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Understanding Fourier series is fundamental in signal processing, electrical engineering, and
applied mathematics. They allow us to decompose complex periodic functions into sums of simple
sine and cosine functions, providing insight into the frequency components of signals. In this article,
we will delve into solving a specific Fourier series problem involving a periodic function \( X(t) \),
with given Fourier coefficients. We will explore the theoretical background, step-by-step solution,
and practical applications of Fourier series analysis.

Introduction to Fourier Series

Fourier series is a powerful tool for representing periodic functions as an infinite sum of sines and
cosines. Any reasonably well-behaved periodic function \( X(t) \) with period \( T \) can be expressed
as:

\[
X(t) = \frac{A_0}{2} + \sum_{n=1}^{\infty} \left( A_n \cos\left( \frac{2\pi n t}{T} \right) + B_n
\sin\left( \frac{2\pi n t}{T} \right) \right)
\]

where:
- \( A_0 \) is the average value (DC component) of the function over one period.
- \( A_n \) and \( B_n \) are the Fourier coefficients determining the amplitude of the cosine and sine
components, respectively.

Key points:
- The coefficients are calculated based on the specific function \( X(t) \).
- The series converges to \( X(t) \) at points where \( X(t) \) is continuous.

Problem Statement and Given Data

Let's analyze the specific problem provided:

- The periodic function \( X(t) \) has period \( T \), with \( 0 < T < 1 \), and in particular, \( T = 1 \).
- The Fourier coefficients are given as:
- \( A_0 = \frac{1}{2} \)
- \( A_n = 0 \) for all \( n \)
- \( B_n = -\frac{1}{n} \) for \( n \geq 1 \)



Our goal is to explicitly write out the Fourier series for \( X(t) \) based on these coefficients.

Understanding the Fourier Coefficients

Before constructing the series, it's essential to interpret what these coefficients imply about \( X(t) \):

- \( A_0 = \frac{1}{2} \) indicates the average value of \( X(t) \) over the period.
- \( A_n = 0 \) suggests that the function has no cosine components, i.e., it is purely composed of sine
terms (apart from the DC component).
- \( B_n = -\frac{1}{n} \) indicates the amplitude of the sine terms decreases with \( n \), but with a
negative sign.

These coefficients resemble the Fourier series expansion of certain functions, such as the sawtooth
wave, which is characterized by a sequence of sine terms with coefficients decreasing as \( 1/n \).

Constructing the Fourier Series

Given the Fourier coefficients, the Fourier series expansion for \( X(t) \) is:

\[
X(t) = \frac{A_0}{2} + \sum_{n=1}^{\infty} B_n \sin\left( 2\pi n t \right)
\]

Substituting the known coefficients:

\[
X(t) = \frac{1}{4} + \sum_{n=1}^{\infty} \left( -\frac{1}{n} \right) \sin( 2 \pi n t )
\]

which simplifies to:

\[
X(t) = \frac{1}{4} - \sum_{n=1}^{\infty} \frac{1}{n} \sin( 2 \pi n t )
\]

This series converges under certain conditions and represents the function \( X(t) \).

Interpreting the Series: Connection to Known
Functions

The series resembles the Fourier series expansion of a sawtooth wave. Specifically, the classical
Fourier series of a sawtooth wave with amplitude \( \frac{1}{2} \) and period 1 is:

\[



f(t) = - \sum_{n=1}^{\infty} \frac{1}{n} \sin( 2 \pi n t )
\]

which is similar to the series we obtained, except for the constant term \( \frac{1}{4} \).

Key observations:

- The Fourier series:

\[
X(t) = \frac{1}{4} - \sum_{n=1}^{\infty} \frac{1}{n} \sin( 2 \pi n t )
\]

- The form suggests that \( X(t) \) is a shifted version of a sawtooth wave.

Note: The specific form of the original function \( X(t) \) can be reconstructed by analyzing the
partial sums of the series or by recognizing the pattern.

Reconstructing the Function \( X(t) \)

To understand what \( X(t) \) looks like, consider the properties of the series:

- The series involves only sine terms, indicating an odd function if extended periodically.
- The decreasing \( 1/n \) coefficients imply a function with a discontinuity at certain points,
characteristic of a sawtooth wave.

Step-by-step reconstruction:

1. Express the partial sum:

\[
X_N(t) = \frac{1}{4} - \sum_{n=1}^N \frac{1}{n} \sin( 2 \pi n t )
\]

2. Analyze the limit as \( N \to \infty \):

\[
X(t) = \lim_{N \to \infty} X_N(t)
\]

3. Identify the function:

The infinite sum:

\[
-\sum_{n=1}^{\infty} \frac{1}{n} \sin( 2 \pi n t )
\]

corresponds to a sawtooth wave, typically expressed as:



\[
f(t) = \frac{1}{2} - t \quad \text{for} \quad t \in (0,1)
\]

or similar forms depending on the phase shift.

4. Determine the constant shift:

Adding \( \frac{1}{4} \) adjusts the baseline level of the wave.

Thus, the function \( X(t) \) can be seen as a shifted sawtooth wave with amplitude \( -t \) or similar.

Graphical Representation and Behavior

Visualizing the Fourier series helps to understand the shape of \( X(t) \). As the number of terms
increases:

- The approximation becomes more accurate.
- The series converges to a sawtooth waveform with a specific phase and offset.

Characteristics:

- Discontinuous at integer points.
- Periodic with period \( T=1 \).
- The wave oscillates between specific bounds determined by the series.

Applications of Fourier Series in Engineering

Fourier series are fundamental in various practical applications:

- Signal Analysis: Decomposing signals into frequency components.
- Electrical Engineering: Designing filters and analyzing power systems.
- Vibration Analysis: Studying mechanical oscillations.
- Image Processing: Fourier transforms help in image compression and filtering.
- Communications: Modulation and demodulation of signals.

Summary and Key Takeaways

- The Fourier series of \( X(t) \) with given coefficients is:

\[
X(t) = \frac{1}{4} - \sum_{n=1}^{\infty} \frac{1}{n} \sin( 2 \pi n t )
\]



- The series represents a shifted sawtooth wave, characterized by sine terms with coefficients
decreasing as \( 1/n \).

- Recognizing the form of the series helps in understanding the nature of \( X(t) \), including its
discontinuities and periodicity.

- Fourier series analysis is a vital technique in engineering, allowing the decomposition of signals
into their fundamental frequencies.

Conclusion

Solving specific Fourier series problems enhances our understanding of how complex periodic
functions can be expressed as sums of sinusoidal components. The provided series serves as an
excellent example of how Fourier coefficients directly influence the shape and nature of the
reconstructed function. Whether for theoretical insights or practical applications, mastering Fourier
series is essential for anyone engaged in signal processing, communications, or applied
mathematics.

Remember:
- Always verify the coefficients and their implications on the function’s shape.
- Use partial sums to approximate the function visually.
- Recognize common series forms, like the sawtooth and square waves, to simplify analysis.

With this comprehensive guide, you now have a clear understanding of how to solve and interpret
the Fourier series for the given function \( X(t) \).

Frequently Asked Questions

What is the general form of the Fourier series for the given
periodic function X(t)?
The Fourier series of X(t) can be written as X(t) = A0 + Σ (An cos nω0 t + Bn sin nω0 t), where A0 is
the average value, and An, Bn are the Fourier coefficients for cosine and sine terms, respectively.

Given that A0 = 1/2, An = 0, and Bn = -1/n, what is the explicit
Fourier series expansion of X(t)?
The Fourier series is X(t) = 1/2 - Σ (1/n) sin nω0 t, where ω0 = 2π/T, with T = 1.

How do the Fourier coefficients relate to the periodicity of
X(t)?
The coefficients A0, An, and Bn determine the amplitude of the respective Fourier components,
capturing the periodic behavior of X(t). Since An = 0, the series contains only sine terms, indicating



the function is an odd function within the specified interval.

What is the significance of the coefficient Bn = -1/n in the
Fourier series?
The coefficient Bn = -1/n indicates that the sine components decay proportionally to 1/n,
contributing to the function's shape with decreasing amplitude for higher harmonics, which
influences the function's smoothness and convergence.

How does the value of T (0 < T < 1) affect the Fourier series
representation of X(t)?
The period T determines the fundamental angular frequency ω0 = 2π/T. Since T is between 0 and 1,
smaller T results in higher ω0, leading to more rapid oscillations in the Fourier series components.

Can the Fourier series of X(t) be used to reconstruct the
original function? How accurate is this reconstruction?
Yes, the Fourier series converges to X(t) under suitable conditions, providing an accurate
reconstruction of the original function within the interval. The accuracy improves with the inclusion
of more harmonic terms.

What are potential applications of solving such Fourier series
in engineering or physics?
Solving Fourier series like this is essential in signal processing, electrical engineering, acoustics,
and physics for analyzing periodic signals, filtering, system response analysis, and understanding
wave phenomena.

Additional Resources
Fourier Series are a fundamental mathematical tool used to analyze periodic functions by
decomposing them into sums of sines and cosines. They are extensively applied in signal processing,
electrical engineering, acoustics, and many other scientific fields to understand the frequency
components of signals and functions. In this review, we will explore the detailed solution of a
specific Fourier series problem involving a piecewise function \(X(t)\), examining its properties,
derivation, and implications.

---

Introduction to the Problem

The problem involves finding the Fourier series representation of the function:



\[ X(t) = T, \quad 0 < T < 1, \quad T = 1, \]

with the known Fourier series coefficients:

- \(A_0 = \frac{1}{2}\),
- \(A_n = 0\),
- \(B_n = - \frac{1}{n}\).

This setup suggests that \(X(t)\) is a periodic function with period 1, and the goal is to express it as a
Fourier series, analyze its properties, and understand the implications of the coefficients provided.

---

Understanding the Fourier Series Components

Before delving into the calculation, it is important to understand what each Fourier coefficient
represents:

DC Component (\(A_0\))
- The constant term in the Fourier series, representing the average or mean value of the function
over one period.
- Given as \(A_0 = \frac{1}{2}\), indicating that the average value of \(X(t)\) over one period is 0.5.

Sine Coefficients (\(B_n\))
- These coefficients multiply sine functions and capture the odd symmetry components of the
function.
- With \(B_n = - \frac{1}{n}\), the coefficients decay as \(1/n\), indicating a certain level of
smoothness but also the presence of discontinuities or non-smooth features.

Cosine Coefficients (\(A_n\))
- These coefficients multiply cosine functions and relate to the even symmetry components.
- Given as \(A_n = 0\), implying that the function's Fourier representation contains no cosine terms,
which suggests that the function is either odd or has symmetrical properties that eliminate cosine
components.

---

Deriving the Fourier Series

The general form of a Fourier series for a function with period 1 is:



\[
X(t) = \frac{A_0}{2} + \sum_{n=1}^{\infty} \left[ A_n \cos(2 \pi n t) + B_n \sin(2 \pi n t) \right].
\]

Given the coefficients:

\[
A_0 = \frac{1}{2}, \quad A_n= 0, \quad B_n= -\frac{1}{n},
\]

the Fourier series reduces to:

\[
X(t) = \frac{1}{4} + \sum_{n=1}^{\infty} \left( -\frac{1}{n} \sin(2 \pi n t) \right).
\]

This is a key step in the analysis, as it explicitly shows the harmonic components and how they sum
to form the original function.

---

Interpreting the Fourier Series

The series:

\[
X(t) = \frac{1}{4} - \sum_{n=1}^{\infty} \frac{1}{n} \sin(2 \pi n t),
\]

has interesting features and implications:

Features
- The presence of only sine terms indicates an odd symmetry in the function.
- The coefficients decay as \(1/n\), which suggests the function is discontinuous or has jumps, as
smooth functions tend to have faster-decaying coefficients.
- The constant term \(\frac{1}{4}\) indicates the mean value of the function over one period.

Implications
- Since the sine series involves a divergence as \(n \to \infty\) in the sum's partial sums, careful
handling is needed to interpret the series (e.g., via summation methods or considering convergence
in the mean).
- The structure resembles the Fourier series of a square wave or a similar discontinuous function,
with the coefficients matching the classic Dirichlet series for such functions.

---



Analyzing the Function \(X(t)\)

Given the Fourier series, we can analyze the behavior and properties of the original function:

Reconstruction of \(X(t)\)
- The partial sum for the Fourier series approximates \(X(t)\), with convergence properties
depending on the function's smoothness.
- For functions with jumps, the Fourier series converges pointwise everywhere except at
discontinuities, where it converges to the average of the limits from both sides.

Relationship to Known Functions
- The series resembles the Fourier expansion of a sawtooth or square wave, particularly because of
the \(-1/n\) sine coefficients.
- The constant term (\(1/4\)) aligns with the mean level of the function.

Visual Interpretation
- Plotting the partial sums reveals a "staircase" pattern characteristic of discontinuous periodic
functions.
- As more terms are added, the approximation becomes more accurate, but Gibbs phenomenon
(overshoot near discontinuities) may occur.

---

Mathematical Significance and Applications

Understanding and solving such Fourier series problems has broad applications:

Signal Processing
- Decomposing signals into frequency components.
- Filtering out noise or reconstructing signals from harmonic data.

Electrical Engineering
- Analyzing voltage and current waveforms in AC circuits.
- Designing filters based on harmonic content.



Mathematical Analysis
- Studying convergence behavior of Fourier series.
- Exploring properties of functions with discontinuities.

Features and Advantages
- Allows precise analysis of complex periodic signals.
- Facilitates understanding of frequency content.
- Useful in approximation and signal synthesis.

Limitations or Challenges
- Gibbs phenomenon causes overshoot near discontinuities.
- Slow convergence for certain functions.
- Requires careful interpretation when handling divergent series or convergence issues.

---

Conclusion and Final Thoughts

The problem of solving and understanding the Fourier series:

\[
X(t) = \frac{1}{4} - \sum_{n=1}^{\infty} \frac{1}{n} \sin(2 \pi n t),
\]

serves as a valuable illustration of how piecewise and discontinuous functions can be expressed as
infinite sums of sines and cosines. The coefficients indicate an odd symmetry and a particular
structure that resembles classic discontinuous waveforms like square or sawtooth waves.

This analysis underscores the importance of Fourier series in both theoretical and practical contexts,
providing insights into the harmonic makeup of functions and signals. While the series converges to
the original function under certain conditions, issues like Gibbs overshoot highlight the need for
careful interpretation and advanced summation techniques when dealing with discontinuities.

Overall, mastering such problems enhances one's understanding of Fourier analysis, signal
decomposition, and the mathematical foundations underpinning modern engineering and physics
applications.

---

Pros and Cons of Fourier Series Analysis

Pros:
- Powerful tool for decomposing complex periodic functions.
- Facilitates analysis in the frequency domain.



- Essential in engineering, physics, and applied mathematics.
- Enables signal reconstruction and filtering.

Cons:
- Convergence issues near discontinuities.
- Gibbs phenomenon can cause overshoot.
- Slow convergence for functions with low regularity.
- Requires careful handling of infinite sums and limits.

---

Final Remarks

The explicit solution to the Fourier series of \(X(t)\) with the given coefficients exemplifies the
elegance and utility of Fourier analysis. It reveals the underlying structure of seemingly complex
functions and provides a foundation for advanced signal analysis techniques. As mathematical tools
continue to evolve, Fourier series remain a cornerstone in understanding the harmonic content of
periodic phenomena across disciplines.
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