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Understanding the conditions for vapor-liquid equilibrium (VLE) is
fundamental in thermodynamics, especially in processes involving phase
changes such as distillation, condensation, and evaporation. When analyzing
such systems, it is crucial to establish the criteria under which the vapor
and liquid phases coexist in equilibrium at constant amount of substance (N),
temperature (T), and volume (V). The key conditions that need to be
demonstrated are that the molar Gibbs free energy of vapor, Gv, equals that
of the liquid, GL, and that the vapor pressure, Pv, equals the liquid
pressure, PL. This article aims to systematically show why these conditions
hold true, providing a comprehensive understanding rooted in thermodynamic
principles.

Fundamentals of Vapor-Liquid Equilibrium

Defining Vapor-Liquid Equilibrium

Vapor-liquid equilibrium refers to a state where the liquid and vapor phases
of a substance coexist at equilibrium, with no net transfer of mass between
phases. At this point, the two phases are in a state of balance, meaning the
processes of vaporization and condensation occur at equal rates. The
equilibrium conditions are characterized by specific thermodynamic
parameters, primarily the chemical potential (or molar Gibbs free energy),
pressure, and temperature.

Thermodynamic Variables at Equilibrium

In any thermodynamic system, the state is described by variables such as
temperature (T), pressure (P), volume (V), and the number of particles (N).
For a system at equilibrium:

- The temperature is uniform throughout the phases.

- The pressure is the same in both phases or related via the phase
equilibrium conditions.

- The chemical potential (or molar Gibbs free energy) of each phase must be
equal to prevent net mass transfer.



Establishing the Conditions for Equilibrium at
Constant N, T, and V

Role of the Gibbs Free Energy in Phase Equilibrium

The Gibbs free energy (G) is a thermodynamic potential that indicates the
maximum reversible work obtainable from a system at constant temperature and
pressure. For a single-component system undergoing phase change, the
equilibrium condition is derived from the minimization of the total Gibbs
free energy.

When the system comprises two phases, the total Gibbs free energy (G _total)
is the sum:

\ [

G {total} = NvGv+NT1G

\1]

where:

- \(N_v\) and \(N 1\) are the number of moles in vapor and liquid phases,
respectively.

- \(G_v\) and \(G 1\) are the molar Gibbs free energies in vapor and liquid
phases.

At equilibrium, any infinitesimal change that redistributes moles between
phases should not decrease the total Gibbs free energy, implying:

\ [
dG {total} =0
\1

Given that \(N. v + N 1 = N\) (constant), the equilibrium condition simplifies
to the equality of the molar Gibbs free energies:

\ [
Gv==aG1
\]

This is a fundamental statement: at equilibrium, the chemical potentials (or
molar Gibbs free energies) of the phases are equal, ensuring no net phase
change.

Deriving the Condition \( G v = G_1 \)

To understand why \( G v = G 1 \), consider an infinitesimal process where a
small amount of substance shifts from the liquid to vapor phase. The change
in total Gibbs free energy is:

\ [
dG {total} = Nv dG v + N 14dG 1



\]

At equilibrium, the system is at a minimum, so:

\ [
dG {total} =0
\1

Assuming the total number of moles (N) remains constant, and the mole
transfer is infinitesimal, the condition becomes:

\ [
dG_v = dG_1
\1

Since the molar Gibbs free energy depends on temperature and pressure, and
these are constant in the system, the equality simplifies to:

\ [
Gv==aG1
\]

This equality ensures the free energy of the vapor phase is equal to that of
the liquid phase, which is a necessary and sufficient condition for phase
equilibrium at constant N, T, and V.

Connecting Pressure and Gibbs Free Energy: The
Vapor Pressure Condition

Relationship Between Chemical Potential and Pressure

The chemical potential (\(\mu\)) of a pure substance is related to its
pressure and temperature by the fundamental thermodynamic relation:

\ [
\mu(T, P) = \mu™0(T) + RT \ln \left( \frac{P}{P"0} \right)
\1

where:

- \(\mu™0(T)\) is the chemical potential at a reference pressure \(P"0\),
- \(R\) is the universal gas constant,

- \(T\) is the temperature.

In the context of vapor-liquid equilibrium, the vapor phase at equilibrium
must have the same chemical potential as the liquid phase:

\ [



\mu v(T, P v) = \mu (T, P_1)
\1]

For a pure substance, the equilibrium vapor pressure \(P_v\) at temperature T
is defined as the pressure at which the vapor's chemical potential equals
that of the liquid:

\ [
\mu v(T, P v) = \mu (T, P_1)
\1

Given that at equilibrium, the pressures are equal (\(P v =P 1l = P {sat}\)),
the condition reduces to:

\ [
Pv=P1l-=P {sat}
\1]

which is the vapor pressure at temperature T.

Deriving the Condition \( P v = P 1)

Since both phases are in equilibrium at the same temperature, their chemical
potentials are equal:

\[
\mu v(T, P v) = \mu (T, P_1)
\1

But for a pure substance, the chemical potential is a monotonically
increasing function of pressure at constant T, leading to:

\[
Pv=P1
\]

This equality ensures that the vapor pressure of the liquid phase is the same
as the pressure exerted by the vapor phase at equilibrium, satisfying the
second key condition for vapor-liquid equilibrium:

\ [
Pv=P1
\]

In summary, the conditions \( G v =G 1 \) and \( P v =P 1 \) are
fundamental thermodynamic criteria for vapor-liquid equilibrium at constant
N, T, and V. The equality of molar Gibbs free energies guarantees no net
phase change, while the equality of vapor and liquid pressures ensures the
coexistence of phases at equilibrium.



Implications and Practical Significance

Understanding Phase Diagrams

The results discussed provide the basis for constructing phase diagrams,
which graphically represent the equilibrium conditions for different
substances. The vapor pressure curve, for example, is derived from the
condition \( P v = P 1 \), and the equilibrium line corresponds to points
where \( G v =G 1\).

Application in Industrial Processes

These thermodynamic principles underpin many industrial operations,
including:

- Distillation columns

- Condensers and evaporators

- Refrigeration cycles

- Chemical reactors involving phase changes

Accurately determining \( G v =G 1l \) and \( P v = P 1 \) enables engineers
to optimize these processes for efficiency and safety.

Conclusion

Demonstrating that the conditions for vapor-liquid equilibrium at constant N,
T, and V are \( Gv=GT1)\) and \( P v =P 1 \) rests on fundamental
thermodynamic principles. The equality of molar Gibbs free energies ensures
no net transfer of mass occurs between phases, establishing phase stability.
Simultaneously, the equality of vapor and liquid pressures ensures that both
phases coexist at the same thermodynamic state. These conditions serve as the
foundation for understanding phase behavior in pure substances and are
critical in designing and analyzing chemical processes involving phase
transitions. Mastery of these concepts provides essential insights into the
thermodynamics governing the natural and industrial systems we rely on daily.

Frequently Asked Questions

What are the fundamental conditions for vapor-liquid
equilibrium at constant N, T, and V?

The fundamental conditions are that the vapor and liquid phases are in
equilibrium, which implies the equality of their chemical potentials (p v =
u 1), leading to the conditions G v = G 1l and the equality of their vapor
pressures (P v =P 1).



Why does the equality of molar Gibbs free energies
(G_v = G_1) characterize vapor-liquid equilibrium?

Because at equilibrium, the chemical potentials of the vapor and liquid
phases are equal, which translates into the molar Gibbs free energies being
equal, ensuring no net transfer of molecules between phases.

How does the condition P_v = P_1 relate to phase
equilibrium?

The equality of vapor pressure and liquid pressure signifies that both phases
coexist at the same pressure without net phase change, which is essential for
vapor-liquid equilibrium.

In what way do these conditions (G v =G 1l and P v =
P 1) simplify the analysis of phase diagrams?

They provide clear thermodynamic criteria to identify equilibrium points,
allowing the construction of phase boundaries and understanding of phase
stability at given temperature and volume.

Can these conditions be applied to real gases and
liquids, or are they only theoretical?

While idealized, these conditions are applicable to real systems when
corrected for non-ideal behavior using fugacities and activity coefficients,
making them practical for phase equilibrium analysis.

What role does constant volume (V) play in
establishing vapor-liquid equilibrium conditions?

Constant volume ensures the system's volume remains fixed, simplifying the
thermodynamic relationships and allowing the focus on temperature, pressure,
and composition changes at equilibrium.

How do these equilibrium conditions assist in
designing industrial separation processes like
distillation?

They help determine the temperature and pressure at which phases coexist,
guiding the selection of operating conditions to efficiently separate
components based on their vapor-liquid equilibria.



Additional Resources

Vapor-liquid equilibrium (VLE) is a fundamental concept in thermodynamics and
chemical engineering, underpinning many processes such as distillation,
condensation, and separation techniques. Understanding the conditions for
vapor-liquid equilibrium at constant number of particles (N), temperature
(T), and volume (V) is essential for designing and analyzing separation
processes and for predicting phase behavior of mixtures. This article
provides an in-depth exploration of the conditions that lead to vapor-liquid
equilibrium, demonstrating why the equality of the vapor and liquid molar
Gibbs free energies (Gv = GL) and the equality of the vapor and liquid
pressures (Pv = PL) are the necessary and sufficient conditions under these
constraints.

Introduction to Vapor-Liquid Equilibrium

Vapor-liquid equilibrium occurs when a liquid and its vapor phase coexist in
a state where there is no net transfer of mass between the phases, although
molecules continuously transfer back and forth. At equilibrium, the
thermodynamic properties of each phase are stable, and the system is
characterized by specific relations between pressure, temperature, chemical
potentials, and Gibbs free energy.

In practical applications, understanding these equilibrium conditions allows
engineers to predict how a mixture will behave under given conditions,
optimize separation processes, and design equipment such as distillation
columns and condensers. The core thermodynamic principle underlying VLE is
that, at equilibrium, the phases involved must be thermodynamically stable
and in mutual balance, which leads to specific equalities.

Theoretical Framework for VLE at Constant N, T,
and V

Before delving into the specific conditions, it is vital to understand the
thermodynamic constraints. When the number of particles (N), temperature (T),
and volume (V) are held constant, the system's state is described by its
Helmholtz free energy (A), which reaches a minimum at equilibrium. However,
for phase coexistence involving chemical potential and pressure
considerations, the Gibbs free energy (G) becomes the key thermodynamic
potential, especially when considering processes at constant T and P.

In the scenario where N, T, and V are fixed, the system's total Helmholtz



free energy is minimized at equilibrium. Yet, for phase equilibrium involving
vapor and liquid phases, the chemical potential and pressure are the critical
parameters that determine whether the phases coexist or one phase transforms
into another.

Conditions for Vapor-Liquid Equilibrium

The fundamental criteria for vapor-liquid equilibrium can be summarized as
follows:

- The chemical potentials of each component in the vapor and liquid phases
are equal.

- The pressures of the phases are equal (or, in the case of pure substances,
the vapor pressure equals the equilibrium pressure).

Mathematically, for each component \(i\):

\ [
\mu_{i}~{V} = \mu_ {i}~{L}
\1

where \(\mu_ {i}~{V}\) and \(\mu {i}"~{L}\) are the chemical potentials in the
vapor and liquid phases, respectively.

For a pure substance, the conditions simplify to:

\ [

\boxed{

G {v} = G _{L} \quad \text{and} \quad P _{v} = P {L}
}

\1]

which are the focus of this discussion.

Why Gv = GL and Pv = PL Are the Conditions for
Equilibrium

Gibbs Free Energy Equality (Gv = GL)

The Gibbs free energy (G) is a thermodynamic potential that determines the



equilibrium state at constant temperature and pressure. For a pure component
or a mixture, the phase with the lowest Gibbs free energy is
thermodynamically favored.

- At equilibrium, the total Gibbs free energy of the system is minimized.

- For coexistence of vapor and liquid phases at fixed N, T, and V, the
partial Gibbs free energies (or chemical potentials) of the phases must be
equal, because any difference would drive mass transfer from the higher to
the lower G phase.

- For a pure substance, this condition reduces to the equality of the molar
Gibbs free energies:

\ [
G_{v} = G6_{L}
\]

This equality ensures no net change in phase composition over time,
signifying equilibrium.

Features:

- Ensures thermodynamic stability of both phases simultaneously.

- Derived from the fundamental thermodynamic principle that at equilibrium,
the system's free energy is minimized.

- Valid for mixtures and pure substances under the specified constraints.

Pros:

- Provides a clear thermodynamic criterion for phase coexistence.
- Connects directly with measurable thermodynamic properties like chemical
potential.

Cons:

- Requires knowledge of the Gibbs free energy functions for each phase, which
can be complex for mixtures.
- Often necessitates the use of equations of state or activity models.

Equality of Pressures (Pv = PL)

In the case of a pure substance, vapor and liquid phases are in equilibrium
when they exert the same pressure at a given temperature, i.e., the vapor
pressure.

- At equilibrium, the vapor pressure equals the pressure of the liquid phase.
- This condition arises because the phase transition (evaporation or
condensation) occurs when the chemical potentials are equal, which, for a
pure substance, corresponds to the vapor pressure at that temperature.



Mathematically, the condition:

\ [
P_{v} = P_{L}
\]

ensures that the phases are in mechanical equilibrium.
Features:

- Relates to the thermodynamic stability of phases at a given T.
- Vapor pressure is a fundamental property, often tabulated or modeled using
Antoine or Clausius-Clapeyron equations.

Pros:

- Simple and measurable: vapor pressure can be directly obtained
experimentally.
- Widely applicable for pure substances.

Cons:

- In mixtures, partial vapor pressures must be considered, complicating the
condition.
- Does not directly account for non-ideal behavior or activity effects.

Linking the Conditions Under Constant N, T, and
V

The conditions \(G v = G L\) and \(P v = P _L\) are interconnected:

- Equality of Gibbs free energies ensures no net driving force for phase
change; thus, the phases are in equilibrium.

- Equality of pressures ensures mechanical stability, preventing net
expansion or contraction between phases at equilibrium.

In a system where N, T, and V are held constant, these conditions are not
independent but represent the fundamental thermodynamic criteria:

- The chemical potential (or molar Gibbs free energy) is a function of
temperature, pressure, and composition.

- When the chemical potentials in vapor and liquid are equal, the system is
at equilibrium, which inherently guarantees that the vapor and liquid
pressures are also equal, provided the phases are in equilibrium at the same
temperature.



This equivalence stems from the fundamental thermodynamic relationships.
Specifically, for a pure component:

\ [
\left(\frac{\partial G}{\partial P}\right) T =V m
\1

where \(V_m\) is the molar volume. When the molar Gibbs free energies are
equal, and the phases coexist at the same T, the pressures must be equal as
well.

Implications and Applications in Thermodynamics
and Engineering

Understanding these equilibrium conditions has profound implications:

- Design of distillation columns: Accurate knowledge of vapor-liquid
equilibrium enables the correct calculation of vapor-liquid compositions,
flow rates, and operating pressures.

- Prediction of phase diagrams: Gv = GL and Pv = PL conditions underpin the
construction of phase diagrams for pure substances and mixtures.

- Development of equations of state: To compute Gv and GL, engineers utilize
models like Peng-Robinson or Soave-Redlich-Kwong equations, which incorporate
intermolecular forces.

Features:

- Provides a thermodynamic foundation for phase equilibrium calculations.
- Enables quantitative modeling of phase behavior.

Pros:

- Facilitates accurate process design.
- Allows for simulation and optimization of separation processes.

Cons:

- Dependence on accurate thermodynamic data.
- Complexity increases with mixture complexity and non-ideal behavior.



Summary and Conclusions

In conclusion, the conditions for vapor-liquid equilibrium at constant N, T,
and V — specifically, \(G_v = G_L\) and \(P_v = P_L\) — are rooted in
fundamental thermodynamic principles. The equality of molar Gibbs free
energies ensures that no net thermodynamic driving force exists for phase
change, indicating a stable coexistence. Simultaneously, the equality of
vapor and liquid pressures ensures mechanical equilibrium, preventing net
flow between phases. These conditions are not only theoretically elegant but
also practically indispensable in the analysis and design of chemical
processes.

Understanding these criteria allows engineers and scientists to predict phase
behavior accurately, optimize separation processes, and develop reliable
thermodynamic models. While the conditions are straightforward for pure
substances, their extension to mixtures involves additional considerations
such as activity coefficients and fugacities. Nonetheless, the core
principles remain valid and form the foundation of vapor-liquid equilibrium
analysis in thermodynamics.
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