"4 \siN \THETA \, D\RHO \, D\THETA \, D\PHI
\]

TIPS FOR SETTING UP THE INTEGRAL IN PRACTICE

- ALWAYS VERIFY THE REGION BOUNDARIES: SKETCH THE REGION OR ANALYZE THE INEQUALITIES CAREFULLY TO DETERMINE THE
CORRECT LIMITS.

- TRANSFORM INEQUALITIES CAREFULLY: ExPRESS CARTESIAN INEQUALITIES IN SPHERICAL COORDINATES TO FIND THE LIMITS.

- HANDLE SYMMETRY: USE SYMMETRY PROPERTIES TO SIMPLIFY LIMITS AND THE INTEGRAND.

- USE KNOWN VOLUME BOUNDS: FOR STANDARD SHAPES LIKE SPHERES, CONES, OR CYLINDERS, LEVERAGE THEIR STANDARD
SPHERICAL COORDINATE DESCRIPTIONS.

CoMMON REGIONS AND THEIR SPHERICAL COORDINATES DESCRIPTIONS

| Recion | SpHErICAL CooRDINATES LIMITS | DESCRIPTION |



. —ih L e |
| Sprere oF raDIUS \(R\) | \(O \Leq \rHo \LEQ R\), \(O \LeQ \THETA \LEQ \PI\), \(O \LeQ \PHi \LEQ 2\PI\) | FULL SPHERE
CENTERED AT THE ORIGIN |

| SprericAL sHELL BeTWEEN RADIN \(A\) AnD \(B\) | \(A \LeQ \rHO \LEQ B\), \(\THETA\) AND \(\PHI\) AS ABOVE | HOLLOW
SPHERE WITH INNER RADIUS \(A\) AND ouTER RADIUS \(BY) |

| Cone wiTH VERTEX AT ORIGIN | \(\THETA \LEQ \THETA_0\), \(\RHO\) FROM O TO BOUNDARY | REGION WITHIN A CONICAL
ANGLE \(\THETA_O\) |

FINAL THOUGHTS: THE Power oF SPHERICAL COORDINATES

MASTERING THE SETUP OF TRIPLE INTEGRALS IN SPHERICAL COORDINATES UNLOCKS POWERFUL TECHNIQUES FOR TACKLING
COMPLEX VOLUME INTEGRALS. |T STREAMLINES CALCULATIONS OVER SYMMETRIC REGIONS AND PROVIDES DEEPER INSIGHT INTO
THE GEOMETRY OF THE PROBLEM. W/HETHER EVALUATING MASS, CHARGE DISTRIBUTIONS, OR FLUID FLOW WITHIN SPHERICAL
DOMAINS, THE METHOD OUTLINED IN THIS GUIDE EQUIPS YOU WITH A SYSTEMATIC
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