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Introduction
The design and analysis of multi-port networks are foundational in microwave engineering, RF
systems, and integrated circuit design. Among these, the properties of losslessness, reciprocity, and
matching are particularly significant because they influence how efficiently energy is transferred,
how signals propagate, and how networks can be integrated without reflections. For 2-port
networks, the conditions for losslessness, reciprocity, and perfect matching are well-understood and
can often be satisfied simultaneously. However, as the number of ports increases beyond two, the
relationships among these properties become more intricate. This article aims to demonstrate,
through a rigorous analysis of the S-matrix, that a 3-port network cannot simultaneously be lossless,
reciprocal, and perfectly matched. We will explore the fundamental principles underpinning these
properties, analyze the structure of the S-matrix in three-port configurations, and ultimately prove
that such a network's simultaneous realization is impossible under the constraints of physical
realizability.

Fundamental Concepts and Definitions

Losslessness
A network is said to be lossless if it does not dissipate energy; all input power is either reflected or
transmitted, but none is lost as heat or radiation. Mathematically, for an N-port network, the
losslessness condition is expressed as the Hermitian property of the S-matrix:

\[
S^\dagger S = I
\]

which implies that the S-matrix is unitary:

\[
S^\dagger = S^{-1}
\]

This condition ensures energy conservation within the network.



Reciprocity
Reciprocity implies that the transfer of signals between any two ports is symmetric; the S-matrix is
symmetric:

\[
S_{ij} = S_{ji}
\]

for all \( i, j \). Physically, this means that the network's response is the same regardless of the
direction of transmission, a property often associated with passive, linear, and symmetric structures.

Matching
Matching refers to the condition where each port is matched to its characteristic impedance,
resulting in no reflections at that port when signals are incident. For port \( i \), the reflection
coefficient \( S_{ii} \) should be zero:

\[
S_{ii} = 0
\]

for perfect matching at all ports. This ensures maximum power transfer and minimal reflections.

Structural Constraints of the S-matrix in a 3-port
Network

General Form of the S-matrix
For a 3-port network, the S-matrix is a 3×3 complex matrix:

\[
S = \begin{bmatrix}
S_{11} & S_{12} & S_{13} \\
S_{21} & S_{22} & S_{23} \\
S_{31} & S_{32} & S_{33}
\end{bmatrix}
\]

Each element \( S_{ij} \) represents the transmission or reflection coefficient from port \( j \) to port
\( i \).

Imposing Matching Conditions
To achieve perfect matching at all three ports, the reflection coefficients must be zero:



\[
S_{11} = S_{22} = S_{33} = 0
\]

The S-matrix simplifies to:

\[
S = \begin{bmatrix}
0 & S_{12} & S_{13} \\
S_{21} & 0 & S_{23} \\
S_{31} & S_{32} & 0
\end{bmatrix}
\]

Reciprocity Constraints
If the network is reciprocal:

\[
S_{ij} = S_{ji}
\]

which imposes symmetry on the off-diagonal elements:

\[
S_{12} = S_{21}, \quad S_{13} = S_{31}, \quad S_{23} = S_{32}
\]

The S-matrix becomes symmetric:

\[
S = \begin{bmatrix}
0 & S_{12} & S_{13} \\
S_{12} & 0 & S_{23} \\
S_{13} & S_{23} & 0
\end{bmatrix}
\]

Losslessness and Unitarity of the S-matrix

Unitarity Condition
For a lossless network, the S-matrix must be unitary:

\[
S^\dagger S = I
\]



where \( S^\dagger \) is the conjugate transpose of \( S \).

Explicitly, for the 3×3 matrix:

\[
S^\dagger S = \begin{bmatrix}
0 & S_{12}^ & S_{13}^ \\
S_{12}^ & 0 & S_{23}^ \\
S_{13}^ & S_{23}^ & 0
\end{bmatrix}
\begin{bmatrix}
0 & S_{12} & S_{13} \\
S_{12} & 0 & S_{23} \\
S_{13} & S_{23} & 0
\end{bmatrix}
= I
\]

This matrix multiplication yields a set of equations involving the magnitudes and phases of the
scattering parameters.

Deriving Constraints from Unitarity
Multiplying out the matrices, the diagonal elements of \( S^\dagger S \) give:

\[
|S_{12}|^2 + |S_{13}|^2 = 1
\]
\[
|S_{12}|^2 + |S_{23}|^2 = 1
\]
\[
|S_{13}|^2 + |S_{23}|^2 = 1
\]

The off-diagonal elements impose additional phase constraints, but the key point is that the
magnitudes satisfy the above relations.

By solving these equations, we find:

\[
|S_{12}| = |S_{13}| = |S_{23}| = a
\]

for some real \( 0 \leq a \leq 1 \).

Furthermore, the sum of the squares of any two off-diagonal elements must equal 1, which implies:

\[
2a^2 = 1 \Rightarrow a = \frac{1}{\sqrt{2}}



\]

Thus, the magnitudes of the off-diagonal elements are fixed at \( 1/\sqrt{2} \).

Conflict Among Losslessness, Reciprocity, and
Matching in a 3-port Network

Combining the Conditions
Based on the previous derivations, the S-matrix of a lossless, reciprocal, and perfectly matched 3-
port network (assuming all three ports are matched and reciprocal) must have the form:

\[
S = \frac{1}{\sqrt{2}}
\begin{bmatrix}
0 & 1 & 1 \\
1 & 0 & 1 \\
1 & 1 & 0
\end{bmatrix}
\]

with appropriate phases to satisfy the unitarity and symmetry conditions.

Analysis of Physical Realizability
While this mathematical form satisfies the unitarity and symmetry conditions, physically realizing
such a network involves several challenges:

- Power Conservation & Symmetry: The magnitude relations are consistent with losslessness and
reciprocity.

- Matching at All Ports: Zero reflection coefficients \( S_{ii} = 0 \) are compatible with the above
matrix.

- Implementation Constraints: Constructing a passive, reciprocal, lossless 3-port network with these
parameters is theoretically possible; however, the key issue is whether all these conditions can be
simultaneously maintained in a passive network without introducing non-physical elements.

The Core Incompatibility: Non-Existence of a Fully
Matched, Lossless, Reciprocal 3-port



Physical Limitations and Theoretical Impossibility
The fundamental problem arises from the fact that perfect matching at all ports in a reciprocal,
lossless 3-port network enforces a set of strict conditions that cannot all be met simultaneously:

- Energy Conservation: Imposes unitarity on the S-matrix.

- Reciprocity and Symmetry: Enforce the S-matrix to be symmetric.

- Matching at All Ports: Enforce zero reflection coefficients.

- Interdependence of Scattering Parameters: The relations derived from unitarity and symmetry
impose fixed magnitudes and phases on off-diagonal elements, which are incompatible with the
requirement that all ports are matched simultaneously.

In particular, these constraints imply that if all ports are perfectly matched and the network is
lossless and reciprocal, then the off-diagonal elements must satisfy the relation \( |S_{ij}| =
1/\sqrt{2} \). However, physical implementation of such a network cannot satisfy both the unitarity
condition and the zero reflection conditions simultaneously in a passive structure without violating
fundamental principles like causality or passivity.

Formal Proof via Contradiction
Suppose, for contradiction, that such a network exists. Then, the S-matrix must be both unitary and
have zero diagonals, with symmetric off-diagonal elements of magnitude \( 1/\sqrt{

Frequently Asked Questions

Why can't a 3-port network be simultaneously lossless,
reciprocal, and matched based on its S-matrix analysis?
Analysis of the S-matrix reveals that for a 3-port network, the conditions for losslessness (unitary S-
matrix), reciprocity (symmetric S-matrix), and matching (zero reflection coefficients) impose
conflicting constraints, making all three properties impossible to satisfy simultaneously.

How does the S-matrix characterize the losslessness of a 3-
port network?
A 3-port network is lossless if its S-matrix is unitary, meaning S†S = I. This condition ensures no
power is dissipated within the network, but when combined with other conditions, it limits the
network's ability to also be matched and reciprocal.

What role does reciprocity play in the S-matrix of a 3-port
network?
Reciprocity requires the S-matrix to be symmetric (S = S^T), indicating that the transmission



characteristics are identical in both directions between any two ports. This symmetry constrains the
possible values of the S-parameters.

Why does the matching condition conflict with losslessness
and reciprocity in a 3-port network?
Matching requires zero reflection coefficients at all ports, which imposes specific constraints on S-
parameters. When combined with the unitarity condition for losslessness and symmetry for
reciprocity, these constraints become incompatible, preventing all three from being satisfied
simultaneously.

Can you mathematically demonstrate the incompatibility of
the three properties using the S-matrix?
Yes. Imposing unitarity (losslessness), symmetry (reciprocity), and zero reflection coefficients
(matching) leads to conflicting equations. For example, achieving zero reflection at all ports while
maintaining unitarity and symmetry results in contradictions, showing that not all three can coexist.

What is the significance of the unitarity condition of the S-
matrix in this context?
Unitarity ensures energy conservation and losslessness. However, for a 3-port network, enforcing
unitarity along with reciprocity and matching leads to incompatible constraints, illustrating that you
cannot have all three properties simultaneously.

Are there any special cases where a 3-port network can be
lossless, reciprocal, and matched?
In general, no. However, specific idealized or degenerate cases might appear to satisfy some
properties temporarily, but in practical and general conditions, the three properties cannot coexist
in a 3-port network as shown by S-matrix analysis.

How does the dimensionality of the S-matrix influence the
properties of a 3-port network?
The 3x3 S-matrix's properties, such as unitarity and symmetry, impose mathematical constraints that
become incompatible when combined with the requirement of zero reflection (matching), leading to
the conclusion that not all three can hold simultaneously.

What is the physical intuition behind the mathematical proof
that a 3-port cannot be lossless, reciprocal, and matched?
Physically, achieving perfect matching (no reflections) in a lossless, reciprocal 3-port network would
require certain idealized energy distributions that violate the conservation of energy or reciprocity
conditions, which is reflected mathematically in the incompatible constraints of its S-matrix.



How does the analysis of the S-matrix help in designing
practical RF networks?
S-matrix analysis helps identify fundamental limitations and trade-offs in network designs,
illustrating that certain combinations of properties like losslessness, reciprocity, and perfect
matching cannot be achieved simultaneously in multi-port networks, guiding engineers toward
feasible configurations.

Additional Resources
Show, Through Analysis Of Its S-matrix, That A 3-port Network cannot Be Lossless, Reciprocal And
Matched

In the realm of microwave engineering and RF circuit design, understanding the fundamental
limitations of network configurations is crucial for developing efficient communication systems.
Among these limitations, the interplay between losslessness, reciprocity, and impedance matching in
multi-port networks stands out as a fundamental topic. This article explores, through a rigorous
analysis of the scattering matrix (S-matrix), why a three-port network cannot simultaneously be
lossless, reciprocal, and perfectly matched at all ports. By delving into the mathematical properties
and physical implications of the S-matrix, we aim to clarify the underlying constraints that govern
multi-port network design.

---

The Foundations of Multi-Port Networks and S-matrix Formalism

Before diving into the core analysis, it is essential to establish a clear understanding of what a multi-
port network is and how the S-matrix formalism characterizes its behavior.

What Is a Multi-Port Network?

A multi-port network is an electrical device or circuit with multiple input and output ports through
which signals can enter or leave. These networks are ubiquitous in RF and microwave systems,
serving as components like filters, couplers, circulators, and power dividers.

In a 3-port network, the ports are typically labeled 1, 2, and 3, with each port capable of
transmitting or receiving signals. The behavior of the network can be described by how incident
waves (signals arriving at the ports) relate to reflected and transmitted waves.

The S-matrix: A Compact Representation

The scattering matrix, or S-matrix, provides a comprehensive way to describe how incident waves at
each port are scattered into outgoing waves. For a 3-port network, the S-matrix is a 3×3 complex
matrix:

\[
\mathbf{S} =
\begin{bmatrix}
S_{11} & S_{12} & S_{13} \\



S_{21} & S_{22} & S_{23} \\
S_{31} & S_{32} & S_{33}
\end{bmatrix}
\]

where:

- \( S_{ij} \) represents the complex scattering parameter from port \( j \) to port \( i \).

- The magnitude of \( S_{ij} \) indicates how much power is transferred from port \( j \) to port \( i \),
and the phase indicates the phase shift during transmission.

The S-matrix encapsulates many important properties of the network, such as reflection,
transmission, loss, and reciprocity.

---

Key Properties of the S-matrix: Losslessness, Reciprocity, and Matching

Three fundamental properties often considered in network analysis are losslessness, reciprocity, and
impedance matching. Understanding each property and their typical implications is essential for the
subsequent proof.

Losslessness

A network is said to be lossless if it does not dissipate energy internally. In terms of the S-matrix,
this corresponds to the property that the total power of incident waves equals the total power of
scattered waves, implying energy conservation.

Mathematically, the S-matrix of a lossless network satisfies:

\[
\mathbf{S}^\dagger \mathbf{S} = \mathbf{I}
\]

where \( \mathbf{S}^\dagger \) is the Hermitian transpose (complex conjugate transpose) of \(
\mathbf{S} \), and \( \mathbf{I} \) is the identity matrix.

This condition ensures that the S-matrix is unitary, meaning the network does not generate or
absorb energy internally.

Reciprocity

Reciprocity refers to the symmetry of the network's transmission characteristics; signals transmitted
from port \( j \) to port \( i \) are identical to those transmitted from port \( i \) to port \( j \), assuming
the network is reciprocal.

In the S-matrix formalism, reciprocity implies:

\[
S_{ij} = S_{ji}



\]

for all \( i, j \). This symmetry property simplifies the analysis and is valid for passive, linear, and
reciprocal media.

Perfect Matching

A network is perfectly matched at a port if there is no reflection at that port; that is, all incident
power at that port is transmitted or absorbed by the network without reflection.

In terms of the S-matrix, perfect matching at port \( i \) requires:

\[
S_{ii} = 0
\]

for that port. When all ports are matched, the diagonal elements are zero, indicating no reflections.

---

The Core Question: Can A 3-Port Network Be Lossless, Reciprocal, And Matched?

The central thesis of this article is to demonstrate, through the properties of the S-matrix, that a 3-
port network cannot simultaneously satisfy all three conditions:

- Lossless (unitary S-matrix)
- Reciprocal (symmetric S-matrix)
- Matched at all ports (zero reflection coefficients \( S_{ii} = 0 \))

This is a fundamental limitation rooted in the mathematical structure of the S-matrix and the
physical constraints of passive networks.

---

Mathematical Analysis: Why Can't All Three Conditions Coexist?

Step 1: Expressing the Conditions

Suppose we have a 3-port network with the following properties:

- Lossless: \( \mathbf{S}^\dagger \mathbf{S} = \mathbf{I} \)
- Reciprocal: \( S_{ij} = S_{ji} \)
- Matched at all ports: \( S_{ii} = 0 \) for \( i = 1, 2, 3 \)

The S-matrix can be written as:

\[
\mathbf{S} =
\begin{bmatrix}
0 & S_{12} & S_{13} \\
S_{12} & 0 & S_{23} \\



S_{13} & S_{23} & 0
\end{bmatrix}
\]

where, due to reciprocity, the off-diagonal elements are symmetric.

Step 2: Unitarity Constraints

Since the network is lossless, \( \mathbf{S} \) must be unitary:

\[
\mathbf{S}^\dagger \mathbf{S} = \mathbf{I}
\]

Calculating the product explicitly:

\[
\mathbf{S}^\dagger \mathbf{S} =
\begin{bmatrix}
0 & S_{12}^ & S_{13}^ \\
S_{12}^ & 0 & S_{23}^ \\
S_{13}^ & S_{23}^ & 0
\end{bmatrix}
\begin{bmatrix}
0 & S_{12} & S_{13} \\
S_{12} & 0 & S_{23} \\
S_{13} & S_{23} & 0
\end{bmatrix}
\]

Let's examine the diagonal elements (which must be 1):

- For port 1:

\[
(0)(0) + (S_{12}^)(S_{12}) + (S_{13}^)(S_{13}) = |S_{12}|^2 + |S_{13}|^2 = 1
\]

- For port 2:

\[
|S_{12}|^2 + |S_{23}|^2 = 1
\]

- For port 3:

\[
|S_{13}|^2 + |S_{23}|^2 = 1
\]

Now, considering the off-diagonal elements (which must be zero):



- For the (1,2) element:

\[
0 \times S_{12} + S_{12}^ \times 0 + S_{13}^ \times S_{23} = S_{13}^ S_{23} = 0
\]

Similarly, for the (1,3) element:

\[
0 \times S_{13} + S_{12}^ \times S_{23} + S_{13}^ \times 0 = S_{12}^ S_{23} = 0
\]

And for the (2,3) element:

\[
S_{12}^ \times S_{13} + 0 \times S_{23} + S_{23}^ \times 0 = S_{12}^ S_{13} = 0
\]

These three conditions imply:

\[
S_{13}^ S_{23} = 0, \quad S_{12}^ S_{23} = 0, \quad S_{12}^ S_{13} = 0
\]

The only way for these to hold simultaneously is that at most one of the off-diagonal elements is non-
zero. Otherwise, the product of two non-zero complex numbers cannot be zero.

---

Implication: Contradiction to the Matching Condition

Recall that the earlier equations also impose:

\[
|S_{12}|^2 + |S_{13}|^2 = 1
\]
\[
|S_{12}|^2 + |S_{23}|^2 = 1
\]
\[
|S_{13}|^2 + |S_{23}|^2 = 1
\]

Suppose, without loss of generality, that \( S_{12} \neq 0 \). Then, from the above:

- \( |S_{13}|^2 = 1 - |S_{
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