
Suppose That The Celsius Temperature At
The Point (x, Y) In The Xy-plane Is T(x, Y) = X
Sin 2y And That
Suppose That The Celsius Temperature At The Point (x, Y) In The Xy-plane Is T(x, Y) = X
Sin 2y And That this temperature distribution is subject to various physical and mathematical
analyses. Understanding how temperature varies across a surface, especially when modeled by a
specific function like T(x, y) = x sin 2y, involves exploring concepts such as partial derivatives,
gradient vectors, directional derivatives, and the implications of the function's behavior. This article
delves into the mathematical properties of this temperature function, examines how it changes with
respect to x and y, and discusses relevant applications and interpretations in physics and
engineering.

Understanding the Temperature Function T(x, y) = x
sin 2y

Basic Characteristics of the Function
- Mathematical form: T(x, y) = x sin 2y combines a linear component in x with a sinusoidal component
in y.
- Domain considerations: Since sine is bounded between -1 and 1, the temperature values are
influenced by the range of x and y.
- Range of T(x, y): For any fixed y, T varies linearly with x, scaled by sin 2y, which oscillates between
-1 and 1.

Physical Interpretation
- The function models a temperature distribution where the temperature increases or decreases
linearly along the x-direction, modulated periodically along the y-direction.
- The sinusoidal variation in y could represent thermal waves, periodic heating patterns, or other
phenomena with spatial periodicity.

Partial Derivatives of T(x, y)

Partial Derivative with respect to x: T_x
- Calculation:
\[
T_x = \frac{\partial}{\partial x} (x \sin 2y) = \sin 2y
\]



- Interpretation:
- Indicates the rate at which temperature changes along the x-direction at a fixed y.
- Since sin 2y is independent of x, the temperature change with x is uniform at a fixed y.

Partial Derivative with respect to y: T_y
- Calculation:
\[
T_y = \frac{\partial}{\partial y} (x \sin 2y) = x \cdot 2 \cos 2y
\]
- Interpretation:
- Shows how temperature varies along the y-direction for a fixed x.
- The dependence on x indicates that the rate of change in y is proportional to x, meaning the
magnitude of variation in y depends on the x-position.

The Gradient Vector and Its Significance

Definition of the Gradient
- The gradient vector \(\nabla T\) points in the direction of the greatest rate of increase of the
function.
- For T(x, y):
\[
\nabla T = \left( T_x, T_y \right) = \left( \sin 2y, 2x \cos 2y \right)
\]

Physical Meaning in Heat Transfer
- The gradient vector indicates the direction in the xy-plane where the temperature increases most
rapidly.
- Its magnitude:
\[
|\nabla T| = \sqrt{ (\sin 2y)^2 + (2x \cos 2y)^2 }
\]
reflects the steepness of the temperature change at a specific point.

Implications of the Gradient
- Points where \(\nabla T = 0\) correspond to critical points, which could be maxima, minima, or saddle
points.
- Understanding the gradient helps in designing thermal systems by identifying hotspots or regions
with minimal temperature variation.



Directional Derivatives and Rate of Change in Specific
Directions

Definition of a Directional Derivative
- The directional derivative of T at point (x, y) in the direction of a unit vector \(\mathbf{u} = (u_x,
u_y)\) is:
\[
D_{\mathbf{u}} T = \nabla T \cdot \mathbf{u} = T_x u_x + T_y u_y
\]

Calculating the Directional Derivative
- For example, in the direction of the x-axis (\(\mathbf{u} = (1, 0)\)):
\[
D_{(1, 0)} T = \sin 2y
\]
- In the y-direction (\(\mathbf{u} = (0, 1)\)):
\[
D_{(0, 1)} T = 2x \cos 2y
\]
- For an arbitrary direction, the unit vector can be expressed as:
\[
\mathbf{u} = (\cos \theta, \sin \theta)
\]
leading to:
\[
D_{\mathbf{u}} T = \sin 2y \cos \theta + 2x \cos 2y \sin \theta
\]

Application of Directional Derivatives
- Helps in assessing how the temperature changes when moving in specific directions, useful in
navigation or material design where heat flow directionality matters.

Critical Points and Their Classification

Finding Critical Points
- Critical points occur where both partial derivatives vanish:
\[
T_x = \sin 2y = 0
\]
\[



T_y = 2x \cos 2y = 0
\]
- From \(T_x = 0\):
\[
\sin 2y = 0 \Rightarrow 2y = n\pi \Rightarrow y = \frac{n \pi}{2}
\]
- From \(T_y = 0\):
\[
2x \cos 2y = 0
\]
which yields:
- \(x = 0\), or
- \(\cos 2y = 0 \Rightarrow 2y = \frac{\pi}{2} + m\pi\)

- Critical points are therefore at:
1. \((x, y) = (0, \frac{n \pi}{2})\)
2. \((x, y) = (x, \frac{\pi}{4} + \frac{m \pi}{2})\), with \(x\) arbitrary.

Classifying Critical Points: Second Derivative Test
- Compute second derivatives:
\[
T_{xx} = 0
\]
\[
T_{yy} = -4x \sin 2y
\]
\[
T_{xy} = T_{yx} = 2 \cos 2y
\]
- The discriminant:
\[
D = T_{xx} T_{yy} - (T_{xy})^2 = 0 \times (-4x \sin 2y) - (2 \cos 2y)^2 = -4 \cos^2 2y
\]
- Since \(D \leq 0\), the second derivative test indicates the nature of critical points depends on the
specific values of \(x\) and \(y\).

Note: The indefinite nature of the discriminant suggests the critical points could be saddle points or
points of inflection.

Applications and Practical Implications

Modeling Heat Distribution in Materials
- The function T(x, y) can represent temperature distribution in a flat surface subjected to periodic
heating sources.
- Engineers can predict hot spots and optimize cooling strategies based on the gradient and critical



points.

Environmental and Geophysical Applications
- Such models are relevant in understanding temperature variations in terrains with periodic features
like ridges or waves.

Design of Thermal Systems
- Knowing how temperature changes in space aids in designing systems to manage heat flow, prevent
overheating, or enhance heat transfer efficiency.

Conclusion
The temperature function \(T(x, y) = x \sin 2y\) offers rich insights into spatial thermal variations. By
analyzing its partial derivatives, gradient, directional derivatives, and critical points, we gain a
comprehensive understanding of how temperature behaves across the xy-plane. These mathematical
tools reveal the directions of maximum increase, points of equilibrium, and the nature of temperature
change, which are crucial in fields like thermodynamics, materials science, and environmental
modeling. Recognizing the interplay between the linear and sinusoidal components allows engineers
and scientists to interpret and manipulate temperature distributions effectively, leading to optimized
designs and better understanding of natural phenomena.

Frequently Asked Questions

What is the temperature T(x, y) at the point (x, y) in the XY-
plane?
The temperature T(x, y) is given by the function T(x, y) = x sin(2y).

How does the temperature T(x, y) vary with respect to x at a
fixed y?
At a fixed y, T(x, y) varies linearly with x, since T(x, y) = x sin(2y); increasing x increases T
proportionally if sin(2y) is positive.

What is the temperature at the point (0, y)?
At x = 0, T(0, y) = 0 sin(2y) = 0, so the temperature is zero regardless of y.

At which points in the XY-plane does the temperature T(x, y)



equal zero?
The temperature T(x, y) equals zero when either x = 0 or sin(2y) = 0; that is, at x = 0 or when 2y is
an integer multiple of π.

How does the temperature change as y varies for a fixed x?
For fixed x, T(x, y) varies sinusoidally with y, since T(x, y) = x sin(2y), with maximum and minimum
values depending on the amplitude x.

What is the gradient of the temperature function T(x, y)?
The gradient ∇T = (∂T/∂x, ∂T/∂y) = (sin(2y), 2x cos(2y)).

Where are the critical points of T(x, y) in the XY-plane?
Critical points occur where both partial derivatives are zero: sin(2y) = 0 and 2x cos(2y) = 0. This leads
to points where y = nπ/2 (n integer) and x = 0, or where y = nπ/2 with cos(2y) = 0, which occurs at y
= (π/4 + nπ/2), with x arbitrary.

Additional Resources
Suppose That The Celsius Temperature At The Point (x, y) In The XY-Plane Is T(x, y) = x sin 2y — An
In-Depth Analysis

Understanding how temperature varies across a surface or region is a fundamental concern in fields
ranging from meteorology and environmental science to engineering and physics. When the
temperature at a point in the xy-plane is given by a specific function, such as T(x, y) = x sin 2y, it
opens the door to exploring how the temperature changes with location, how it interacts with the
geometry of the region, and how to interpret its derivatives and critical points. This article provides a
comprehensive guide to analyzing this temperature function, helping you understand the underlying
concepts, calculations, and implications.

---

Introduction to the Temperature Function T(x, y) = x sin 2y

At the core of our analysis is the temperature function:

T(x, y) = x sin 2y

This function models the temperature at any point (x, y) in the xy-plane, where:

- x: Horizontal coordinate
- y: Vertical coordinate
- T(x, y): Temperature in Celsius at the point (x, y)

The form of the function indicates that the temperature depends both linearly on x and periodically on
y due to the sine component. The multiplication by x suggests that the temperature scales with the x-



coordinate, while the sine term introduces oscillations based on y.

---

Key Concepts and Goals of the Analysis

Before diving into calculations, it's important to clarify what we aim to understand:

- How does temperature vary across different regions?
- What are the critical points (maxima, minima, saddle points)?
- Where does the temperature reach its highest or lowest values?
- How do the derivatives inform us about the rate of change?
- What is the nature of the temperature surface?

By answering these questions, we can gain insights into the behavior of the temperature distribution
and its physical implications.

---

1. Exploring the Basic Properties of T(x, y)

Domain and Range

- Domain: All real numbers for x and y (unless specified otherwise).
- Range: Since sin 2y varies between -1 and 1, and x can be any real number, the temperature can be
any real value, positive or negative, depending on x and y.

Symmetry and Behavior

- The function is linear in x; for fixed y, T increases or decreases linearly with x.
- The sine component introduces periodic oscillations in y, with period π because sin 2y repeats every
π units (since sin θ repeats every 2π, and θ = 2y).

---

2. Calculating Partial Derivatives

Partial derivatives reveal the rate at which temperature changes with respect to each variable, critical
for understanding local maxima, minima, and saddle points.

Partial derivative with respect to x

\[
T_x = \frac{\partial T}{\partial x} = \sin 2y
\]

- The derivative is independent of x; it depends only on y.
- When sin 2y = 0, the temperature does not change as x varies locally.

Partial derivative with respect to y



\[
T_y = \frac{\partial T}{\partial y} = x \cdot \frac{\partial}{\partial y} (\sin 2y) = x \cdot 2 \cos 2y
\]

- The rate of change in y depends on both x and the cosine of 2y.

---

3. Critical Points: Finding Stationary Points

Critical points occur where both partial derivatives are zero:

\[
T_x = 0 \quad \text{and} \quad T_y = 0
\]

Solving for critical points:

1. From T_x = 0:

\[
\sin 2y = 0 \implies 2y = n\pi \implies y = \frac{n\pi}{2}
\]

where n is an integer.

2. From T_y = 0:

\[
x \cdot 2 \cos 2y = 0
\]

- Either x = 0, or cos 2y = 0.

---

Critical point cases:

Case 1: x = 0

- For any y, when x = 0, T_x = 0 and T_y = 0 (since T_y depends on x).
- Critical points: All points along the line x = 0, for y = nπ/2.

Case 2: cos 2y = 0

- When cos 2y = 0, then 2y = (2m + 1) π/2, i.e.,

\[
2y = \frac{(2m+1)\pi}{2} \implies y = \frac{(2m+1)\pi}{4}
\]



- At these y values, T_y = 0 regardless of x.

- Combining with sin 2y:

\[
\sin 2y = \sin \left( (2m+1) \frac{\pi}{2} \right )
\]

which alternates between 1 and -1:

- For m even: sin 2y = 1
- For m odd: sin 2y = -1

---

Summary of critical points:

- Along the line x = 0 for any y where sin 2y = 0 (i.e., y = nπ/2).
- At points where:

\[
x \quad \text{arbitrary}, \quad y = \frac{(2m+1)\pi}{4}
\]

and cos 2y = 0.

---

4. Classifying Critical Points: Second Derivative Test

To classify the critical points, compute the second derivatives:

\[
T_{xx} = 0
\]
\[
T_{yy} = -4x \sin 2y
\]
\[
T_{xy} = T_{yx} = 2 \cos 2y
\]

The Hessian determinant:

\[
D = T_{xx} T_{yy} - (T_{xy})^2 = 0 \times (-4x \sin 2y) - (2 \cos 2y)^2 = -4 \cos^2 2y
\]

- Since \(\cos^2 2y \geq 0\), D ≤ 0, indicating saddle points or degenerate points.

---



5. Interpreting the Critical Points

When x = 0:

- T_x = 0, T_y = 0 for all y where sin 2y = 0 (i.e., y = nπ/2).

- At these points:

\[
T(0, y) = 0
\]

- The second derivatives:

\[
T_{yy} = 0
\]
\[
D = -4 \cos^2 2y \leq 0
\]

- Since D ≤ 0, these are saddle points or degenerate critical points, indicating possible transitions in
temperature behavior.

When y = \(\frac{(2m+1)\pi}{4}\):

- For these y, cos 2y = 0, so:

\[
T_{yy} = -4x \sin 2y
\]

- Since \(\sin 2y = \pm 1\):

\[
T_{yy} = -4x (\pm 1) = \mp 4x
\]

- The Hessian determinant:

\[
D = -4 \times 0 = 0
\]

- These points are degenerate, but the sign of \(T_{yy}\) tells us about the concavity in y.

---

6. Visualizing the Temperature Surface

Understanding the shape of the temperature surface T(x, y) = x sin 2y helps interpret the physical



implications.

Key features:

- Oscillations in y: The sine function causes periodic temperature variations along the y-axis, with
maxima at points where sin 2y = 1, minima where sin 2y = -1.
- Linear in x: The temperature scales linearly with x, meaning that at fixed y, temperature increases
or decreases indefinitely along the x-axis.
- Saddle surfaces: The critical points often correspond to saddle points, where the surface curves
upward in one direction and downward in another.

---

7. Physical Interpretation and Applications

This mathematical exploration has real-world relevance:

- Temperature distribution patterns: The periodic nature in y can model phenomena such as
temperature variations along a latitude or a wave pattern in a material.
- Influence of position: The linear dependence on x indicates that the temperature can be controlled
or predicted based on the x-position, which might relate to a physical boundary or gradient.
- Critical points as transition zones: Saddle points and extremal points mark transitions in temperature
behavior, crucial for understanding heat flow or stability.

---

8. Summary and Key Takeaways

- The temperature function T(x, y) = x sin
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The Xy Plane Is T X Y X Sin 2y And That
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