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Understanding how to analyze recurrence relations is fundamental in algorithm design and analysis,
especially for divide-and-conquer algorithms. One common recurrence relation encountered in
algorithm analysis is T(n) = 3T(n/2) + n~2. Determining the asymptotic behavior of this recurrence
helps in understanding the efficiency of the algorithm it describes. In this article, we will delve into
solving this recurrence relation and argue that T(n) = O(n"2) by employing the substitution
method—also known as the guess and check method. We will explore the steps involved, the intuition
behind the approach, and detailed proofs to substantiate the conclusion.

Understanding the Recurrence Relation T(n) = 3T(n/2)
+ n"2

Before starting the solution process, it is crucial to understand the structure of the recurrence:

- Divide-and-Conquer Nature: The recurrence suggests the problem is divided into three subproblems
of size n/2.

- Work Outside the Recursive Calls: The additional work done at each level is proportional to n”2.

This type of recurrence is typical in algorithms like certain divide-and-conquer matrix multiplication
algorithms or advanced sorting algorithms that do more complex work at each recursive step.

Methods for Solving Recurrence Relations

Several techniques exist to solve recurrence relations, including:

- Recursion Tree Method: Visualizes the recurrence as a tree, summing the work at each level.
- Master Theorem: Provides a direct way to analyze recurrences of the form T(n) = aT(n/b) + f(n).
- Substitution Method: Involves guessing a bound and proving it via mathematical induction.

In this article, we focus on the substitution method, which is especially useful when the recurrence
does not fit neatly into the Master Theorem's parameters or when we want to verify a particular
bound.



Applying the Master Theorem: A Preliminary Insight

Before delving into the substitution method, let's briefly consider whether the Master Theorem
applies:

- Our recurrence: T(n) = 3T(n/2) + n"2

- Parameters:
-a=

-b=

-f(n) =n"2

Calculate n~{log b a}:

-log ba=1log 2 3 =1.58496
-n™{log_ b a} = n"{1.58496}

Compare f(n) = n~2 with n~{log_b a}:

- Since n”~2 grows faster than n~{1.58496}, f(n) = Q(n"~{log_b a + €}) for € = 0.415, and the
regularity condition holds because:

-f(n/2) =(n/2)"2=n"2/4
-af(n/2)=3(n"2/4) =(3/4)n"2

- Since a f(n/2) = c f(n) for c = 3/4 < 1, the reqularity condition is satisfied, indicating by the Master
Theorem that:

T(n) = B(n"2)

This preliminary analysis suggests T(n) = O(n"2), but for the sake of rigorous understanding, we will
use the substitution method to confirm this bound.

Using the Substitution Method to Prove T(n) = O(n"2)

The substitution method involves two main steps:

1. Guess a bound: Assume T(n) < ¢ n™2 for some constant ¢ > 0.
2. Prove by induction that this bound holds for all sufficiently large n.

Let's proceed step-by-step.



Step 1: Make an Inductive Hypothesis

Suppose there exists a constant ¢ > 0 such that:
\[ T(n) \leq c \cdot n~2 \quad \text{for all} \quad n\geq n_0\]

where \( n_0) is some base case threshold.

Step 2: Verify the Hypothesis

Substitute into the recurrence:

\[
T(n) = 3T(n/2) + n™2
\]

Assuming the inductive hypothesis applies to T(n/2):

\[
T(n/2) \leq c \left(\frac{n}{2}\right)~2 = c \frac{n"~2} {4}
\]

Thus,

\[
T(n) \leq 3 \times c \frac{n"2}{4} + n"~2 =\frac{3c}{4} n™2 + n"2
\]

Combine the terms:

\[
T(n) \leg \left(\frac{3c} {4} + 1\right) n"2
\]

To maintain the inductive hypothesis \( T(n) \leq c n~2\), we require:

\[
\left(\frac{3c} {4} + 1\right) n~2 \leqc n"2
\]

Dividing both sides by \( n~2\):
\[

\frac{3c}{4} + 1 \leq c
\]



Rearranged:

\[

c -\frac{3c}{4} \geq 1
\]

\[

\frac{c}{4} \geq 1

\]

\[

c\geq 4

\]

Therefore, if we choose ¢ = 4, the inequality holds.

Step 3: Confirm the Base Case

Select \( n_0) such that the recurrence is valid, for example, \( n_0\geq 2 ), and define:

\[
T(n)\leqcn™2
\]

for all\( n\geg n_0\). For the base case \( n = n_0), verify that the initial value of T(n) is less than or
equal to\( c n_072)\). If necessary, choose a larger constant to satisfy the inequality for small n.

Conclusion: T(n) = O(n"2)

Based on the inductive proof, selecting \( c \geq 4 \), and properly choosing \( n_0), we conclude:

\[
T(n) \leq c n~2 \quad \text{for all} \quad n\geq n_0
\]

This confirms that:

\[
T(n) = 0(n"2)
\]

The substitution method rigorously shows that the recurrence relation grows at most quadratically,
aligning with the initial intuition derived from the Master Theorem.



Additional Insights: Why Is T(n) = O(n"2)?

Understanding why T(n) is bounded by \( O(n"2) \) provides valuable intuition:

- The recurrence splits the problem into three subproblems of size \( n/2\), which collectively
contribute to the recursive part.

- The additional work per level, \( n~2\), dominates the recursive contributions as \( n'\) grows large.
- The recursive calls decrease the problem size exponentially, leading to a logarithmic depth, but the
quadratic work dominates at each level.

Hence, the total work is proportional to \( n”~2\), which justifies the asymptotic bound.

Summary: Solving Recurrences Using the Substitution
Method

Key points to remember:

- The substitution method involves guessing an asymptotic bound and proving it via induction.
- It is especially useful when the recurrence does not fit neatly into the Master Theorem.

- For the recurrence \( T(n) = 3T(n/2) + n™~2), assuming \( T(n) \leq c n™~2\) and choosing
appropriate constants confirms \( T(n) = O(n"2) \).

- The method provides a rigorous foundation for analyzing algorithm complexity.

Final Thoughts

Analyzing recurrence relations is a cornerstone of understanding algorithm efficiency. Employing
techniques like the substitution method enables computer scientists and software engineers to
rigorously establish the upper bounds of recursive algorithms. In the case of \( T(n) = 3T(n/2) + n"2
\), the substitution method confirms that the recurrence grows no faster than \( c n~2), cementing
the conclusion that \( T(n) = O(n”™2) \). This insight is instrumental in designing and optimizing
algorithms, ensuring they meet performance expectations even at large input sizes.
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Frequently Asked Questions

What is the recurrence relation T(n)=3T(n/2)+n"2, and what
does it represent?

The recurrence relation T(n)=3T(n/2)+n"2 models a divide-and-conquer algorithm where the problem
size is divided by 2, solved recursively 3 times, and combined with an O(n~2) work. It often appears
in analyzing the running time of algorithms like certain divide-and-conquer sorting or matrix
operations.

How does the substitution method help in solving the
recurrence T(n)=3T(n/2)+n"2?

The substitution method involves making an educated guess about the solution's form (e.g.,
T(n)=0(n"2)) and then proving this guess by induction. It helps confirm whether the recurrence's
solution aligns with the hypothesized asymptotic bound.

What is the typical guess when applying substitution to this
recurrence?

A common guess is that T(n) = O(n™2), based on the non-recursive part n~2 dominating the
recurrence, and then verifying this bound through induction.

How do you set up the induction hypothesis for solving
T(n)=3T(n/2)+n"2?

You assume that for all smaller values of n, T(k) < c-k™2 for some constant c = 1, and then show that
T(n) = ¢'n™2 holds, ensuring the bound holds for the larger n.

What steps are involved in performing the substitution proof
for this recurrence?

The steps include: 1) Assume T(k) = c-k™2 for all smaller k; 2) Substitute into the recurrence
T(n)=3T(n/2)+n"2; 3) Show that the right side is < c-n”™2 for an appropriate constant c; 4) Conclude
by induction that T(n)=0(n"2).

How do we verify the inductive step for T(n)=3T(n/2)+n"2



using substitution?

We substitute T(n/2) < ¢(n/2)"2 = c¢:n”2/4 into the recurrence: T(n) = 3:(c'n”~2/4) + n"2 =
(3c'n™2/4) + n”~2. To ensure T(n) = ¢'n™2, we need (3¢/4)'n~2 + n™2 < c:n”2, which simplifies to
(3c/4) + 1 < ¢, leading to c = 4.

What value of ¢ ensures the induction holds, confirming
T(n)=0(n"2)?

Choosing ¢ = 4 satisfies the inequality, so setting c=4 works. This confirms that T(n) < 4-n"2 for
sufficiently large n, proving the recurrence is O(n"2).

What is the final conclusion about the asymptotic complexity
of T(n)=3T(n/2)+n"2?

Using the substitution method, we conclude that T(n)=0(n"2), as the recursive work grows
quadratically and the recurrence satisfies the bound through induction.

Additional Resources

Solving Recurrence: Argue The Solution To The Recurrence T(n) = 3T(n/2) + n?is O(n?) Using the
Substitution Method

Introduction

Recurrence relations are fundamental in analyzing the time complexity of recursive algorithms. They
describe how the runtime of an algorithm scales with the size of its input, typically denoted as n. One
common recurrence encountered in divide-and-conquer algorithms is:

\[ T(n) = 3T(n/2) + n~2\]

Understanding how to solve this recurrence is crucial for determining the algorithm's asymptotic

behavior. In this detailed review, we will explore how to argue that \( T(n) = O(n"2)\) by employing
the substitution method, a powerful technique for solving and proving bounds on recurrences.

Understanding the Recurrence
Before delving into the solving process, it's essential to interpret the recurrence relation:
\[ T(n) = 3T(n/2) + n~2\]

- Divide step: The problem of size n is broken into 3 subproblems of size n/2.
- Combine step: The work to combine solutions is proportional to \( n™2\).



This recurrence often appears in algorithms like certain matrix operations, divide-and-conquer sorting
algorithms, or recursive tree computations where the combining cost scales quadratically with input
size.

Step 1: Recognize the Type of Recurrence

The recurrence resembles the Master Theorem form:

\[ T(n) = aT(n/b) + f(n)\]

where:

-\(a = 3\) (number of subproblems),

-\( b = 2) (factor by which problem size reduces each step),

-\(f(n) = n™2\) (cost of work outside recursive calls).

The Master Theorem provides a quick way to analyze such recurrences by comparing \( f(n) \) to \(
n”~{\log_ba}\).

Calculating:

\[ \log_b a =\log_2 3 \approx 1.58496 \]

Since:

\[ f(n) =n"2 =\0Omega(n™{\log 2 3 + \varepsilon}) \quad \text{for some } \varepsilon > 0]
because \( n™~2\) grows faster than \( n~{1.58496} \).

Given that \( f(n) \) dominates \( n~{\log_b a} \), the Master Theorem suggests that the solution is:
\[ T(n) = \Theta(f(n)) = \Theta(n~2) \]

which supports the claim that \( T(n) = O(n"2) \).

However, to rigorously establish this, especially in the context of an academic or technical setting, we
use the substitution method to prove \( T(n) \leq c n~2\) for some constant \( c ).

Step 2: Applying the Substitution Method

What is the Substitution Method?

The substitution method involves making an educated guess about the asymptotic behavior of the
recurrence (e.g., \( T(n) \leq c n~2)) and then verifying that this guess holds by mathematical

induction.

Why Use the Substitution Method?



- It provides a constructive proof.

- It confirms the asymptotic bound without relying solely on the Master Theorem.

- It helps in understanding the influence of different terms in the recurrence.

The Approach

1. Make an inductive hypothesis: Assume \( T(k) \leq c k~2\) forall\( k < n\), where\(c\)is a
positive constant to be determined.

2. Prove the hypothesis: Show that under this assumption, \( T(n) \leq c n~2\).

Step-by-step Process

Step 3: Formulating the Inductive Hypothesis

Suppose:

> Inductive Hypothesis: There exists a constant \( ¢ > 0\) such that for all \( k < n),
\[ T(k) \leq ¢ k"2 \]

Our goal is to prove:

\[ T(n)\leqc n"~2\]

for sufficiently large \( n'\).

Step 4: Base Case Verification

Choose a small base case, for example, \(n = 1\):

\[ T(1) = \text{constant} \]

Assuming \( T(1) \leq c \times 1°2 = c\), which is true if we pick \( c \geq T(1) \).

This establishes the base case.

Step 5: Inductive Step

Assuming the hypothesis holds for all \( k < n\), we analyze \( T(n) \):
\[ T(n) = 3T(n/2) + n~2\]

Applying the induction hypothesis:

\[ T(n/2)\leq ¢ (n/2)"2 = c \frac{n"2}{4} \]



Substituting into the recurrence:

\[ T(n) \leq 3 \times c \frac{n"2}{4} + n"2\]
\[ T(n) \leq \frac{3c n™2}{4} + n~2\]

Factor out\( N2 \):

\[ T(n) \leq n~2 \left( \frac{3c}{4} + 1 \right) \]
To ensure \( T(n) \leqg c n™~2), we require:

\[ \left( \frac{3c}{4} + 1 \right) \leq c\]
Simplify:

\[ \frac{3c}{4} + 1 \leq c\]

\[ 1\leq c - \frac{3c}{4} \]

\[ 1 \leq \frac{c}{4}\]

\[ c\geq 4\]

Conclusion: If we choose \( c \geq 4 ), the inequality holds, and the inductive step is validated.

Step 6: Finalizing the Proof

- From the base case, pick \( ¢ \geq T(1) \) (a constant).
- From the inductive step, choose \( c \geq 4 ).

- Therefore, for all sufficiently large \( n'\):

\[ T(n) \leg c n™2\]

which implies:

\[ T(n) = 0(n"2)\]

Additional Considerations

Tightness of the Bound

The substitution method not only proves an upper bound but also indicates that \( T(n) \) behaves
asymptotically like \( n~2 ). Given the structure of the recurrence and the Master Theorem analysis,

this bound is tight, meaning:

\[ T(n) = \Theta(n™2) \]

Comparing with the Master Theorem



The explicit calculation of \( \log_b a \approx 1.585\) and the fact that \( f(n) = n”~2\) dominates \(
n”~{1.585} \) confirms the bound. The substitution method complements this by providing a
constructive proof, verifying the upper bound rigorously.

Practical Implications
Understanding how to solve this recurrence via the substitution method has practical benefits:

- Algorithm analysis: Confirming the efficiency of divide-and-conquer algorithms.
- Design improvements: Recognizing bottlenecks when combining recursive solutions.
- Educational value: Deepening comprehension of recurrence relations and their solutions.

Summary

- Recognized the recurrence as a divide-and-conquer relation suitable for the Master Theorem.
- Noted that \( f(n) = n™~2\) dominates \( n~{\log_b a}\), indicating an \( O(n”™2) \) solution.

- Employed the substitution method by making an inductive hypothesis \( T(n) \leq c n~2\).

- Verified the base case and inductive step, finding that \( c \geq 4 \) suffices.

- Concluded that \( T(n) = O(n™2)\), with the understanding that the bound is tight.

This detailed analysis demonstrates how the substitution method serves as a rigorous tool to validate
asymptotic bounds on recurrence relations. Mastery of this technique enhances one's ability to
analyze complex recursive algorithms confidently and accurately.

Final Remarks

While the Master Theorem offers a quick shortcut for many recurrences, the substitution method
provides a more hands-on, detailed proof that deepens understanding. It's especially useful when the
recurrence doesn't fit neatly into the Master Theorem's criteria or when a precise constant factor is
needed.

In the case of \( T(n) = 3T(n/2) + n™2), both approaches agree that the solution is \( \Theta(n"2) ),
confirming the efficiency of algorithms modeled by this recurrence.

Understanding these methods equips computer scientists and algorithm designers with essential tools
for analyzing and optimizing recursive algorithms, ensuring scalable and efficient solutions across a
wide range of computational problems.
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