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Introduction

In the realm of differential equations, solving initial value problems (IVPs) is a fundamental skill that
combines understanding differential equations with boundary conditions to find specific solutions. The
problem at hand involves a second-order linear differential equation with given initial conditions.
Specifically, we are asked to solve the following initial value problem:

\[5y"+8y-4y=0\]
with initial conditions:

\(Y(0) = 3V)
\(Y'(0) =2V)
\(Y'(0) = -3V)

(Note: The original problem seems to have some typographical inconsistencies, but based on
standard notation and context, the intended differential equation is likely \( 5 y" + 8y'-4y =0\). For
clarity, we will proceed with this assumption. If the original equation is different, please clarify.)

This article provides a comprehensive step-by-step guide to solving this initial value problem,
illustrating key concepts such as characteristic equations, general solutions, and applying initial

conditions. Whether you're a student new to differential equations or seeking a refresher, this guide
aims to clarify each step involved.

Understanding the Differential Equation
The Form of the Equation

The differential equation is a linear, homogeneous second-order differential equation with constant
coefficients:

\[5y"+8y'-4y=0\]

This type of equation is common in physics, engineering, and mathematics, often modeling systems
like mechanical vibrations, electrical circuits, or population dynamics.

Significance of Initial Conditions

Initial conditions specify the state of the system at a particular point, usually \( x = 0\). They are



essential to determine the specific solution among infinitely many that the differential equation
admits.

For this problem:
-\( Y(0) = 3) (initial position or value)

-\(Y'(0) = 2) (initial velocity or first derivative)
-\ Y'"(0) = -3\) (initial acceleration or second derivative)

Step-by-Step Solution Approach

1. Write the Differential Equation in Standard Form

Confirm the equation:

\[5y"+8y'-4y=0\]

Divide through by 5 to simplify:

\[y" + \frac{8}{5} y' - \frac{4}{5} y =0\]

However, for solving the characteristic equation, it's often easier to keep the original form.
2. Find the Characteristic Equation

Assuming a solution of the form \( y = e”™{rx} \), substitute into the differential equation:
\[5r*2e™{rx} +8re™{rx}-4e~{rx} =0\]

Divide both sides by \( e~ {rx} \) (which is never zero):

\[5r"2+8r-4=0\]

This quadratic equation in \( r\) is called the characteristic equation.

3. Solve the Characteristic Equation

Use the quadratic formula:

\[ r =\frac{-b \pm \sqrt{b”2 - 4ac}}{2a} \]

where\(a=5\),\(b=28\),\(c=-4\).

Calculate discriminant:

\[D=Db"2-4ac=8"2-4\times 5 \times (-4) = 64 + 80 = 144 \]

Since \( D > 0), there are two distinct real roots:



\[ r =\frac{-8 \pm \sqrt{144}}{2 \times 5} = \frac{-8 \pm 12} {10} \]
Calculate each root:

-\(r 1 =\frac{-8 + 12}{10} = \frac{4}{10} = \frac{2}{5}\)
-\(r 2 =\frac{-8 - 12} {10} = \frac{-20}{10} = -2\)

4., Write the General Solution

For two distinct real roots:

\[
yix) =Cle™{r1x}+C2e~{r2x}=C1le™{\frac{2}{5}x} + C 2 e"~{-2x}
\]

where \( C_1\) and \( C_2\) are constants to be determined from initial conditions.

Applying Initial Conditions

1. Find \( y(0) \)

\[
y(0)=Cle™{0}+C2e™{0}=C1+C2
\]

Given \(y(0) = 3\):

\[

C 1+ C 2 = 3\quad \text{(Equation 1)}

\]

2. Find \('y'(x) \)

Differentiate \( y(x) \):

\[
y'(x)=Clrle™{r1x}+C2r2em{r2x}=C1\times\frac{2}{5} e~{\frac{2}{5}x} +C 2
\times (-2) e™{-2x}

\]

Evaluate at \( x=0):

\[

y'(0) = C_1\times \frac{2}{5} \times 1 + C_2 \times (-2) \times 1 = \frac{2}{5} C1-2C 2
\]

Given \(y'(0) = 2\):

\[



\frac{2}{5} C_ 1-2 C 2 = 2 \quad \text{(Equation 2)}
\]

3. Find \( y"(x) \)

Differentiate \( y'(x) \):

\[
y'(x)=C1lrl1™2e™{r1x}+C2r272e~{r2x}
\]

Calculate \(r_172\)and \(r_272\):

-\(r 1 =\frac{2}{5}\), so\(r_ 172 =\left(\frac{2} {5}\right)"~2 = \frac{4} {25} \)
-\(r2=-2\),so\(r 272 =4\)

Evaluate \( y"(0) \):

\[

y"(0) = C_1 \times \frac{4}{25} \times 1 + C_2 \times 4 \times 1 = \frac{4}{25} C 1+4C 2
\]

Given \( y"(0) =-3\):

\[
\frac{4}{25} C_1 + 4 C_2 = -3 \quad \text{(Equation 3)}
\]

Solving for Constants \( C_1\) and \( C_2)
1. From Equation 1:

\[
c2=3-C1
\]

2. Substitute into Equation 2:

\[
\frac{2}{5}C1-2(3-C1)=2
\]

Simplify:

\[
\frac{2}{5}C1-6+2C1l=2
\]

Combine like terms:



\[
\left( \frac{2}{5} C_ 1+ 2 C 1\right)-6 =2
\]

Express\(2 C 1\)as\(\frac{10}{5} C 1\):

\[

\left( \frac{2}{5} C_1 + \frac{10}{5} C 1 \right)-6 =2
\]

\[

\frac{12}{5} C1-6=2

\]

Add 6 to both sides:

\[
\frac{12}{5} C 1 =38
\]

Multiply both sides by \( \frac{5}{12} \):

\[

C 1 =8\times \frac{5}{12} = \frac{40}{12} = \frac{10}{3}
\]

3.Find\(C 2\):

\[

C2=3-C1=3-\frac{10}{3} = \frac{9}{3} - \frac{10}{3} = -\frac{1}{3}
\]

Final Solution
Substituting constants back into the general solution:

\[

\boxed{

Y(x) = \frac{10}{3} e~ {\frac{2}{5} x} - \frac{1}{3} e~ {-2 x}
}

\]

This function satisfies the differential equation and the initial conditions provided.

Additional Insights

Importance of Correct Initial Conditions



In the original problem, there

Frequently Asked Questions

What is the general form of the differential equation Y" - 5Y"
+ 8Y = 4Y?
The differential equation simplifies to Y - 5Y' + 8Y - 4Y = 0, which is Y" - 5Y' + 4Y = 0.

How do you find the characteristic equation for the
differential equation Y" - 5Y' + 4Y = 0?

Replace Y" with r~2, Y' with r, and Y with 1 to get the characteristic equation r~2 - 5r + 4 = 0.

What are the roots of the characteristic equationr~2 - 5r + 4
= 0?

Factoring the quadratic gives (r-4)(r-1) =0, sotherootsarer=4andr = 1.

What is the general solution to the differential equation Y" -
5Y' + 4Y = 0?

The general solution is Y(t) = C1 e™ {4t} + C2 e™{t}, where C1 and C2 are constants determined by
initial conditions.

Given the initial condition Y(0) = 3, how can we find the
relation between C1 and C2?

Substitute t = 0 into the general solution: 3 = Cl e~ {0} + C2e"~{0} => 3 =C1 + C2.

How does the initial condition Y'(0) = -3 help determine the
constants C1 and C2?

Differentiate the general solution to find Y'(t) = 4 C1 e~ {4t} + C2 e™{t}. Plugint=0: -3 =4 C1 + C2,
providing a second equation to solve for C1 and C2.

What are the steps to solve for C1 and C2 using the initial
conditions?

Use the two equations: (1) C1 + C2 = 3 and (2) 4 C1 + C2 = -3. Subtract equation (1) from (2) to find
C1, then substitute back to find C2.



What is the explicit solution to the initial value problem given
Y(0) = 3 and Y'(0) = -3?

Solving the equations yields C1 = -6 and C2 = 9. Therefore, the solution is Y(t) = -6 e~ {4t} + 9
e~ {t}.

Why is it important to verify the solution satisfies the initial
conditions?

Verifying ensures that the particular solution correctly matches the given initial conditions, confirming
the accuracy of the solution.

What are common methods for solving second-order linear
differential equations with constant coefficients?

Common methods include finding the characteristic equation, solving for roots, and applying initial
conditions to determine constants in the general solution.

Additional Resources

Solving initial value problems (IVPs) for differential equations is a fundamental aspect of
mathematical analysis, with profound implications across physics, engineering, and
applied sciences. Among these, second-order linear differential equations with constant
coefficients are particularly prevalent, modeling phenomena ranging from mechanical
vibrations to electrical circuits. This article offers a comprehensive exploration of solving
such IVPs, focusing on a specific example: the differential equation \(Y" + 5Y' + 8Y - 4Y =
0\), along with its initial conditions. Through detailed explanations, step-by-step
procedures, and analytical insights, we aim to illuminate the process and significance of
these solutions in mathematical and real-world contexts.

Understanding the Problem: The Differential Equation
and Initial Conditions

The Differential Equation

The problem presented involves solving the differential equation:

\[
Y"+5Y' +8Y-4Y=0
\]

which, at first glance, appears somewhat redundant, as it includes both \(8Y\) and \(-4Y\). Simplifying
the equation is the initial step to clarify its structure.



Combining like terms:

\[
8Y - 4Y = 4Y
\]

Thus, the differential equation simplifies to:

\[
Y'+5Y'+4Y=0
\]

This is a classic second-order linear homogeneous differential equation with constant coefficients.
Such equations are well-understood and have systematic solution methods rooted in characteristic
equations.

Initial Conditions

The initial conditions provided are:

-\(Y(0) = 3\)
-\(Y'(0) = 2\)
-\(Y"(0) = -3\)

However, it is crucial to note that in the original problem statement, the notation appears to have
some repetition or possible typographical errors (e.g., \(Y(0) = 3\), \(Y(0) = 2\), and \(Y"(0) = -3\)).
Typically, an initial value problem for a second-order differential equation involves initial position and
initial velocity, i.e., \(Y(0)\) and \(Y'(0)\). The mention of \(Y"(0)\) suggests a third initial condition,
which is uncommon unless dealing with a third-order equation.

Given the standard form, and assuming the problem intended to specify:

-\(Y(0) = 3\),
-\(Y'(0) = 2V),

and possibly an additional condition involving \(Y"(0)\) for higher-order equations, or perhaps a typo.

For the purpose of this analysis, we will proceed with the simplified second-order equation \(Y" + 5Y'
+ 4Y = 0\), and initial conditions:

-\(Y(0) = 3\),
-\(Y'(0) = 2\).

This approach aligns with standard problem structures and allows for a detailed solution process.



Solving the Differential Equation: Methodology and
Step-by-Step Approach

Step 1: Write the Characteristic Equation

The differential equation:

\[
Y'+5Y' +4Y=0
\]

is a linear homogeneous differential equation with constant coefficients. Its solution process begins
with assuming a solution of the form:

\[
Y(t) = e~ {rt}
\]

where \(r\) is a constant to be determined. Substituting into the differential equation:

\[
r~2e™{rt} + 5re™{rt} +4e~{rt} =0
\]

Dividing through by \(e” {rt}\) (which is never zero):

\[
r2+5r+4=0
\]

This quadratic equation in \(r\) is called the characteristic equation.

Step 2: Solve the Characteristic Equation

The quadratic:

\[
r2+5r+4=0

\]

can be factored or solved using the quadratic formula:

\[
r =\frac{-b \pm \sqrt{b"~2 - 4ac}}{2a}
\]



where \(a=1\), \(b=5\), \(c=4\). Calculating the discriminant:

\[
\Delta =25-16=9
\]

Thus,

\[

r = \frac{-5 \pm \sqrt{9}}{2} = \frac{-5 \pm 3}{2}
\]

which gives two roots:

-\(r_1 = \frac{-5 + 3}{2} = \frac{-2}{2} =-1\)
-\(r_2 =\frac{-5 - 3}{2} = \frac{-8}{2} = -4\)

These are real and distinct roots, indicating the general solution will be a combination of exponential
functions.

Step 3: Write the General Solution

For distinct real roots \(r_1\) and \(r_2\), the general solution to the differential equation is:

\[
Yt)=Cle~{rlt}+C2em{r 2t}
\]

Substituting the roots:

\[

Y(t) =C 1le~{-t} + C 2 e~{-4t}
\]

where \(C_1\) and \(C_2\) are constants determined by initial conditions.

Applying Initial Conditions to Find Specific Solution

Step 4: Compute Derivatives

To apply the initial conditions, we need expressions for \(Y(t)\) and \(Y'(t)\):

\[
Y(t) = C_1 e~{-t} + C_2 e~{-4t}
\]



\[
Y'(t) = -C_1 e~{-t} - 4 C_2 e~{-4t}
\]

Step 5: Use Initial Conditions

Inserting the initial conditions at \(t=0\):

-\(Y(0) = 3V),

\[

Y(0)=C 1le~{0} +C2e~{0}=C1+C2=3

\]

-\(Y'(0) = 2\),

\[

Y'(0)=-C1e~{0}-4C2e {0} =-C1-4C2=2
\]

This yields a system of equations:

\[

\begin{cases}
Cl+C2=3\
-C1l-4C2=2
\end{cases}

\]

Step 6: Solve for Constants \(C_1\) and \(C_2\)

From the first equation:

\[
C1=3-C2
\]

Substituting into the second:

\[
-(3-C2)-4C2=2
\]

Simplify:

\[
3+C2-4C2=2



\]

\[
3-3C2=2
\]

Add 3 to both sides:

\[
3C2=5
\]

\[
C 2 = -\frac{5}{3}
\]

Now, substitute back into \(C_1 =3 - C 2\):

\[
C 1 =3 -\left(-\frac{5}{3}\right) = 3 + \frac{5}{3} = \frac{9}{3} + \frac{5}{3} = \frac{14}{3}
\]

Final specific solution:

\[
Y(t) = \frac{14}{3} e~ {-t} - \frac{5}{3} e™ {-4t}
\]

Analytical Insights and Significance

Behavior of the Solution

The solution embodies exponential decay components, with the dominant term being \(e” {-t}\) due
to the larger coefficient in the exponent's negative argument. This implies that as \(t \to \infty\), the
solution approaches zero, reflecting a damping or stabilization behavior typical in physical systems
like mass-spring oscillators with damping or RC circuits.

The initial conditions dictate the precise weights of these decaying modes, shaping the system's

response at the outset. The constants \(C_1\) and \(C_2\) encode initial position and velocity
information, illustrating the importance of initial data in predicting future behavior.

Physical and Engineering Applications

Second-order linear differential equations with constant coefficients are instrumental in modeling
numerous systems:



- Mechanical Systems: Mass-spring-damper models, where the damping coefficient and spring
constant determine oscillation decay.

- Electrical Circuits: RLC circuits, where the charge or current obey similar differential equations.
- Control Systems: Stability analysis often hinges on solving characteristic equations for system
response.

Understanding how initial conditions influence solutions enables engineers and scientists to design
systems with desired transient behaviors, such as quick damping or sustained oscillations.

Extensions and Broader Context

Higher-Order Differential Equations

While this example deals
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